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ABSTRACT

A STUDY OF JOINPOINT MODELS FOR LONGITUDINAL DATA
by
Libo Zhou
Dr. Kaushik Ghosh, Examination Committee Chair

Associate Professor, Biostatistics
University of Nevada, Las Vegas, USA

In many medical studies, data are collected simultaneously on multiple biomark-
ers from each individual. Levels of these biomarkers are measured periodically over
certain time duration, giving rise to longitudinal trajectories. The subjects under
study may also be subject to dropout due to several competing causes, the likelihood
of which may be affected by the levels of these biomarkers.

In this dissertation, we investigate flexible Bayesian modeling of such data, tak-
ing into account any available covariate information as well as possible censoring of
the drop-out times. We propose joint models for multiple biomarkers with multiple
causes of dropout. Our proposed models allow the trajectories to have multiple join-
points, the locations of which are estimated from the data. We explore two ways of
modeling longitudinal data incorporating the dropout information. Dirichlet process
priors are used to make the models robust to misspecification. The Dirichlet process
also leads to a natural clustering of subjects with similar trajectories, which can be
of importance in efficiently estimating the joinpoints.

Efficient Markov chain Monte Carlo algorithms are developed for fitting the pro-

posed models. The performance of all the methods is investigated through simulation

il



studies. One of the proposed models is seen to give rise to improved estimates of indi-
vidual trajectories. Data from ACTG 398 study is used to illustrate the applicability

of that model.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

In many medical studies, both longitudinal biomarker and survival data are col-
lected on each subject. These observed biomarker series are important health indica-
tors that represent the progression of a disease. Such data will typically have addition-
al features and complications associated with them, including the presence of treat-
ment group indicators and baseline covariates, measurement error in the biomarkers,
and right censoring of the event time with the possibility of dependent censoring.
The goals for studies with data of these types can be quite variable. The goal might
be assessing how the biomarker changes with time and how this is influenced by the
baseline covariates; it might be determining how the risk of the event is influenced
by the biomarker and the covariates; it could be determining whether the biomarker
can be used as a surrogate endpoint or as an auxiliary variable in a clinical trial,
or whether it could be used to make individual predictions of future event times for
patients who are censored.

Joint models are frequently used in survival analysis to assess the relationship be-
tween time-to-event data and some time-independent and time-dependent covariates
that are measured longitudinally but often with error. A common framework consists

of using the Cox regression model for the survival time data and a linear mixed-effects



model for the longitudinal observations. This dissertation investigates joint models
with multiple biomarkers and multiple causes of dropout. Our proposed model will
allow the trajectories to have multiple joinpoints or changepoints, the locations of
which will be estimated from the data. Dirichlet process priors will be used to model
the distribution of the individual random effects. That will lead to a natural clus-
tering of subjects with similar trajectories, which can be of importance in efficiently

estimating the changepoints.

1.2 Past work

Methods for jointly modeling longitudinal and survival data are recently becom-
ing more popular. (Tsiatis et al.| (1995) used the Cox proportional hazards regression
model to study the relationship between CD4 counts as a time-dependent covariate
and survival. A two-stage procedure by plugging the estimates for modeling the lon-
gitudinal data was proposed. Although their model reduces bias compared to using
the raw covariate data directly in a Cox model, a likelihood approach based on speci-
fication of a joint likelihood may make more efficient use of data. This joint likelihood
is constructed by assuming conditional independence of the longitudinal and survival
data, given the longitudinal trajectory. The trajectory function represents the true
latent longitudinal measures derived. They also considered methods to account for
missing data patterns. Wulfsohn and Tsiatis| (1997)) implemented an EM algorithm
to fit a proportional hazards model for survival, conditional on the latent trajectory

function. |[Faucett and Thomas| (1996) adopted a Bayesian Markov chain Monte Carlo



(MCMC) technique to do the estimation for this model. |Kiuchi et al.| (1995]) present-
ed a changepoint model to estimate the distribution of the time before AIDS when
rapid decline begins. They proposed both empirical and hierarchical Bayes change-
point models using the EM algorithm and Markov chain Monte Carlo technique to
estimate the parameters. Henderson et al.| (2000)) introduced a stationary Gaussian
process allowing the trajectory to vary with time. They developed a flexible method-
ology for handling combined longitudinal and event history data, incorporating the
most commonly used first-choice assumptions from both subject areas. A latent bi-
variate Gaussian process W (t) = {Wy(t), Wa(t)} was postulated assuming that the
measurement and event process are conditionally independent given W (t) and co-
variates. Linear random effects models and EM estimations were used to estimate
the parameters. Wang and Taylor, (2001)) used a mixed effects model but proposed
an integrated Ornstein-Uhlenbeck (IOU) process for longitudinal CD4 count data in
a joint model. Using random intercepts and fixed slope, they used IOU process to
allow the path of an individual’s biomarker, also known as the trajectory, to fluctuate
around a straight line. It is an improvement in the fit of the longitudinal markers,
but we need models that can provide more flexibility than this model.

Tsiatis and Davidian| (2001) specified a nonparametric distribution for the random
effects from a frequentist perspective. They assumed that the survival is related to
covariate through a proportional hazards relationship with the underlying random
effects. They developed a simple method for inference that does not put any restric-
tions on the distribution of random effects by exploring the conditional score approach

of Stefanski & Carroll (1987). [Brown and Ibrahim| (2003)) specified a nonparametric
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distribution for the random effects from a Bayesian perspective. A new semiparamet-
ric Bayesian hierarchical model for the joint modeling for longitudinal and survival
data was proposed. A Dirichlet process prior on the parameters defining the longi-
tudinal model was used to relax the distributional assumptions for the longitudinal
model. This makes the posterior distribution of the longitudinal parameters free of
parametric constraints which results in more robust estimates. Lin et al.| (2002)) de-
veloped a latent class model that allowed the polynomial trajectory to depend on
class membership. These approaches do allow for more flexibility for modeling the
longitudinal data. However, they still impose parametric assumptions on the path of
an individual’s longitudinal marker.

Xu and Zeger (2001)), Song et al. (2002)) and Ibrahim et al|(2004) all extended the
longitudinal model to the multivariate case. Sinha et al. (2001 provide a detailed
discussion of joint modeling. Xu and Zeger (2001)) proposed a joint model for a time
to clinical event and for repeated measures over time on multiple biomarkers that are
potential surrogates. Two complementary measures of the relative benefit of multiple
surrogates were proposed as opposed to a single one. |Song et al. (2002) proposed
a semiparametric likelihood approach for a joint model for survival and longitudinal
data in which parametric assumptions on the distribution of random effects may be
relaxed to that of a smooth density. An important feature of the procedure is that
it makes possible the study of robustness to parametric assumptions on the random
effects in joint models. [Ibrahim et al. (2004) developed a Bayesian joint model for
multivariate longitudinal and survival data. A model assessment tool called the mul-

tivariate L. measure was presented which allowed them to formally compare different

4



models.

Brown et al.| (2005) proposed a joint longitudinal and survival model that has a
nonparametric model for the longitudinal biomarkers. Cubic B-splines were used to
specify the longitudinal model and a proportional hazards model to link the longitu-
dinal measure to the hazards. They also used the Conditional Predictive Ordinate
(CPO) and the Deviance Information Criterion (DIC) to select the number of knots
for the cubic B-spline model. The method was applied to examine the link between
viral load, CD4 counts, and time to event in data from an AIDS clinical trial. The
longitudinal cubic B-spline model for a single longitudinal outcome was extended to
the Bayesian settings. The univariate Bayesian B-spline model was generalized to
accommodate a multivariate outcome. They also showed how to incorporate this
multivariate B-spline model in a joint longitudinal and survival.

Let Y;; be the ith subject’s set of observed biomarkers at time ¢;;, the longitudinal

K

cubic B-spline model was extended to the multivariate case as follows:

Yii = Yap(tij) + €5,

where
q
Yas(tis) = BuBi(tiy) + o
k=1
Furthermore,
Bir. ~ Np(bor, Vor)
where B, = (Bikt, - - - Biep) > box = (bok1, - - -, bokp) s Vor is a p X p covariate matrix,

€; ~ Ny(0,X), and N,(a,b) is the p-dimensional multivariate normal distribution

5



with mean vector a and covariance matrix b. Bj(t;;) denotes the value of the kth
basis function at time ¢;;, a is a vector of parameters linking the vector of baseline
covariates x; to the longitudinal outcome.
With p being the number of longitudinal outcomes measured at a time point, the
observation, trajectory, and error vectors for subject ¢ are then,
Yiji
Y;jp
Va1 (ti;)
Ya,8p(ti5)

q
ZﬁmBk(tij) + 1500
k=1

q
Zﬁikka (tij) + x;O‘p

k=1
€ij1
and € =

€ijp

The hazard function was expressed as

h(tY) = At)exp(y ¢s(t) + 2'¢)

where 13(t) = Vaz0s(t), ¥ = (71,...,7) is a vector of parameters linking the
trajectory to the hazard function, A(¢) is the baseline hazard, and ¢ is the parameter
vector linking a vector z of baseline covariates to the failure time. The contribution

to likelihood for an individual’s time to event, s; is given by

F(si,vilY3) =A(s:)" exp{vi(v ¥s(s:) + 2,¢)}

X exp{ —/ /\(u)e'yl’ﬁﬁ(”)ﬁzcdu},
0



where v; is the censoring indicator for subject <.

Assuming a piecewise constant baseline hazard function

Mu) =X, wjog<u<uj, j=1,...,J,

we get
Fsi, vl Y5) =A(s0)  exp{vi(v vs(s:) + z:€)}
J
X exp{ - ezicz H’ij(ﬂa v, )\) }7
j=1
where

u;N\S; , ,
Hij (B, A) = I{SiZUjl}/ eY vs(wtzqy,

w1
Chi and Ibrahim| (2006) proposed a likelihood-based approach to extend both longitu-
dinal and survival components. A multivariate mixed effects model was presented to
explicitly capture two different sources of dependence among longitudinal measures
over time as well as dependence between different variables. For the survival compo-
nent of the joint model, they introduced a shared frailty, which is assumed to have a
positive stable distribution, to induce correlation between failure times. The proposed
marginal univariate survival model, which accommodates both zero and nonzero cure
fractions for the time to event, was applied to each marginal survival function. The
proposed multivariate survival model had a proportional hazards structure for the
population hazard, conditionally as well as marginally, when the baseline covariates
were entered biologically through the mean function of the Poisson process. The
model was capable of dealing with survival functions with different cure rate struc-

tures and thus accommodated a mixture of proper and improper survival functions.



The model was computationally feasible with the incorporation of longitudinal data.
They developed MCMC algorithms to sample from the joint posterior by introducing
latent variables. With the use of the modified version of the collapsed Gibbs tech-
nique, the computational development facilitated an efficient Gibbs sampling scheme
for the posterior distribution. A new bivariate survival model was discussed and the
simulation study was conducted to examine the feasibility as well as properties of the
proposed multivariate survival model.

