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ABSTRACT

Based on feedback linearization and ultimate boundedness theory, a new
approach to attitude control of the space station using control moment gyros
(CMG’s) is presented. A linearizing transformation is derived to obtain a
simple linear representation of the nonlinear pitch axis dynamics. A feedback
control law for trajectory tracking is derived when there is no disturbance
torque acting on the space station. For attitude control in the presence of
uncertain torque input, an additional control signal is superimposed such
that in the closed-loop system, attitude responses are uniformly ultimately
bounded and tend to a small set of ultimate boundedness. Extension of
this approach to linearization of the coupled yaw and roll axis dynamics
and control is presented. Simulation results for the pitch axis control are
obtained to show that in the closed-loop system precise attitude control is
accomplished.

Also, based on the nonlinear inversion technique, a control law is derived
such that in the closed-loop system the input-output map is linear, and the
selected output variables are independently controlled. The stability of the

zero dynamics is examined and it is shown that in the closed-loop system



attitude angles and the CMG momenta converge to the origin. Simulation
results are presented to show attitude and CMG momenta regulation capa-

bility of the controller.
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CHAPTER ONE

INTRODUCTION

By employing control moment gyro (CMG), this paper suggests methods
to control the dynamics of the Space Station. The equations of motion of
the space station are described by nonlinear differential equations. Often,
attitude control system design using linear control theory [1-4] is obtained.
Linear control systems are designed based on the assumption that the pertur-
bations in attitude angles are small. For large changes in orientation of space
vehicles employing moment exchange devices, nonlinear controllers have been
designed in literature [5-11]. An adaptive control has been designed [10]. In
recent papers (2, 4], an approach to CMG momentum management and atti-
tude control of the space station has been presented. Control system design
is based on a linearized model of the space station. Using feedback lineariza-
tion theory [11], a linear representation of the nonlinear dynamics of the
space station is derived. In the new state space, a feedback control law is
derived for the control of pitch angle. In a realistic situation, unknown but
bounded disturbance torque acts on the space station. A nonlinear control

law is derived in the closed-loop system with the total control input, the



attitude trajectory is uniform ultimate bounded in a small neighborhood of
the origin.

It is assumed that the attitude control system design of the space sta-
tion employs control moment gyros (CMG’s). CMG’s are moment exchange
devices that are considered to be ideal torquers in the mathematical model.
For the derivation of control law, a new set of output vectors is defined. Each
output variable is a linear combination of attitude angle, angular rate and
CMG angular momentum.

The nonlinear inversion [14, 15] theory is applied to obtain a feedback
control law for the linearization of the selected input-output map [12]. The
parameters in the output vectors are chosen so that the relative degree of
the system is two. Input-output feedback linearization allows independent
regulation of each of the outputs to the origin. The zero dynamics [17, 18] are
derived and are stable at the origin. In the closed-loop system, the attitude

angles and the momentum tend to zero.



CHAPTER TWO
MATHEMATICAL MODEL

The space station is in a circular orbit. An orbital frame of reference
(LVLH axis) with its origin at the center of mass of the space station is
chosen. The axis of the reference frame are chosen with the roll axis is the
flight direction, the pitch axis is perpendicular to the orbital plane, and the
yaw axis points toward the Earth. The orientation of the space station with
respect to the reference frame is obtained by a pitch-yaw-roll (6, — 63 — 6;)
sequence of rotations, where 8;, 0, and 05 are the roll, pitch, and yaw angles.
The nonlinear equations of motion can be written as [2].

Space Station Dynamics:
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Attitude kinematics:
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CMG momentum:
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where the orbital angular velocity is n=.0011 rad/s; (w;,w2,ws) are the body-

axis components of absolute angular velocity; (I11, Is2, Is3) are the moments

of inertia; I;; (i#j) are the products of inertia; (A1, hs, hz) are the body-axis

components of CMG momentum; (u, u2, us) are the body-axis components of

control torque; and (w;, ws, ws) are the body-axis components of disturbance

torque. For the configuration of the space station (e.g., assembly flight'3),

the complete equations of motion have been derived in the literature [2].