Ghosh et al.| (2009) developed a joint model of longitudinal data and informative
dropout time in the presence of multiple changepoints. A multiple-joinpoint model
was proposed for the longitudinal response and a Cox proportional hazards model
was used to connect the longitudinal part to the dropout part, giving rise to unbiased
estimates of the underlying parameters. The model has multiple known changepoints
with univariate biomarker and univariate dropout cause. Dirichlet process (DP) pri-
ors are used to model the distribution of the individual random effects and error
distribution. This allowed for clustering of trajectories, which can help in identifying
patients with similar trajectories and thus pool information to get better estimates.
The baseline hazard for the survival model was assumed to have a piecewise constant
structure.

The joinpoint model was assumed to have the following form:

vij = Yilti;) + eij,



where the random errors were assumed to have independent zero-mean normal dis-
tributions as follows:

.. 2
YN0,%), i=1,...,N, j=1,...,n

eijl (o2, m;)

The trajectory function was assumed as the following form:

L

Yi(t) = xpoq + - 4 Ticoe + 0io + It + Z Bu(t — 1)+,
=1

where 71 < --- < 71, are completely known joinpoints and ay, ..., a. are the fixed

effects of the ¢ covariates. The notation u, is used to define a spline:

u =l if u >0,
T 71 0 otherwise.

The baseline hazard function was assumed piecewise constant as
)\Q(U) :)\oj, Uj—1 < U < Uy, j:1,...,J,

where the number of steps J and the endpoints u; are pre-specified with 4y = 0 and
ujy = Q.
The contribution to the likelihood from survival part of ith subject was then,
f(si,vilhi) =Ao(ss) " exp{viyihi(si) }
X eXP{ - / )\O(U)GXP(VIPi(U))dU},
0

which was rewritten as

L
f(si,vilhs) = )\O(Si)yiexp{yi’Ywi(Si) - Z AojHij (’Y)}?

where

U;N\S;
Hij(v) = Igi>u; 1) / exp (v (u) ) du.

Uj—1



Fieuws and Verbeke| (2006) and [Fieuws et al.| (2007) had proposed an approach for
modeling multivariate longitudinal data whereby all possible pairs of longitudinal
data were separately modeled and were then combined in a final step. |[Albert and
Shih| (2010)) proposed a regression calibration approach for jointly modeling multiple
longitudinal measurements and discrete time-to-event data. A regression calibration
approach which appropriately accounts for informative dropout was proposed in that
article. An approach was proposed for jointly modeling multivariate longitudinal and
discrete time-to-event data which easily accommodates many longitudinal biomarkers.
Complete data are then simulated based on estimates from these pairwise conditional
models, and regression calibration is used to estimate the relationship between longi-
tudinal data and time-to-event data using the complete data.

Martinez-Beneito et al.| (2011)) introduced a reparametrization of the usual joinpoint
regression model, which made it convenient as a first step to assign prior distribu-
tions. Starting from the reparametrization proposed, they introduced a longitudinal
modeling proposal with an unknown number of joinpoints. That proposal was carried
out as a variable selection process, and prior distributions was discussed in detail in
order to get reasonable results from the previous model selection problem.

The model proposed was the following:
Y; ~ Poisson(y;), i=1,...,n,
with

e
log(11;) = log(P;) + a + fo(t; — ) + > 6;8; B, (1),
j=1

10



where

o Apj + bojt, t S O,
BTj( ) - { ay; +b1jt, t>0.

where Pi is the population under study during year i. The quantity of B (f) was
restricted using a number of conditions, which made it unambiguously determined.

Rizopoulos (2012) provided an overview of the theory and application of joint models
for longitudinal and survival data. The focus was on random effects joint model
that uses latent variables to capture the association between the two outcomes and
several extensions were also presented. All the analyses included in the book were
implemented in the R software for statistical computing and graphics, using the freely

available package JM written by the author.

1.3 Organization

The organization of this dissertation is as follows: In Chapter 2, we present a
longitudinal model formulation and do the estimation of the parameters. In Chapter
3, we combine the longitudinal model with the dropout part and do the estimation
of the parameters. In Chapter 4, we present an alternative reparametrization of
the longitudinal model and do the estimation of the parameters. In Chapter 5, we
combine the alternative parametrization model with the dropout part and do the
estimation of the parameters. The performance of all the methods is investigated
through simulation studies. In Chapter 6, we analyze part of the ACTG 398 data
and the results of the analysis are presented. In Chapter 7, we present the conclusions

of our studies.
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CHAPTER 2

LONGITUDINAL MODEL FOR MULTIPLE
BIOMARKERS

In this chapter, we present a longitudinal model for multiple biomarkers, each with
multiple joinpoints. Each subject is modeled using random spline coefficients that
are normally distributed around a common population mean. Dirichlet process priors

are used to make the models robust to misspecification.

2.1 Longitudinal model with multiple joinpoints

Consider a scenario in which there are several subjects, with each subject being
measured on multiple biomarkers repeatedly over time. On each subject, we also
measure certain covariates, which we expect to influence the biomarker levels. Addi-
tionally, the biomarker trajectories are assumed to have several joinpoints.

Let y;;, denote the kth biomarker response of subject ¢ measured at time t;;, (i =

1,...,N; j=1,...,n;; k=1,...,K.). We assume a model of the following form:

Yiik = Vir(ti;) + €ijks

where 1;(+) is the trajectory function for the kth biomarker response of the ith
individual and e;;;, is the associated random error.
Let there be C' covariates measured on each subject, with those for subject ¢ being

denoted by x; = (xq,... ,a:ic)'. Additionally, let there be L joinpoints for each

12



biomarker trajectory, with those for biomarker k being 741, ..., 7k and 73 < ... <

Trr. We assume a trajectory function of the following form:

L

Yir(t) = Oé;givi + diok + dirt + Z Bira(t — Trt) +,
=1

where the notation u is used to define:

4y if u> 0,
T 71 0 otherwise.

Here, oy = (a1, - - ,Oékc)/ are the effects of the C covariates on the kth biomarker.
For subject 7 and biomarker k, d;or can be interpreted as the random intercept, d;1x
as the random slope and f;;; as the random change in slope at the potential joinpoint
Thl.-

The previous model can be rewritten as:

i
Yij1 821 dior i1
!
Yij2 (8 % dioz 012 1
) = ) x; + ) .
: : : : tij
!
YijK Qg diok itk
L
E Biaulti; — )+
=1
L €ij1
E Bioi(tij — Tor)+ €ij2
+ =1 + : 9
I €ijK
E Biri(tij — Tk1)+
=1
where
T4l €751
T2 . 7%)
x; = . , t=1,...,.N and o= . , k=1,...,K.
Tio 0% 7o)

Note that if S;; = 0, there is no change in slope of the trajectory at the location
Tr1, implying that the corresponding location is not a joinpoint after all. Hence, the

13



above model allows for the possibility of having different number of joinpoints across
subjects and biomarkers.
The random error e;; is assumed to have independent zero-mean multivariate normal
distributions as follows:

e;; ~ Nk(0,%),
where X is a K X K covariance matrix.

Define Y; = (Yi1,Y o, ... ,Ymi)' to be the observations on the ith subject, with

Y= (i1, - vijx) - Alsodefine ¢, = (@1, ..., by,,) s iy = (Vun(tiy), - - hixc (ti5)) -

The contribution of the ¢th subject to the likelihood is then:

1 1 & 'acl
= ";‘”‘p{—é 2 Yy )Ty _%)}'
]:

f(Yilg;, %) o

2.2 Prior distributions

Joinpoint problems often give rise to irregular likelihoods, making them difficult
to handle using the standard maximum-likelihood setup. A natural choice to han-
dle complex models as above is to use a Bayesian approach, which is what we use
throughout this dissertation. Specifications of prior distributions of the model pa-
rameters are provided in this section.

Let the parameters corresponding to the first biomarker of the ith subject be denot-
ed by 6,1 = (dio01, 611, Bat, Baz, - - - ,ﬁﬂL)l- We will use a Dirichlet process prior for
the common underlying distribution of the parameters 6;;. The natural clustering
property for Dirichlet Process will be helpful in ascertaining clusters of subjects that
have the same mean trajectory. Another advantage of Dirichlet Process prior choice

14



is the availability of a rich class of algorithms for drawing posterior samples. It also
gives rise to flexible models robust to misspecification.

We model the prior distribution of 8, as follows:

iid
6,1 G

G ~ DP(M,, Go)

GO = NL+2(I'I’97 29)?

where, pg ~ IN (pg9, Xg0) and g ~ IW (vg0, Seo)-
Let the parameters corresponding to the rest of the biomarkers (other than the first)

for the ith subject be denoted by

/

ei,—l - (6i027 6i127 6i217 6%227 cee 7512L7 s 75i0K7 5i1K7 BZ’KI) /BiK27 s 76iKL)

’

= (01"2, . ,0@[() (Say).

We assume

iid
0i2,...,0;K ~ N(L+2)(U97 ),

where, as before

Mg ~ N(#’GO? 290);

and 29 ~ IW(I/@(), Sgo).

Additionally we assume that the error covariance 3 has the prior X ~ I'W (vs, Sxo)
and the covariate effects av, have the prior vy, N(p,, %) k=1,... K.

Let the joinpoints of the trajectory for the kth biomarker be 7x1, Tgo, ..., T, k =

15



1,2,..., K with 0 < 71 < Tpo < - ++ < 7, < T, where T is specified

intervals between the joinpoints be Dy, Dya, ..., Dgr, D 4+1. That is

Dy = 751 — 0,

Dy = Tro — Tk1,

Dyr, = Tir, — Tk,L—1,

and Dy =T — Txr.

Note that
L+1
Dy >0 and ZDkl =T
=1
Let

!/

Dl - (D117D127 . '7D1,L+1)

/

D2 = (D217D227 .- 'JDQ,L+1)

’

and Dk = (DK17 Do, ... aDK,L-i-l)

. Let the time

Potentially for each biomarker if we put 7,s with some distribution we can not esti-

mate them. The clustering of Djs will translate of clustering of 7s.

Clustering of

T, with 7., means the corresponding biomarkers have the same changepoints. Let

D; =D, /T*, k=1,...,K. We assume

* * % did
D, D:,... DL %@,
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where

G ~ DP(O((), Go),

and G = Dirichlet(ay, ag, ..., api1).

2.3 The full conditional of 8, ;|-

The above semiparametric Bayesian model does not give rise to a closed-form
expression of the posterior distribution. We will use Markov chain Monte Carlo
approach to approximate samples from the posterior. Fortunately, the conditional
distributions are easy to sample from and we implement the Gibbs sampler. Since
we have a conjugate baseline prior, we can use the Algorithm 2 from Neal (2000)
to sample 0, from its posterior. Details of Algorithm 2 are in Appendix where the
following conditional is obtained:

0;110_i1,Y; ~ Zqi,j'%j, + i H;.
i’ #i
Here H; is the posterior distribution for @;; based on the prior GGy and observation

Y, with likelihood L(0;:|Y ;). The values of the q; 7 and r; are defined by
4 = bL(Oj',llYi>7

T = ng/L(ei,ﬂYz‘)dGO(eivl)’
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where b is such that Zj/# gy +ri=1

Note that

i1 (i)
Yio(tis)

¢ij (tij) -

ik (tij)

where
diok
ditk
Bik1
0, =
Bika

BikL

and

18
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0;.1
b 0
Zis )\ 0
1
(tij — Tr1)+
(tij — Tha)+
(tij — Thr)+



Let o*) be the (k, k" )th element of 7' and the likelihood of 6;; be denoted by

L(0;:1]Y ;). Define ¢, = ¢ir(ti;). Then

L(0:.]Y;) = f(Yi|¢;, %)

X exp {—% Z(Yij - ¢¢j),2_1(Yij - d)z‘j)}

j=1
e Yij1 — Yinn
—1 .
=expy =5 D Wi = it - Y — Vi) S
J=1 YijKk — wz’jK
1 n; K K /
_ - k.k) _
=expy =5 Z Z Vijk — Yijr)o " (Vi — Yin')
J=1 k=1 }'=1
1 ng K K ’
/ / k,k
= exp{ 52 1 ; Z(akﬂ?i + 0, Zijk — yiji)o B+
=1 k=1}'=1

= exp{ — —Z Z 9112211 +a 1L — ?/231) (1)
J=1k'=1

(0/ ijk' + a;g’m’l y’L]k‘ Z Z 91 kZ’ij + asz yljk)

]1k2

o "0, Zij1 + jm; — ym)}
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n; K
1 - ! / ’ ’ ’
oc exp 9 Z Z [ei,lziﬂa(l’k )Zijk’ ez‘,k’ + 9¢,1Zij10(1’k )
J=11'=1

(0 @i — Yy0) + 9 v Z o) (agm; — ym)}

n; K
1 . ! / /
222 Z [91 1Zijno "V Z10,5 + 0, Zijo Y (g — yz’jk)] }
7j=1 k=2
1 / i /
_ exp{ 0,3 2000 2,0, 0,50 210042, 00,
j=1 J=1 K =2

n; K
+ 0;,1 Z Z Zz'jla(l’k )(ak'wi - yijk')

J=lE'=1
+0,, ) ZinoM @z - yip)
j=1
+ 91-11 Z Z Zijla(k’l)ZijkOM
7j=1 k=2
+ 01 1 Z Z Zzgla asz yzgk)] }
7j=1 k=2
1 a 1 [ :
_ exp{ - 50, S 20092, 16,1+ 6, (—§> [Z S 210208,
Jj=1 J=1 k=
_’_ZZZUIO-IIC ’mz yz’jk,)
J=lK =1

+ZZZJ10 a 1L — yijl)

+22Z¢j10( 1]]g01k

j=1 k=2

+ Z Z Zzgla asz yijk)] }

7=1 k=2

1 ’ 4
= exp {—591»713191‘71 + 9,-71A1} )
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where

B, =) Zjo"z

J=1

’
ijls

and

n; K n K
1 g ! / 1 , )
A= <_§) [Z Z Zigr! )Zij’“/ O + Z Z Zijo )(ak/ Ti — Yisp')

=11 =2 J=1k'=1
;g n; K
+ Z ZmU(l’D(alfBi — Yij1) + Z Z Zijla(k’l)zijkei,k
7j=1 7j=1 k=2
n; K
+ Z Z Zijl(f(k’l) (akxz — yz'jk) .
7j=1 k=2

The baseline posterior of 8, is

Hi [0 ¢ L(0i71|Yi)7T(07;71),

which gives
Hi ~ N (g, M),
where

Ay = (' +B) ™,

and  pyy = (Z5 + B1) (2 ke + A).
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Moreover,

/ L(Oz"l |YZ)dG0(0171)
1

1 ’ /
<t ] o {at B s}
2 0 2

1 e
exp {561~ 0 5501 1) (61

1 1. '
= T/GXP {——91',1(31 + 3,101+ 0, (A + E?Me)} d(0:,1)
(2m) 2 |Zg]> 2
1 .,
X exp {—Eﬂezelﬂle}
| / { 1 , 1
=——5— [ expy—=0,,B"0,,+ 0, A*}d 0, exp{——u X, u }
(27‘()%|29|% 2 Nl 1 1 ( 1) 2 06 0
1

- —1/exp {—%(0@1 — ) B* (6,1 — l-l’l)} (i)

(2m) 5 | S 2
]. / —1 1 !/ *
X exp =g Mgy Mo XDy S BTy
= —F—7exXpq{ = - ,
‘B*|%|Eg|% p 9 1231 241 o2y Ko
where

B*=B;+%,,
A=A+ 3, py,

and u, = (B*) A"
Hence, using
. 1 {1( ' g 21 )}
ri =0 Mp——7——"——7EXP {5 D H1— 1 K
9|B*|§ ASAE 5 \H1 1 oo Mo
and
1 / /
4y = b-exp _593",13101”71 + 9j171A1 ;

we can use Algorithm 2 to update 6, 1]-.
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2.4 The full conditional of 0, ;|-

The derivation of the conditionals of 6, (k = 2,..., K) follows similar to the last

section. The posterior of 6, ; is given by:

0ir|Y i~ Ny, Aur),

where
Apr = (3,1 + By) ™,
pe = (B + Br) 72y g + Ay),
with
B, = ZZMU " Z e
j=1
and

A= (- )[ZZZMJ“)Z ,ezk,+zzz o) (o, — )

J=1 K £k j=1 '
Uz
+ZZi,kO—(k7 asz yZ]k‘ —|—Z Z szo' k k . /0
=1 J=1 K £k
+Zzzlkak k ’wl yijk/) .
=1k £k

2.5 The full conditionals of p,|- and Xyl

Let the distinct values of 6;; be 67,,07,,...,07y. and the corresponding counts
be ki1, k12, . . ., kiny respectively, with ki3 + k12 + ... + kiyy = N. We assume

* * * 1id
01,07, .. 011\/* ~ N(L+2)(H97 3)
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Then

After a little algebra, we get

MG" ~ N(L+2) (/J’n497 An@)?

where

Ay = (Zp0 + KN -0
Pp = (Zgo + KN - 357 (Zg0 go + X5 '6),

with

N N
0 = k167, + k1207, + -+ + kany 07y + Zoi,2 +-- 4 Z 0 k.
=1 —

Similarly, we can show that
Eg|- ~ IW(VQ[) + KN, Seo + 59),

where

Z [ku 1) Ty (07, — .Ue)] + i i ik — t1g) Sy (0ik — 1)

i=1 k=2
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2.6 The full conditional of X|-

The posterior of |- is given by
N
m(X|") o Hf(Yi|¢i7 %) - (X|vso, Sso),
i=1

from which we get

Y|~ IW (vsgy+ N, S + Sx),

where
N n;
/

Ss= > (Yy—¢,)(Yy—oy).

i=1 j=1

2.7 The full conditional of ay|-

The full conditional of ay|- is obtained using

N
ﬂ-(ak|) X Hf(Yz|¢zv 2) ’ W(ak“l’on Ea)
=1

i=1 j=1
N n;
ra (XY e |
i=1 j=1
where
L
A" =Y — Giox — 6urt — Y Bt — Ta)+
=1
Hence

ak| ~ N(’J’almAak’)a
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where

N n; _
Auy, = (Z Y sz + 2;1> |

i=1 j=1
N n; 1 N n;

/J’ozk = (Z :c,»E_lxi —+ E;1> <Z Z wiE_lA* + Ea_lpl,a) .
i=1 j=1 i=1 j=1

2.8 Estimating the joinpoints

The baseline prior distribution of Dy is:

W(DZ) = f(DI:DDI:% s 'JDZ),L+1>

<L+1
(Xn),
+1 L1
= * \Qy— % ”
:L-H—lH(Dkl) ll, D;; >0 and ZDM:L
HF(OQ) =1 =1
=1

The corresponding baseline posterior of Dj|- is given by

N L+1
m(Dyl-) o< exp{ - %Z Z(Yij - Q—”ij)lzfl(Yz‘j - d)ij)} : H (DZl)al_l )

i=1 j=1 =1
where
L+1
* *
Dy, >0 and E Dy, =1.
=1
We set o = a9 = --- = ary1 = 1 to denote a non-informative baseline prior. Since

the prior is not conjugate we use Algorithm 8 from Neal (2000) to sample Dj|-.

Algorithm 8 is outlined in Appendix. Once we have the D3, values, the joinpoints are
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obtained using

Tho = (Dgo + Dpy) X T

T = (D 4+ Dy oy + -+ Djy) x T*

2.9 Simulation study

Without loses of generality, we set a to be zero to simplify our simulation study.
We assume that the number of biomarkers K = 2. The mean trajectory function for

one biomarker is then

w(t) == (50 + (Slt + Bl(t - 7'1)+ + ﬁz(t - TQ)+.

We set @ = (8,61, 81, B2) and generate two groups of data using two @ values. To

make the joinpoints more prominent, we use the following @ values:
6, = (0.8,—20.6,50.2, —34.6)" and 6, = (2.1,10.6, —40.2,32.6)".

The joinpoints are set as 7 = (5,15)" for both biomarkers.

Using e;; ~ (0,1) we generated data for the two groups, with 50 subjects each. The
generated data is shown in Figure 2.1. We ran 50,000 MCMC scans with 20,000
burn-in and thinning of 10.

To get the cluster graph, we calculated an N x N matrix whose (7, j)th element gives

us proportion times that 6;; and 6;; are equal (i.e. ith and jth individuals cluster
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together.) The elements of this matrix are plotted in Figure 2.2. Higher propensity
to cluster together is indicated by deeper red color. We have a faint cluster of 8, ;
in Figure 2.2. Hence the true cluster structure is not recovered. Nevertheless, based
on the true cluster structure, we decided to examine trace plots of the parameters
corresponding to first and fifty first individual. They are in Figures 2.3 and 2.4.
Figures 2.5 and 2.6 are the trace plots of joinpoints for the first and the second

biomarkers. We see that the estimated values are nowhere close to the true values.
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Figure 2.1. Longitudinal trajectories for the generated data.
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Figure 2.2. Plot of the heatmap of the clustering probabilities of individuals based
on 0, values. Higher propensity to cluster together is indicated by deeper red color.
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Figure 2.3. Trace plot of the parameters associated with the first individual.
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Figure 2.4. Trace plot of the parameters associated with the fifty first individual.
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Figure 2.5. Trace plot of joinpoints for the first biomarker.
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Figure 2.6. Trace plot of joinpoints for the second biomarker.
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Table 2.1 gives the results of Os and és, where s are the parameters used to

generate data and Os are the estimated values.

Table 2.1. Results of parameter estimation

A A

0, 0, 0, 0,

0.8 -001 21 -0.01
-20.6 -0.27 10.6 -0.32
50.2 -0.13 -40.2 0.14
-34.6  0.62 32.6 0.53

Table 2.2 gives the results of 7s and 7s, where 7s are the parameters used to

generate data and 7s are the estimated values.

Table 2.2. Results of joinpoint estimation

A~ A

1 T1 T2 T2

First biomarker 5 389 15 494
Second biomarker 5 38.7 15 49.3

The proposed model was then failed to give the true cluster structure and the

close estimates of the parameters for the generated data.
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CHAPTER 3

JOINT MODEL FOR MULTIPLE BIOMARKERS AND
MULTIPLE DROPOUT

In addition to longitudinal trajectories, information is available on dropout. Dropout
occurs when a subject drop out of study because of some causes. For example, in
ACTG 398 study, if toxicity level is too high the individuals drop out of study. To
correctly account for the possibly informative censoring in the data due to dropout
from the treatment or patients lost to follow up, in this chapter we jointly model the
longitudinal trajectory and a dropout process. We construct the joint likelihood as
the product of the time-to-event (dropout) likelihood conditional on the longitudinal

marker, multipled by the likelihood of the longitudinal trajectory.