These are:

1161 + (1 -+ 3008292)722(.[2 - 13)91 - n(Il - Iz + I3)é3

+3(Iz - Is)nz(sin0200392)93 = - + wn

Izéz + 3n2(11 - 13).9?:7’2,0260802 = —Ug + W

(4)



I + (1 + 3sin02)n*(I — L)0s + n(ly — L + Is)6y
+3(Iz — I1)n*(sinbfzcos6;)0; = —us + ws
izl —nhz = u
hy = up
ils +nhy = us

Equation (4) is derived from (1), (2), (3) assuming that 6, is large but the
roll, and yaw attitude errors are small. It is assumed here that the products
of inertia are small and these are neglected. The nonlinear functions of the
pitch angle are retained in the model. Here I; s i3 1= 1,2,3. Observe from (4)
that the pitch axis dynamics are decoupled from the roll and yaw dynamics.
Uncoupling of pitch axis motion, simplifies the attitude control problem.

Define the state vector:

z = (67,67, h"")TeR®

where
0= (017 02) 03)T

6



and

h = (hla h2, hS)T

Here T denotes transposition. Let the control vector be
U= (ul,u2au3)T
Using (4), one obtains the state variable representation of the system
& = f(z) + Bu+ Dw
where
f(z) = (67, fa(e), fs(2), fo(w), nhs, 0, —nhy)T,
f4($) = [(1 + 3608202)712(]3 ot 12)01 + n(11 bl Iz + 13)9'3
-—15(12 - 13)n2sin20293]/11
fs(z) = 1.5n*(Is — I1)sin26,/ 1,

fs(z) = [(1 -+ 381:7’1.202)712(]1 - 12)03 = n(I1 - I2 + I3)01]/I3

—15(.[2 - I1)n28’1:n20291

7

(5)



0 L 0 0

Id 0 0 I3

where I; is a 3x3 identity matrix and 0 denotes the null matrix.



CHAPTER THREE

FEEDBACK LINEARIZATION AND ULTIMATE

BOUNDNESS CONTROL

3.1 Linearizing Transformation for Pitch Dynamics

For the pitch axis control system design, consider ihe equation:

- 3n? . 1
02 = ‘——'—(Il —_ I3)S'I,n292 + —(—U2 -+ 1.U2) N (6)
2I2 I2

h2=U2

A nonlinear transformation from (5) is derived that has a linear represen-
tation by the theory of Hunt, Su, and Meyer[16]. For the derivation of
linearizing transformation, the unknown disturbance torque w;=0.

Equation (5) written in a compact notation is:

z = f(z)+ guq (M

where
b =(1/L), :=1,2,3

9



3n?

@ = (62,00, k)", a2 = —57 (1 — Is),
fo, = —aasin26,
_ . - . . -
f(z) = —agstn20; | 9= | —=by
L 0 _ L 1 4

Define the Lie bracket of two vector fields f and g, denoted as [f,g] or adsg

by

0 0
adsg = [f,g] = 51— - 559

Repeated Lie brackets are denoted as
adjg=g

ad = [f,adg), k>0

Definition:A set of [ vectors fi(x),...., fi(x) is involutive if there exist smooth

10



functions ;;x(x) such that

I
[fir £il(z) = 32 win(@) fi(2), Vi, 5y b = 1.0,

k=1

To verify the existence of linearizing transformation on an open set U
containing the origin x=0, use the following theorem.
Theorem 1: The dynamics of the nonlinear system (6) are equivalent in a
local region to the dynamics of a controllable linear system by change of state

and input coordinates and state feedback if and only if

1. The distribution

span{g, adsg, ad’g} has dimension 3 on U.

2. The distribution

span{g,adsg} is involutive on U.

In the following conditions 1 and 2 are verified. Computing the Lie brack-

ets yields:

adyg =16 = 202 5z - g

11



=19 (8)
0
L J
0 10
adig = [f,adsg] = — | —2a,c0520, 0 0 |adsg()
0 00
i _
0
= | 2azbyc0s26, (9)
0
L o

The vectors g, adsg, and ad%g(x) are independent at x=0. Therefore,

these vectors fields are independent on an open U containing the origin x=0.

This verifies condition 1.

The vector fields g, ad;g are involutive on U since

[9,adsg] = Ocspan{g, adsg}

and this verifies condition 2.
According to Theorem 1, a linearizing transformation exists. In order to

12



find this transformation [16], one needs to solve a system of linear partial
differential equations. This can be accomplished by solving the following

system of equations

%;5 = f(a), (0) =0 Vs € R (10)
dz
el adsg, z(s,0) = z(s) V&1 € R (11)
1
dz
d—tz' =g, z(s,t1,0) = $(S,t1) Vi, € R (12)

where f (z) = ad}g or f (z) is any vector field that is linearly independent of

g and [f,g].
Choose L
0
flz)=11 (13)
| 0]

The set of equations (9) to (11) are solved by first solving (9) with the initial
condition z(0) = 0.