3.1 Longitudinal model with multiple joinpoints

We model the longitudinal part in a similar manner as in Chapter 2. The contri-

bution of the ith subject to the likelihood is:

f(Yi’¢i> E) X ’21‘27 eXp {_% Z(Yz’j - ¢ij)lz_1(Yij - ¢ij)}

j=1

3.2 Modeling dropout

We assume there are M causes of dropout and the hazard of dropout due to

cause m is a function of trajectory levels of the K biomarkers at time ¢ using a Cox
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proportional model of the form:

K
A (E10) = Ao (t)exp {Z%kwk(t)} . m=1,2 ..M
k=1
Here v(t) is the trajectory for the kth biomarker of a generic subject, and for a
particular subject ¢ it will be just ¥;x(¢). Note that 7,,, = 0 implies that the kth
biomarker has no effect on the dropout due to cause m. When ~,,, > 0 implies
that higher dropout rates will be associated with higher trajectory levels of the kth
biomarker and vice-versa.

For each m, the baseline hazard function Ay, (-) is assumed to be piecewise constant,

given by

)\Om(u):AOmja Uj—1 §U<Uj j:]_,...,J,

where the number of steps J and the endpoints u; are pre-specified with uo = 0, and
ujy = Q.
Let &; = (d;1, 042, -.,0;n) denote the vector of indicators of the M dropout causes

for subject i, where

1 if dropout is due to cause m ,
5im - .
0 otherwise.

For a subject ¢ experiencing dropout, let 7;,, be the probability that dropout is due
to cause m. We assume that this probability is a function of the covariates in the

following manner:

Tim = Tim (%) = X {atom + Boni) m=1,...,M—1,

1+ Z%;l exp{aom + ,3/0mﬂ3i}7
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where oy, and 3,,, are unknown coefficients. The contribution to the likelihood from

the survival part of the ith subject is then

[ (505 (50)]7™ S(s0) =20 = T [mam A (5)] ™ S(52).

m=1

An individual is exposed to M mutually exclusive causes of failure and when a dropout
occurs, we observe the time T of dropout and the cause L of dropout. The cause

specific hazard function for dropout due to cause m is given by

Prit<T<t+At,L=m|T >t
Am(t) = Ah 0 & +At . }
i

The overall hazard function for dropout at time ¢ is then

M

M) = [mimAm(1)].

m=1

Then the corresponding cumulative hazard is

H(t) = /0 () = /0 ti[mmxm(u)] du — f: /0 o ()] d

The survival function is then

S(t) = exp{—H(t)}

— exp {— mﬁ /0 t (i A (0)] du}

S(si) = exp {— Z /Si TimAom (1) exp [Z mGlbik(u)] d“}
m=1"0 k=1

The contribution to the likelihood from the survival part of 7th subject is then

M K Jim
flsindilv) = [1 {Wim)\Om(Sz‘)eXp [Z %nk%k(si)] }

Hence,

m=1 k=1

Mo K
X exp {— Z_l/o TimAom (U)exp [; ’ymkwik(u)] du} ,
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which can be written as

M M K ]
f(5i7 5z|¢z) = H [ﬂ-im)\Om(Si)]aimeXp {Z [52m Z /ymszk(sz) }
m=1 ; . m=1 kj(l .
X exp {— Z / TimAom (U)exp [Z VmkVir (1) du}
M M k;?l T
H 7sz>\0m 82 bim eXp{ Z [(Szm Z ’Ymszk<sz)
m=1 m=1 = |

M
)\ 7/m
H TimAOm Sz exXp

m=1 {
M J
- E E 7"-2177,>\()rn]}[1]7rL
m=1 j=1
where

j—

U;jN\S; K
Hij = 1(s; > Uj_l)/ exp vak¢ik(u) du
Uj—1 k=1

The full likelihood is thus proportional to:

M M J -~ i ; .
T [Tt [T LA ez L
m=1 i=1 m=1 j=1 ‘2’21:1 2
1 N n;
’ exp{ SNy 6 )Y - 6y)
i=1 j=1

_|_
WE
NE
o

3
]~
2

3

=
5

)

|

WE
M=
M&

A

3

>~

g

=

3

i=1 m=1 k=1 i=1 m=1 j=1 }

3.3 Prior distributions

The parameters 0;, py, 3g, 3, o, D}, are assigned to the same priors as in Section

2.2.
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We assume the following priors for the other parameters:

Aomj & Gy bmg), m=1,.... M, j=1..J,

%n,ygzrzf»l]\f(u77 7) m=1,....M, k=1,... K,
agm ~ N(0,02,), m=1,...,.M

Y am

Bom ~ N(0,%5,), m=1,..., M.

2
where @y, bing, fby, 05,0 2 s Lpm are known values.

3.4 The full conditional of 67 |-

As before, let 07 , = (841, 0%1,, B11,: Biaps - - - - Big,) be the pth distinct value of the
random effect vector for the first biomarker (p = 1,. .., ks.) With the dropout added,
the baseline prior is not conjugate to the sampling distribution. The configuration

structure ¢ = (c¢f,c5,...,c%) of the random effects is updated using Algorithm 8 in

Neal (2000).

We get

f(01,]) o< L(O) - (01, |9, Z0)

—_

X exp {—5(0’{71, — N@)/29_1<0>{,p - He)}

X exp{ A Z Z i z] _1(Yij - d)z])

zcg—pJ 1
- Z Z&mZ’Ymk%k Z ZZFzm)\Om] wm}
'Lce—pm 1 “;9—pm 1 =1

which can be updated by using Metropolis-Hastings algorithm.
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3.5 The full conditional of 0, |-

For the remaining biomarkers (except the first one) of the ith subject, let

’
ei,—l - (52'027 61'12; 6’5217 ﬂi227 L aﬁi?La ... 76i0K7 5i1Ka 61](17 /BiK27 L aBiKL)

!

= (02"2, . ,91'7[() .

As before, we assume

iid
61',27 SR 70i,K ~ N(L+2) (“07 20)

Let 0, be the random effect vector for the kth biomarker of the ith subject. Then

the posterior conditional of 6;, is given by

f(@ir]-) oc L(O) - (0 k|19, o)

s exp =10, — 1) T (01 —ua>}

X

@

N

o
—

|
DO | =
[~]=
|'M§
<
S

tﬂ‘\
<
S

N ]\;_1 ]_1K N M J
Y S ) - 33 mmmmjm},
=1 m=1 k=1 i=1 m=1 j=1

which can be updated by using Metropolis-Hastings algorithm.

3.6 The full conditionals of p,|-, 34| and X

The full conditionals of |-, ¥y|- and |- are the same as in Chapter 2.
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3.7 The full conditional of oyl

The full conditional of ay|- is obtained as

N

flag]) o< [TF Vil B) - m(oul e, Za)
i=1
X exp {_%(ak — ) B, (o — Ma)}
1 N
exp{ - SN ¥, - 6,)S (Y, - 6)
=1 j=1

N M J
+ Z Z 5zm’7mszk Sz Z Z Z 7T-zm)\Omj zgm}
m=1

i=1 i=1 m=1 j=1

3.8 The full conditional of \y,;|-

The full conditional of Ag,,;|- is obtained using

N
zmI < 1<
W()\Omj| ) o A(%é]l (i1 Sersuy) p{— E Wim)\Oijz‘jm}
i=1

X )\Omjamj—leXp {_bmj)\Omj}a )\Omj > 0,
which results in
N
)‘Omj|‘ ~ G Qi + Z(Slm, bmj + Zﬂ-imHz‘jm ,
A, i=1

where

Aj = {Z 1S € [uj,l,uj}} .
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3.9 The full conditional of «,,, |

The full conditional of ~,,.|- is given by

M K N
log f(v|) =const. — Z Z T ;jgwmk + Z Z Z Sim Yk Wik (53)

m=1 k=1 m=1 k

M N J
E E E 7sz>\0mj jms

m=1 i=1 j=1
where

Y11 .- MK

YM1 - - YMK

3.10 The full conditional of |-

Define

a

Qpr
The full conditional of ayl- is
M

I | - 3

m=1 1=1

1
202 Z Bom:

log f(ao|-) =const. + log

3.11 The full conditional of 3|

Define

Bml 511 ..

ﬁOm = ) and /30 =

5mC 5]\/[1 ..
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The full conditional of 3| is

M

N M N
H H 7sz ] Z Z Zﬂ'im)\()ijijm

m=1 i=1 m=1 =1 j=1

log f(Bo|-) =const. + log

1 b e
- 5 Z 60m2,87}1/30m'
m=1
3.12 Estimating the changepoints

Similarly to Section 2.8, with the dropout part added, the posterior conditional

of Dj|- will be

N M K N M J
+ Z Z dim Z Yk Wik (8:) — Z Z Z Wim)\Oijijm}

L+1 L+1
@, D=0 and > Di=1
=1 =1

which can be updated by using Metropolis-Hastings algorithm.

3.13 Calculation of H;j,,

Below, we present calculation of

Uj—1

U;jN\S; K
Hijm = 1(8i > uj 1) / exp {Z ’Ymkwik(u)} du
k=1

Let 71y < 7(2) < ... < T(xr) be the ordered valuesof 7y, k = 1,...,Kandl =1,...,L

( note that 7(;) = 7 for some k,1. ) If 7(;) = 7, denote 5} = By and v,,,; = Yok
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Hence

Z Yk Wi (U Yk {ake’lfz + Ojor + Oinptt + Z Bir(w — Twt)+ }

MN i MN

=1
K
= Ymk {Oékib‘z' + 5i0k} Z YmkOilk U + Z Z Vonke Bt (W — Tht) +
k=1 k=1 k=1 I=1
(aip+aqu if  u <7y

aio + @i+ Yo B (u — 71y) i 1) <u < 1
aio + an v + Yo B (U = 7)) + 1B (u — 7))
— if 7'(2)<u§7'(3)

aio + aint + Y B (4 — (1)) + Ve Bia(u — 7(2))
\ R A A (Rl 10'99) N S V97
KL

- Z(ail + pilu) : 1<u>{7'(l)77'(l+1)}’

=0

where

K
aip = Z Ymk {Oé;ng‘ + 5i0k} )

k=1

Qi = Q3 1—1 — 7:,,,]5:}7—(1), [ = ]., 27 ey KL, T(]) = Tki,

Pio = A;1 = Z%nk@ik,

pil = pi,l—l + f}/:nj/Bz*l? l == 172’ ey KL’ 7'(]) = Tki,

T(0) = 0 and T(KL+1) = T,

Then
KL

K
exp {Z’Ymk?/fik(u)} - Z eXp{(au * ’Oiﬂo} LW me-
k=1

=0
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Hence

/Ox exp {Z %nk%'k(u)} du

KL

T(Hl)/\x
= Z/ eXp{(ail + pilu)}du
1=0 Y TN
(z if =0 forall m, k
KL
B > exp {aq} [((eXp {pu(rurny Nz)} —exp {paltay A )} )/m)
=93 =0

\

-1{%7&0} + (T(l+1) NT — 1) N :E) . 1(/,“0)] if v #£0, for some m, k.

Then

x2 K
/ exp {Z %nk%/%k(u)} du
. k;l . N
= / exp {Z vmkwik(U)} du — / exp {Z ’Ymkwik(u)} du
0 k=1 0 k=1

KL T(H_l)/\:vz KL T(H—l)/\ml
= Z/ exp{(ail + Pz‘lu)}du — Z/ eXp{(ail + pilu)}du
T ZZO T

1=0 Y T()A\T2 (OISS!

(29— 21 if =0 forallm, k
ZeXP {aq} [(((GXP {pil(T(l+1) A 552)} — exp {pil(T(l) A 5172)} )

- —(exp {pil(T(lJrl) A 5151)} — exp {pil(T(l) A 351)} ))/Piz “Lp0)

+<(T(l+1) N Ty — T(1) VAN ZL‘Q) — (T(l+1) Nx1 — T(1) N l’l)

-1(p“:0)] if ke #0, for some m, k.
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Thus we have

u;A\S; K
Hij = 1(s; > Uj_l)/ exp Z'ymkdzik(u) du
-1 k=1

j—

I(s; > uj_1)(uj A s;—uj—q) if e =0 forallm,k

> exp {aq} [(((GXP {pa(Tweny Ny Asi)

+<(T(l+1) ANu; N\ s; — Ty A\ Uy /\Si)

—(7‘([+1) Auj_y — 7y A Uj_1)> . 1(pu=0)] if . #0, for some m, k.

\

3.14 Simulation study

The generation of the data for the longitudinal part is the same as that in Chap-
ter 2. We generate the dropout data according to the structure of data of plasma
HIV RNA from the AIDS Clinical Trials Group (ACTG) 398 study. ACTG 398 was
a randomized double-blinded placebo-controlled study comparing a single protease
inhibitor (PI) with double-PI antiretroviral regimens in treating HIV-infected pa-
tients. The primary objective of the study was to compare the proportion of subjects
who had virologic failure after 24 weeks on study between the double-PI arms and
the single-PI arm. Four hundred and eighty-one subjects were followed for varying
durations (some, as long as 72 weeks) and their viral loads were tracked.Detailed

description of the data and results of primary analysis are available in [Hammer et al.

(2002).
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In ACTG 398, individuals are assumed to drop out of study due to two competing
causes-namely toxicity and other causes. We denote the time to drop out due to tox-
icity by TTOX and the time to drop out due to other causes by TOTHER. A third
variable TOT is defined as TOT=min(TTOX,TOTHER,100)-it is the overall time to
drop out of study. Here TOT=100 indicates that the individual never drop out.

Since the survival function takes values in the interval (0, 1), we first generate a value
from uniform distribution and set it equal to the survival function, which is as the

following:

Y ~ U(0,1),

Y — e fg H(s)ds‘

where H(s) is the cumulative hazard function in Section 3.2. For a fixed set of
parameters, we can easily solve for t values and we use them as the dropout times in
our generated data. We first assign generated ¢ values randomly to these time for these
2 causes. We generate the same portion of 100’s as in ACTG 398 data and randomly
generate the same number of positions and then assign the 100’s to these positions in
our generated data. We also generate the off-study time (TOS) randomly according
to the proportion of these times in the ACTG 398 data. Then we can easily get the
individual time to event, si, according to si=min(TOT,TOS). We assign either cause
as cause 1 and the other as cause 2. Then the vector of indicators of the 2 dropout
causes is easy to obtained according to &;, = I(si = si?), where si? is the dropout
time.

We used two groups of generated data with 10 subjects each. We ran 50,000 scans
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of MCMC with 20,000 burn-in and thinning of 100. We have a faint cluster of 8, ;
in Figure 3.1. Hence the true cluster structure is not recovered. Nevertheless, based
on the true cluster structure, we decided to examine trace plots of the parameters
corresponding to 1st and 11th individual. They are in Figures 3.2 and 3.3. We see

that the estimated values are nowhere close to the true values.
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Figure 3.1. Plot of the heatmap of the clustering probabilities of individuals based
on 0, values. Higher propensity to cluster together is indicated by deeper color.
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Figure 3.2. Trace plot of the parameters associated with the first individual.
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Figure 3.3. Trace plot of the parameters associated with the eleventh individual.
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Figure 3.8. Trace plot of \y,,; for cause 2 (m = 2).

57



Oo1

T T T T T I T T T T T I
0 100 200 300 400 500 0 100 200 300 400 500

scans scans

Figure 3.9. Trace plot of ag,,.

58



[3011

BOZl

1.0

-0.5 0.0 0.5

-1.0

~
_—
_—
o -
S 2
& S o 4
-
1
- ]
1
~N
)
N
T T T T T T T T T T T T ! T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
scans scans scans
~
~
— - = 4
N ©
S S
& o - & o o
- _| —
| [
~N
1 Y 4
T T T T T T T T T T T T T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
scans scans scans

Figure 3.10. Trace plot of 3,,,.

59



Table 3.1 gives the results of Os and és, where s are the parameters used to

generate the data and Os are the corresponding estimated values.

Table 3.1. Results of parameter estimation

A A

0, 0, 0, 0,

0.8 -0.02 21 -0.01
-20.6 -0.40 10.6 -0.43
50.2 -046 -40.2 -0.71
-34.6 0.18 32.6 0.17

Table 3.2 gives the results of estimation of 7s, with the corresponding trace plots

are presented in Figures 3.4 and 3.5.

Table 3.2. Results of joinpint estimation

A~ A

1 T1 T2 T2

First biomarker 5 25 15 427
Second biomarker 5 24.9 15 424

Since ¥, is non-identifiable, we tried to estimate the identifiable differences of
Vo1 — y11 and 99 — Y12. We set 11 and 715 zero thus the positive values of y9; and oo
showed in Figure 3.6 implies that the first biomarker has higher effect in the dropout
probability due to cause 2 than cause 1. Figures 3.7 showed that the piecewise
constant baseline hazard for the dropout, Ay, , is high in the last interval, which

means individuals tend to drop out in this interval with high probability. Figures 3.9
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and 3.10 showed that the quantities ay,, and 3, are close to zero, which implies

that the probability of dropout is the same for all causes.
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CHAPTER 4

AN ALTERNATIVE PARAMETRIZATION OF THE
JOINPOINTS

Since there were difficulties in estimating the joinpoints by the model used in Chapter
2 and Chapter 3, we will try a new model with a convenient parametrization of the
joinpoints. This idea is inspired by Martinez-Beneito et al.| (2011). For simplicity, we

use only one biomarker.

4.1 The longitudinal model of the joinpoints

As before, let y;; denote the response of the ith subject measured at time t;,

(t=1,...,N;j=1,...,n;). Our longitudinal model assumes the following form:
Yij = iltyy) + ey,

where ;(+) is the trajectory function of the ith individual, e;; is the random error
associated with the jth measurement on the ith individual with
€ij %i N(O, 0'2).

We assume the following form of the trajectory function for the ith individual:

L
i(t) = &'m; + 60 + Bio(t — ;) + Z 0B Br, (),
=1
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where L is the maximum number of joinpoints and B, () is defined as the following

piecewise linear function:

B..(t) = aior + bioit,  t < T,
T ay bty > Ty

The functions B, (t) are restricted to a number of conditions given below:

1. B;,(t) is continuous at the joinpoints, which is expressed as lim, e By (t) =
lim,_, + B, (t), 1 =1,...,L. This guarantee that ;(t) is continuous all around,
independently of the number of joinpoints.

2. At all the observed points, the sum of the elements of the joinpoint evaluated must
be zero. This is expressed as Y ", By, (t;;) =0, 1 =1,..., L. This way, the addition
of any joinpoints in the model would not alter the mean value of the regression
function and it would not change the meaning and the estimation of parameter o
across the model.

3. To guarantee the addition of any joinpoints would not change the slope of the
regression function and the meaning and the estimate of parameters 3, would not be
changed either, the slope of the break-points along the whole period of study should
be zero. This is expressed as Y | By, (ti;) - t;; =0, l=1,...,L.

4. To make the parameter [3; take the role of measuring the magnitude of the break-
point in the location where the change takes place, we need to have B, (1) =1, [ =
1,..., L. This makes the value of 3; identifiable.

The above conditions can be translated to the following 8 equations (for the case of
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aio1 + bio1 - i1 = @i + binn - T
@io2 + biog - Tio = a2 + bita - Tio

ni1@i01 + bio1 Z tij + ani(n; — na) + b Z t;j =0

i <Ti1 tij >Ti1
Nioio2 + Dioa E tij + aina(n; — ni2) + bie E ti; =0
ti;<Ti2 ij>Ti2
2 2 _
;o1 E ti; + bio1 E i + a1 E tij + bin E t;; =0
5 <Ti1 tij<Ti1 tij>Ti1 tij>Ti1
2 2
@02 E tij + bioz § ti; + aiiz E tij + bin E t;; =0
ti;<Ti2 ti;<Ti2 tij>Ti2 tij>Ti2

aio1 + bior - i1 =1
@iz + bioz - Tiz = 1

where n; is the number of time points for the i¢th subject. n; is the number of
time points smaller or equal to 7;; and n;s is the number of time points smaller or
equal to 7;5. Hence, for given value of 7;; and 7;2 there is a unique set of values
a;01, G302, Ai11, G312, bio1, bio2, i1, bi1o that can be solved from the above equations.
The contribution of the ith subject to the likelihood is then:

2\ 1 1 N i
e S

J=1

4.2 Prior distributions

For the ith subject, let 01 = (5i17 c. ,5Z-L, 51'0, 510, 52'1, . ,ﬁiL, Tily - - 7TiL)/ denote

the associated parameters. We model the prior distribution of 6; as follows:

itd

BiNG,

where

G ~ DP(Mj, Gy).
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This prior choice of @; make it robust to missepecification, as well as allows for
clustering of subject trajectories.
The baseline prior Gy for d;,n;, B, is specified below:

Define

’

6i - (5i17 o 757;L>
n; = (dio, Bio)/
and B; = (B, - - - 7Bz‘L)/
We assume
7(8;) = (L)L — 1)L"2%% where 63 =0,1, 1=1,...,L
In particular, for L = 2, this becomes
1
(01 = u,dp = v) = 7 for w=0,1, v=0,1.

We also assume

n;,~ N2(l'l’7707 27]0)7

and /82 ~ NL<07’72)7
where
v~ IG(0.5,0.5).

We assume o2 ~ IG(a,, b,).
In our problem, the block (corresponding to 3;) of the Fisher information matrix
evaluated at 3; = 0is L = AB BA, where B = { B, (t;;) (the matrix of covariates),
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and A = diag(d;). Since L is not a positive-definite matrix for every §;, it can not

be used directly to define 3 above. Instead, we propose
Y = n;(AB BA + diag(B'B — AB'BA))™*

which is a positive-definite matrix for every d; and is fixed for each subject.

To avoid identifiability problems, we impose a number of restrictions on the locations
of the joinpoints. In previous chapters we found that when 7 values are very close, it
created calculation problems. Moreover in real life we don’t expect joinpoints to occur
very closely. Hence we assume a minimum separation d between the corresponding
joinpoints. In particular, we assume that the parameter space for 7 = (71, 79, ..., 71),

which we call €, is
Q:{(Tl,TQ,...,TL)It1+d<7'1,7'1+d<7'2,7'2+d<7'3,...,7'L+d<T*}

We put minimum separation d = 2 in our applications. We specify t; = 0,T* = 56
as in the previous chapters.
We assume a uniform prior for 7 < 7 < ... < 77 on the set 2. Note that when

L = 2, the marginal distribution of 71 becomes

1 (52 —m1), 2<7 <52
_ ) 1250 ’
fr(m1) = { 0, otherwise,

and
To|m ~ Uniform(7m + 2, 54).

Consequently, the cumulative distribution of 71 becomes

s 1 11
F.(s)= [ —((52—7)=—(—=5%+ 525 — 102).
(5) /2 125072 = ™) = 1g5p( "% 92 )
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Hence the steps to sample 71 and 75 from the prior will be:
Stepl: Generate u ~ Uniform(0, 1),
Step2: Generate 73 = 52 — 50v/1 — u,

Step3: Generate 75|m ~ Uniform(m + 2, 54).

4.3 Posterior Calculations

The likelihood of 0, is

1 1 2
L(6;) = o {—272;(% - %j(tij)> }

The baseline posterior of §;|- is then:

7T*(5z'1 = U, 0 = U\) X L(91|6i1 = U, 0;2 = v, 0i0, Bio, Bi1, Bizs Ti177i2>

X (0 = u,0;2 =v) for w,ve{0,1}.
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Let Q ( 2] - t_z)l and B = ((51‘161‘137“ (tm),(sﬂﬂigBﬁQ(tij))l, We first write the

likelihood in terms of 1, = (d;0, ﬁio)/ as

7=1
1 & :
- eXp{ B ?Z <yZJ —ax; — 6@0 z] z Z(szlﬁleTll z] ) }
j=1
1 & / 5
= expy — @jﬂ Yij — o x; — ;0 — Bio(ts; — )

2
- 51’151'137“ (tij> - 52‘251'2371-2 (tij)> }
1 & ?
:exp{ — @Z(?hj —ax;—1 B—mQ) }

x exp{ — % ( QQ'n, —2(y; — ox; — 1IB)77;Q> }

j=1
1,1 1 : :
= exp{ - 5771';2@62 n; + 771';2(3/@‘ —ax,—1 B)Q}-
j=1 j=1

Thus we have

1 ’ ’ _ ’
f(mil-) o< L(65) - exp =5 (0; — pyg) (Bpo) Hn; — o)

2

1 7y I
o L(0;) - expd — 5771»2,70 M; + 1,20 Mo

L (1T
o expy — o ;ZQQ + 30 |1
j=1

’ 1 i ’ ’ _
+n; (;Z(ym —ax;—1 B)Q + Enollllno> }

j=1

Hence we have

"71‘ ~ N(/'l’nm Enn>7
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where
1 & , -1
Yinn :(;ZQQ + Enol) )
j=1
and
1 n; , . -1 1 n; / / B
J=1 j=1

To get the posterior of 3;, we set B* = (8, By, (ti;), 02 Bx,, (tij))/ and we write the

likelihood in terms of B; = (B, Bi2)  as
1 ng 2
L(6;) < exp {—@ 2 (yij - %j(tz‘j)) }
1 ng 2
= eXp{ - T"QZ (yw —ax 510 g z Zézlﬁlenl i ) }
1 & : _
=expy — T‘QZ Yij — e i — 0o — Bio(ti; — ti)
2
— 6i1Bi1 By, (tij) — 6i2Bi2 By, (tz’j)) }
1 n; B 2
= exp{ — 2_2_: (Z/zg ; — 6i0 — Bio(ti; — ti) — ﬁiB*> }
X expq — ii Bi B*B*' 3, — 2(y; — o'm; — 0o — Puo(ty; — 1)) B;B"
2 :
5 ZB*B* +5fii<y.._a’w._ o —B; (t--—f-))B*
i o2 i 52 = %) 7 20 10\ lij i .
=

= exp
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Thus we have

f(Bi]-) o< L(6;) - 7(B;)

o L(8;) - 7(3;]0,7%)-

1
Bk

L o (1SN _
ocexp{ — §5i(ﬁZB B* + (%) l)ﬁi
=1

1 & , .
+ 3, (;Zl(yij — o — 00 — Pio(tij — E))B }
=

x 1(0) — —e{ = 18102)78,)

Hence we have
181| ~ N(I"l’ﬁnﬂ 2ﬁn)7

where

1 ; e - -1
Yo, = (EZB B* + (vX) 1) :
j=1

and

ng

1N N1 , \
Mg, = (—ZZB B* + (%) 1) (—2 (yz'j — o, — 0ip — Pio(tij — {))B >
7j=1

024 g4
= 7j=1
Furthermore
N
1 1. 0.5
() eXp{ - —61»(72)‘1[31-} -y 05‘16Xp{ - —},
H Rk 2

which implies

N
N /
v~ IG (0.5 + 5. 05405 > jﬁiz:ﬁi) .

i=1
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4.4 The full conditional of |

The conditional of /|- is is obtained using

flaf) o Hf(Yz'M‘) Ty, Xa)

’

S )}
xexp{—r;Zi(yw @i(ti; )2}

i=1 j=1
n;

mexp{——a(izcja}zz P > )

=1 j=1

N n;
+a ( Z Z %wiE_lA* + 2;111@) },

1
ocexp ¢ —5 (@ — pa)

i=1 j=1
where
A" = Yij — 610 t— t Z 5Zl/BZlBTZl
Hence
Oé‘ ~ N(l"’an? Aan)>
where
N n; 1 _1
_ 1
Ay, = (lelng z + % ) ,
=1 j=
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4.5 The full conditional of ¢?|-

The conditional of |- is

4.6 Simulation study

We use the same mean trajectory functions as in Chapter 2 to generate data for

our simulation studies. Note that in Chapter 2, our mean trajectory was of the form:

Y(t) = do + 0it + Bi(t — 1)y + Ba(t — 72)4
Denoting @ = (&, 61, B1, B2) , we used two sets of @ values in Chapter 2:
6, = (0.8,—20.6,50.2, —34.6) and 6, = (2.1,10.6, —40.2,32.6) .

The mean trajectory function in this chapter is of the form:

o(t)=A+ B(t—1t)+CB,,(t) + DB, (t).
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Let us denote @ = (A, B,C, D). If 1(t) and ¢(t) are alternative representations of

the same trajectory, the relation between 6 and 6 is given by

do + 01t = A+ B(t — ;) + C(agy + bost)
+ D(agg + boat), t<m
So + 01t + it —m) = A+ Bt —t;) + C(arr + biit)
+ D(agz + bpat), T <t<m
8o + 01t + Pr(t — 1) + Pa(t — ) = A+ B(t — ;) + Cay; + bist)

+D(a12+b12t), t>7'2,

which leads to

— L
bll - b()l’
B2

" biy — byy

C
D
B =61 — bnC — by D,

and A= (50 + t_ZB - a01C' - CLOQD.

Thus, the two sets of 8 values in Chapter 2 correspond to the the following two sets

of @ values:
0, = (72.76,0.66, —45.97,158.24) and 0, = (—141.26,—2.54,36.82, —149.09)’

For each group, we generate data on 10 subjects. Since we only used one biomarker
the computation speed is much faster than that for the model in Chapter 2. We ran
500,000 scans with 200,000 burn-in and thinning as 100.

Figure 4.2 and Figure 4.3 are the trace plots of selected parameters when o is updat-
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ed. Since the data was generated with 02 = 1, we thus ran with 0% = 1 fixed. Figure

4.4 and Figure 4.5 are the trace plots of selected parameters when o2 is fixed at 1.
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Figure 4.1. Plot of the heatmap of the clustering probabilities with o2 fixed at 1.
Higher propensity to cluster together is indicated by deeper red color.
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Figure 4.2. Trace plot of the parameters for the first individual with 2 updated.
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The following tables are the results of 0s and 42987 where 0s are the parameter
used to generate data and és are the estimations. Table 4.1 gives the results with o
updated and Table 4.2 gives the results with o2 fixed at 1. Note that although the
estimated values of (; for the first individual has a different sign from the true value,

since ¢, is estimated to be close to zero, the effect is not significant.

Table 4.1. Results of parameter estimation with o? updated

72.76  19.5 -141.26 -37.9
0.66 0.65 -254 -25
-45.97 0.01 36.82 -0.01
158.24 0.01 -149.09 0

Table 4.2. Results of parameter estimation with o2 fixed at 1

72.76 7277 -141.26 -141.2
0.66 0.66 -2.54  -2.55

-45.97 175  36.82 10.1

158.24 69.7 -149.09 -55.4
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The following tables are the results of 7s and 7s, where 7s are the joinpoints
used to generate data and 7s are the estimates. Table 4.3 gives the results with o2

updated and Table 4.4 gives the result with o2 fixed at 1.

Table 4.3. Results of joinpoint estimation with o2 updated

A A

1 T1 T2 T2

First individual 5 16.2 15 389
Eleventh individual 5 16.3 15 39

Table 4.4. Results of joinpoint estimation with o2 fixed at 1

~ A~

1 T1 T2 T2

First individual 5 132 15 16.2
Eleventh individual 5 13.7 15 16.5

We see that the proposed method is able to correctly cluster the data. If we up-
date 02, the estimated values of @ and 7T are not close to the true values. If we fix o2
at 1, part of the estimated values of 8 are close to the true values and the estimated

values of 7 are close to the true values.
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CHAPTER 5

AN ALTERNATIVE PARAMETRIZATION WITH
DROPOUT

In this chapter, we we extend the model in the previous chapter to incorporate the
dropout information. As in Section 4.1, the contribution of the longitudinal observa-

tions of the ith subject to the likelihood is:

2 1 1 - i
F(¥ i 7?) = e {‘%Z@ —elty) }

5.1 Modeling dropout

Let s¢ be the dropout time for the ith subject and ¢; be the corresponding cen-
soring time. The observed survival data then consists of the pair (s;,d;) where
s; = min(s?, ¢;) and §; = I(s; = s¢). We assume that the hazard of dropout at

time ¢ is a function of trajectory at time ¢ using a Cox proportional model of the

form:
Altle) = Ao(t)exp {ye(t)}

Note that v = 0 implies that the survival part is not affected by the longitudinal
trajectory whereas v > 0 implies that higher dropout rates will be associated with
higher trajectory levels and vice-versa.

The baseline hazard function Ao(-) is assumed to be piecewise constant, given by

)\o(u) :)\ij Uj—1 SU<U]‘, 7=1...,J

82



where the number of steps J and the endpoints u; are pre-specified with ug = 0, and

Uy = Q.

The contribution to the likelihood from the survival part of ith subject is then

f(si,0i]i) = )\O(Si)(SieXp {0ivi(s:)}

X exp {— / Ao(w)exp [yepi(u)] dU},
0
which can be written as
J
f(si, dilgi) = Ao(Si)(SieXp{Wsz‘%‘(Si) - Z)\OjHij(V)}a
j=1

where

U;A\S;
Hij = [(Si > uj—l)/ exp{vgpi(u)}du_

The full likelihood is proportional to:

ng

J

N o8I (uj_1<s;<u; 1 2
H)\Ozjz_l (uj—1< g)eXp{ - ﬁ Z (ylj — ()Ol(tz_])>
j=1

J=1

+7 Z 0ipi(si) = > Z Aoj Hij () }

i=1 j=1

5.2 Prior distributions
Parameters 8;,m;, 3;,7, 0> are assigned the same priors as in Section 4.1. Priors
for the other parameters are taken to be

)\oj%G(aj,bj), jzl,‘..,J,
v N(M7’03)7

2
where a;, bj, p1, 07 are known.
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5.3 Posteriors of 0;

Let 0, = (67,03, 05, 85, 81, B5, 71, 75 ) be the pth distinct value of the random effect

vector with (p = 1,...,ke.) With the dropout added, the baseline prior is not con-

jugate to the sampling distribution. The configuration structure ¢’ = (cf,c5, ..., %)

of the random effects is updated using Algorithm 8 in |[Neal| (2000).

Let 6, = (47, 63)', the posterior of d,]- is

f(8,]-) o< L(8) - w(9)

X exp{ - %‘2 Z i(yij - @ij(tij))2

i:c?:p Jj=1
J
+7 Z dipi(si) — Z Z)\UjHij(’Y)} -7(8).
icf=p i:cf=p j=1

Since m(8) = 1, we then have

log f(6,]-) = const. — 2%2 > Z(@/z‘j - %‘j(tz‘j)>2

i:cf:p J=1

+7 Z Oipi(si) — Z ZAOsz‘j(W)-

i:c?:p i:c?:p Jj=1

Let m;, = (4, B%)', the posterior of ;|- is:

f(my|-) o< L(O) - 7 (n)

x exp{ — 2%‘2 Z i(yij - %j(tij))z

i:c?:p Jj=1

+y Y dipilsi) = Y Z)\Osz‘j(v)}

i:cf: i:c?:p Jj=1

1 * '§— *
X exp{ - 5(7’;) - “770) 27]01 ("7;; - l‘l’n())}'
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Thus we have

log f(m3|-) = const. — %‘2 Z Z(yij — goij(tij)>2

i:cf=p j=1
J
+ Z dipi(si) — Z ZAOszj(V)
icY=p icf=p j=1

1. L
- E(np - I"l’nO) 27]01 (77p - l"l’no)~

Let 3, = (7, %), we first need to find the prior marginal density of 3, which is

given by

~(8) = / (Bl

- /OO A 05 e Sy
o (2r)5hmE T(0.5)

__ 05 /Oo HEEEY) g5k
J* 1
(2m) = |X|2T(0.5) Jo
(05°°  T(05+%)

(27")% |2]%I’(0.5) (%)0.@% :

Then the posterior of 3,|- is

f(Byl) o< L(O) - w(B)

. eXp{ - % > nZ(ym - %'j(tz'j))z

i:cf:p j=1
J
i:cf:p i:cf:p Jj=1
1

[ Fol
(ﬁ* D) 2B*+1)0.5+ y
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resulting in

log £(83]1) = const. — -5 373" (s~ eut))

i:c?:p Jj=1

+7 Z dipi(si) — Z Z)\OjHij(V)

i:cf:p i:cf:p j=1

1
+ log

2

5.4 The full conditional of «|

The posterior of a- is

fled) o< L(O) - m(ax|

which results in

/

1
log f(a|-) =const. — 5(& — ) X (o — )

(67

+7 Z Sipi(si) = DY MojHi(7)

i=1 j=1

5.5 The full conditional of ¢?|-

(ﬁ*/E—lﬁ*J,_l )05-{-‘]7* ’

1
2

3a),

N n;

> (yij - %’(%‘))2

=1 j=1

The full conditional of o2 is the sam as in Section 4.5.
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5.6 The full conditional of \,|-

The posterior of A;|- is

N
N 0id (uj—1<s;<u;
f(Aoj]+) o /\oszl ( Jexp {— Z /\Osz'j('Y)}
=1

. )\Ojaj_lexp {_bjAOj} .

Then
N
Aojl- ~ G | a; + Z(Si, bj + ZHU(’Y) )
A, i=1
where

A ={i:s; € uj1,u)}.

5.7 The full conditional of ~/|-

The posterior of 7| is

FOy) o< L(8) - (Y] sy, 03),

which results in

9 N N J
_ V= 20
log f(’Y") = const. — T‘% + 7;61'301'(31') - ; ; )\osz‘j(’Y)'

5.8 Calculation of H;;

To calculate
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we write

L

©i(u) = Oé/CUi + dio + Bio(u — t;) + Z diuBu By, (u)

=1

= Ol/iﬂi + di0 — Bioti + Biow + 0181 Bryy (w) + -+ - + 0in.Bir B, ().

Note that

0i1B8i1 Br, (w) + - - 8iL i Br, ()

\

Hence

where

( 0i1Bi1(aior + biorw) + 0i2Bi2(aio2 + biogw)

—|—"'+5iL6iL<ai0L+bi0Lu> it w < Ti1

0i1Bir (a1 + binnw) + 0i2Bi2(aio2 + biogu)

+ o+ 0 Bir(aior + biopu) if T <u < T

0i1Bir(ain1 + binnw) + 0i2Bi2(anz + birau) + 0i3Bis(aios + biosw)

+ -+ 0 Bir(aior + biopu) i T <u < T3

di1Bir(ain1 + binnw) + 0s2fi2(an2 + birau) + 0:3i3(ais + birsu)

+ o+ 0infBir(ainr + bigu) if  u > 7L

L
Z (0%7] + leu (u)(71,71+1)7
=0

a; = Oé,iL’z‘ + 0i0 — Bioti + Z dit Bir@ite + Z ditBiaior, 1 =0,1,2,... L,

and

t<i t>1
t>1 t>1

pit = Bio + Z 0it Bitbine + Z 0itBitbior, 1=0,1,2,... L.

t<l t>1
t>1 t>1
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Then

L

eXp {7@1(“)} = eXp {’7 Z(ail + pilu)} ) 1(“)(7'177%1)

=0

L
Zexp {7 @i + pllu)} 1( ) (T1,m141)-
=0

Hence
/ exp {ypi(u)} du
0
L Ti1N\T
= Z/ eXP{V(Cm + pilu)}du
1=0 TINT
(z if ~=0,
L
B ZGXP {rau} [((GXP {vpu(n41 A x)} — exp{ypu(n A x)} )/%Ou>
=3 =0
'1{Piz750} + (TlJrl AT =T N\ ‘1.) ) 1{Pu:0}] if ~v#0.
\
Then

[ {3 e fa
- /0‘”2 eXP{iv%(u)}du—/jl eXp{iW%(U)}du

T+1/\T2 TI+1AT1
/ eXp{ ai + piu }du / eXp{v(au + puu)}du
1=0 7T

AT

SL’Q—Il if =

ZeXp {rau} [( exp {ypu(Ti1 A x2)} — exp {ypa(n A w2)})

—(eXP {vpu(mis1 A w1)} — exp{ypa(n A a1)} ))/Wil) “Lpuz0y

+<(Tl+1 Ao — T N\ ZL‘Q) — (Tl+1 ANxy — 1 A x1)> . 1{Pil:0}] if v #0.

\
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Thus we have

UjN\S;
Hij=1(s; > Uj—l)/ exp {vpi(u) } du
Uj—1
( I(S, Z Uj_l)(u]' VAN S; — Uj_1> if Y= 0,
L
ZGXP {~vau} [(((GXP {vpu(isr ANuj A i)} —exp {ypa(m A u; A Sz)})
=0

= { —(exp {vpa(me Awj)} = exp {ypu(m Auj-1)} ))/Vﬂiz) X Lipaz0}

+<(Tl+1 /\u]- VAN S; — T /\Uj AN Si) - (Tl+1 /\Uj,1 — T /\Uj,1)>

Xl{pilZO}] if Y 7é 0.

\

5.9 Simulation study

We used the same set of generated data for the longitudinal part as in Chapter 4
and the same set of generated data for the dropout part as in Chapter 3. However,
in this chapter, the dropout has only one cause. We used two groups of generated
data each with 50 subjects. We ran 50,000 scans with 20,000 burn-in and thinning
of 10. Since in the previous chapter we saw that when o2 is fixed at 1, we get better

estimates than when o2

is updated, we do our simulation in this chapter only with
o? fixed at 1.

Figure 5.1 is the trace plot of 8 associated with the first individual and Figure 5.2 is
the trace plot of @ associated with the fifty first individual. From Figure 5.3 we see
that he estimation of a is close to the true values which are all zeros. From Figure

5.4 we see that ~y is convergent to 0.0006, which implies that the implies that higher

dropout rates will be associated with higher trajectory levels and vice-versa. From
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Figure 5.5 we see that the piecewise constant baseline hazard for the dropout, Ay,
are all fairly small except in the last interval, which means individuals tend to drop
out in this interval with high probability. From Figure 5.6 we see that the proposed

method is able to correctly cluster the data.

91



< | <
— — 1<)
~ 7 N
-
Q4
©
N N
— —
o < 4
o =
& < N S o 9 =]
[ Wwog IS a
@
o | <)
™
@ ©
> < > < o
[S) © N ©
<)
o
—
© ©
c 7 [SHN
T 17T 17T 177 T 1T 17T 177 T 17T 17T 177 T 17T 17T 177
0 2000 4000 0 2000 4000 0 2000 4000 0 2000 4000
scans scans scans scans
o
S —
2 - 2 o -
o
@
o | 3 A 8
@
Q
©
& & Ep s 81
o
o | [
<
o
o | ~
—
8 < o
S0 | S—
© -
© o - )
T 17T 17T 177 T 1T 17T 177 T 17T 17T 177 — T 17T 17T 177
0 2000 4000 0 2000 4000 0 2000 4000 0 2000 4000
scans scans scans scans

Figure 5.1. Trace plot of the parameters associated with the first individual.
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Figure 5.6. Plot of the heatmap of the clustering probabilities. Higher propensity
to cluster together is indicated by deeper red color.
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Table 5.1 gives the results of estimations for 8s, where 0s are the parameters used

to generate data and Os are the estimated values.

Table 5.1. Results of parameter estimation

72.76 7273 -141.26 -141.2
0.66 0.66 -2.54 -2.54
-45.97 869  36.82 37.01
158.24  28.3 -149.09 -149.2

Table 5.2 gives the results of estimations for 7s, where 7s are the parameters used

to generate data and 7s are the estimations.

Table 5.2. Results of joinpint estimation

~ A~

1 T1 T2 T2

First individual 5 16.7 15 189
Fifty first individual 5 5.7 15 15.2

From Table 5.1, we see that the first selected individual has the first and the
second number close to the true values and the fifty first selected individual has
all the numbers close to the true values. From Table 5.2, we see that for the first
individual the estimations of joinpoints are not close to the true values but for the
eleventh individual the estimations of the joinpoints are close to the true values.

Our model is able to correctly cluster the individuals and correctly estimate the
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intercept and slope of the trajectory function. However, it can not get the accurate

estimates for the change of slopes and joinpoints.
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CHAPTER 6

AN APPLICATION OF JOINT MODELING

We motivate the need for a flexible joint model using data of plasma HIV RNA from
the AIDS Clinical Trials Group (ACTG) 398 study. Detailed description of the data
and results of primary analysis are available in Hammer et al.| (2002)). ACTG 398
was a randomized double-blinded placebo-controlled study comparing a single pro-
tease inhibitor (PI) with double-PI antiretroviral regimens in treating HIV-infected
patients. The primary objective of the study was to compare the proportion of sub-
jects who had virologic failure after 24 weeks on study between the double-PI arms
and the single-PI arm. Four hundred and eighty-one subjects were followed for vary-
ing durations (some, as long as 72 weeks) and their viral loads were tracked. We are
interested in modeling these multiple phases of change in the viral load trajectory. As
noted by |Liang| (2007)), apart from better modeling of the trajectory, identifying these
changes can have important clinical and biological ramifications, such as helping us
to identify the time to change drugs and thus avoid the problem of drug resistance.
It will also help us to investigate the extent to which viral rebound can be predicted
by initial response to treatment, which can improve overall prognosis.

Patients with HIV who show more rapid increase in viral RNA counts are more like-
ly to terminate the study due to sickness or death, or may withdraw from the trial
altogether to seek alternate treatment options. One aspect of the ACTG 398 trial

is the high toxicity rate, due to the high drug burden and the advanced stage of

100



infection in the study population. Approximately 49 per cent of the subjects went
off-study-treatment (stopped at least one drug) due to toxicity by week 72. When
subjects go off-study-treatment, their viral load trajectories are immediately affected.
To account for this phenomenon, the viral RNA values are censored at the time of
subject going off-study-treatment. This is potentially informative dropout mechanis-
m in the sense that the tendency to drop out at any point is related to the level of
the (longitudinal) marker variable. Without correctly accounting for this informative
dropout, parameter estimation in a longitudinal model becomes biased. Thus, for
modeling the longitudinal data with informative dropout, a joint statistical model is
needed for the dropout process, in addition to the model for the longitudinal viral
RNA marker.

Due to complexity of a joint model, in this chapter we only use the longitudinal model
from Chapter 4 to explore the estimating of the parameters in the trajectory function.
The full data set makes the computing speed too slow thus we use just the first 100
subjects. We ran 50,000 scans with 20,000 burn-in and thinning as 100. We selected
one individual each from the first two cluster groups and gave the results of the pa-
rameter estimations. The trace plot of the parameters associated with them are in
Figure 6.1 and Figure 6.2. Figure 6.3 shows that the covariates effects are not zeros,
which implies that it does have some effects to the longitudinal outcome.

The way of identifying the cluster-structure in the data is through the use of heatmap
routine in R. The routine uses the D matrix as a form of distance matrix, and a
hierarchical clustering algorithm is then run using the distance matrix specified. In-

dividuals more likely to cluster together in the MCMC iterations are thus identified,
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with darker colors indicating higher propensity to cluster together. The heatmap of
the clustering likelihood of the individual patients for our case is given in Figure 6.4
and Figure 6.5 where Figure 6.5 is the grouped graph of Figure 6.4. Figure 6.5 shows

that our non-parametric procedure classified the 100 patients into 8 clusters.
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Figure 6.1. Trace plot of the parameters associated with the fifty first individual.
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Figure 6.2. Trace plot of the parameters associated with the tenth individual.
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to cluster together is indicated by deeper red color.
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Figure 6.5. Plot of the heatmap of the clustering probabilities. Higher propensity
to cluster together is indicated by deeper red color.
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Figure 6.7. Trajectory plot of the second cluster.
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Table 6.1 gives the results of Os for the two selected individuals from the first and

the second cluster groups.

Table 6.1. Results of parameter estimation

6, 0,
4114 72.72
-0.75  -0.88
-9.26  -13.25
043 -0.89
3.99  3.40
29.46  31.61

From figure 6.1 and 6.2 we can see that the model can detect the first joinpoint
stronger than the second. Figure 6.6 and Figure 6.7 are the trajectory plots for the
first and second cluster group. We can see that our model is able to correctly cluster

the individuals with the same parameters and detect the most two obvious joinpoints.
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CHAPTER 7

CONCLUSIONS AND FUTURE RESEARCH

In this dissertation, we have first proposed a longitudinal model for multiple biomark-
ers, each with multiple joinpoints. Dirichlet process (DP) priors are used to model
the distribution of the individual random effects. A simulation study of this model
showed that the underlying trace cluster structure is barely revealed and the esti-
mated parameters are not close to the true values. However, when the jointpoins are
fixed but not estimated, the close estimation of parameters can be obtained.

Next, we combined the longitudinal part with a dropout part with multiple dropout
causes. A simulation study of this new model showed that the parameter estimation
and cluster structure are inaccurate.

Since there were difficulties in estimating the joinpoints by the above models, we
have tried a reparametrized model for the longitudinal trajectory. The model has
been explored with only one biomarker. Dirichlet process (DP) priors are also used
to model the distribution of the individual random effects. In a simulation study,
this model was able to correctly cluster the individuals. Howerver, we can not get
accurate estimates of all the parameters. If the jointpoins are fixed but not estimated,
the remaining parameters can be accurately estimated.

Finally, we combined the longitudinal part with the dropout part for this model. We
can also correctly cluster the individuals but can’t get accurate estimates for all the

parameters. We can get the intercept and slope of the trajectory correctly estimated.
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However we can not get the changes of the slopes and joinpoints accurately estimated.
If we fix the joinpoints we can get close estimations for the longitudinal models we
have proposed. The estimation of joinpoints is the main difficulty in this dissertation
and none of the models we tried was able to successfully address this issue. New
methods for the parametrization of joint model for the longitudinal trajectory could
be helpful in the future. Due to complexity of the computation of the models, we
were not able to run the simulation code for very long time. Improved algorithms

will also be helpful.
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APPENDIX

A BRIEF REVIEW OF DIRICHLET PROCESS
MIXTURE MODELS

The basic model applies to data y1,...,¥y, which can be regarded as part of an
infinite exchangeable sequence, or equivalently, as being independently drawn from
some unknown distribution. The y; maybe multivariate, with components that maybe
real-valued or categorical. The distribution from which the y; are drawn is modeled
as a mixture of distributions of the form F'(#), with the mixing distribution over 6
being G. The prior for this mixing distribution is assumed to be a Dirichlet process,
with concentration parameter v and base distribution Gy. This gives the following

model:
yi|9i ~ F(ei),

G ~ DP(G(), O{).

Since realizations of the Dirichlet process are discrete with probability one, these
models can be viewed as countably infinite mixtures. This is also apparent when we
integrate over GG to obtain a representation of the prior distribution of the #; in terms

of successive conditional distributions of the following form:

-1

0;101,...,0,_1 ~ ——— )
z| 1 sy Vi—1 Z—1+ Z 1—|—OéG0

=1

Here, dy is the distribution concentrated at the single point . Note that the notation
of the form pR+(1—p)S, where R and S are distributions, represents the distribution
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that is the mixture of R and S, with proportions p and 1 — p, respectively.
Equivalent models can also be obtained by taking the limit as K goes to infinity of

finite mixture models with K components having the following form:
vilci, @ ~ F(¢e,),
¢i|p ~ Discrete(py, . - ., Pk ),
¢c ~ Go,
p ~ Dirichlet(a/K, ..., a/K).

Here, c; indicates which latent class is associated with observation y;, with the num-
bering of the ¢; being of no significance. For each class ¢, the parameter ¢. determines
the distribution of observations from that class; the collection of all such ¢, is denoted
by ¢. The mixing proportions for the classes p = (p1, ..., px), are given a symmetric
Dirichlet prior, with concentration parameter written as o/ K, so that it approaches
zero as K goes to infinity.

By integrating over the mixing proportions p, we can write the prior for the ¢; as the
product of conditional probabilities of the following form:

Nic+a/K
1— 14+«

Y

P(Ci = C’Cl, c. 7Ci,l) =

where n; . is the number of ¢; for j < i that are equal to c.
If we let K go to infinity, the conditional probabilities in the above equation reach

the following limits:

Nic
P P — yooyCi1) > T/ : s
(C C’Cl C 1) ;
Ci#C' or a 1C1y oo, Ci1) — = .
J J ! ! 1— 1+«
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The following conditional distribution can be used for Gibbs sampling:

9 |9—z7yz ~ ZQZJ +Tz
JFi

Here, H; is the posterior distribution for 6 based on the prior Gy and the single

observation y;, with likelihood F'(y;,#). The values of the ¢; ; and of r; are defined by
Gij = bF (y:,0;),

r = ba / (41, 0)dGo(6),

where b is such that > i Qi tri =1 For this Gibbs sampling method to be feasible,
computing the integral defining r; and sampling from H; must be feasible operations.
This will generally be so when G is the conjugate prior for the likelihood given by
F.
Neal (2000]) present 2 algorithms for Markov chain Monte Karlo sampling from the
posterior distribution when one has a DPM set up as before. Usually Algorithm 2
is used for conjugate cases and Algorithm 8 is used for conjugate or non-conjugate
cases.

Algorithm 2  Let the state of the Markov chain consist of ¢ = (¢y,...,¢,) and

¢ = (¢.:c€{cy,...,cn}). Repeatedly sample as follows:

e Fori=1,...,n: If the present value of ¢; is associated with no other observation
(i.e.,n_j., = 0), remove ¢, from the state. Draw a new value for ¢; from
cile—i, yi, @ as defined by the equations for ¢;. If the new ¢; is not associated

with any other observation, draw a value for ¢., from H; and add it to the state.
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e For all ¢ € {¢1,...,¢,}: Draw a new value from ¢.|all y; for which ¢; = ¢, that
is from the posterior distribution based on the prior Gy and all the data points

currently associated with latent class c.

Gibbs sampling for the ¢; is based on the following conditional probabilities (with ¢

here being the set of ¢, currently associated with at least one observation):

. . N—jc )
If ¢ = ¢; for some j #i: P(¢; = cle_i, yi, @) = bmF(yz,gbC)
P(c; # cj for all j # ile_i,yi, @) = bm/F(ymﬁ)dGo(@

Algorithm 8  Let the state of the Markov chain consist of ¢ = (¢y,...,¢,) and

¢ = (¢.:c€{cy,...,cn}). Repeatedly sample as follows:

e For i =1,...,n: Let £~ be the number of distinct ¢; for j # ¢, and let h =
k=~ 4+ m. Label these ¢; with values in {1,...,k™}. If ¢; = ¢; for some j # 4,
draw values independently from G for those ¢, for which k= < c < h. If ¢; # ¢;
for all j # 1, let ¢; have the label £~ +1, and draw values independently from G
for those ¢, for which k= 4+ 1 < ¢ < h. Draw a new value for ¢; from {1,... h}

using the following probabilities:

b= Py d) for 1 <c< k™
Plc, = s . — n—l+o
(Cz C|C zayz7¢1a 7¢h) { bng/lrJrrLaF(y“qbc) for k- < ¢ S h

where n_; . is the number of ¢; for j # ¢ that are equal to ¢, and b is the
appropriate normalizing constant. Change the state to contain only those ¢,

that are now associated with one or more observations.

e For all ¢ € {¢1,...,¢,}: Draw a new value from ¢.|y; such that ¢; = ¢, or

perform some other update to ¢. that leaves this distribution invariant.
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