z(s) = (0,s,0)7. (14)

13



Now solve (10). The solution of

by
dz T
il U E z(s,0) = (0,s,0) (15)
0
[

1s

:ll(s, tl) = (b2t1, S, O)T

Solving (egn. (11))

dz

_d_t; = (0, —by, 1)T7 z(s,11,0) = (b2t173’0)T (16)
one gets
:E(S,t},tg) = (bztl, —bztz 4+ S,tg)T (17)
Solving (16) for s
5=29+ bzw3 (18)

14



Set s=£;. Then the linearizing transformation is by [11]

-
&
=16 (19)
| & ]
where

br=61, b= b (20)

The nonlinear transformation is

Zp + bozs

§ = —0,23?:7?202 A (21)

i —2a2c03202é2

A linear representation of (6) is given by

[ A [ ]
010 0

=100 1(|¢+]0|v (22)
00 0 1

15



where

vy = [4azsz'n202é% + alsindf;) + (2a2b;c0s20)ug (23)
= ay(z) + bjusg

A choice of coordinate transformation (20) and a feedback control
up = b (@)—ay+ vl (24)

results in a controllable linear system representation (21) of the nonlinear

pitch dynamics.

16



3.2 Pitch Axis Control
The new state vector z; is the integral of £;. The introduction of inte-

gral term leads to robustness in the control system to uncertainty in system

parameters.

21 = 02 + 2z (25)

where

és = bgza. (26)
Define a new state vector z = (21, 2y, 23, 24)7 = (21,47)T 2€R? given by
02 + Zs

zg + byxs

—aq51n20,

—2(126082920'2 ]

17



[ 1 .1 [
29 0 0
23 0 b2w2
2= + va + (28)
24 0 bz'd)z
0 1 —2a4bycos260,w,

Suppose that it is desired to track the reference trajectory z. of 2 command

generator
Hc(s)zcl = /\cwnclwnc22:1 (29)
2
Hc(s) = (s + ’\C) H(32 + 2Cciwnci3 + wrzzci)a
i=1

where s = d% and z¥; is the terminal value of z,. Define

§;=Z;—Zc,', i=1,2,3,4 (30)

Ze(i41) = Zi, 1 =1,2,3,4

18



Then one has

2, 0
. 53 b2w2
z= vr +
24 bg'l.bz
0 ~Zc5 — 2026260820211)2
Choose a control law
Vg = —poZ1 — P1Z2 — P2Z3 — P3Zs + Zes + Uy

In the closed-loop system (30) and (31), one has

zZ=

where

=1

i [ ]
0 0 0
1 0 0
; B=
0 1 0
i —Do —Pp1 —P2 —DP3 | 1J

Az + B(‘U-,- - 2a262603202w2) + d(t)

19

.

(31)

(32)

(33)

(34)



d = (0, bwg, bz, 0)F

Choose p; such that A is a Hurwitz matrix.
Note that when w,(t)=0, Z; satisfies a linear differential equation given
by

I.(s)% =0 (35)

where

IL.(s) = (s* + pss® + p2s® + p1s + po) (36)

The tracking error #; has a linear response. The parameters p; are chosen by

equating the polynomials

2
IIe(s) = ]:[(.'32 + 2eineis + w2y;) . (37)

i=1

where

(ei > 0, wn', > 0-

The tracking error 7 (t)—0, as t—oo when w,=0. Bounded responses for

Z; are obtained.

20



3.3 Ultimate Boundedness Control

In this section, based on the Lyapunov theory [19], a compensating control
signal is derived which causes the closed-loop system the trajectories to tend
to a small neighborhood of the origin in spite of the disturbance input w,. It
is assumed that the disturbance input w, is bounded but unknown and is an
arbitrary function of time. Since A is a Hurwitz matrix there exists a unique
symmetric positive definite solution for P (denoted as P>0) of the Lyapunov

equation

ATP 4+ PA=—-Q (38)

for any given Q>0.

Assumption 1:

[2a2b2c0520;wa(t)| < p(62,w2)
[2Pd()| < By (39)
Choose a control law of the form

—Ka

Vp = ———
|| + 8

6>0 (40)

21



a=3'PRB

sz(ej-ﬁ), e>0

Consider a Lyapunov function
V(3) = TPz (41)
Then along the solution of the system (32) and (39), the derivative of V is:
V = —#TQ% + 22T PBv, — 22T P B2azbocos20,w,

+ 2Z7PBd(t) (42)

Using the control law (39) in (41) gives

. —_p2

V< @I + g +lalo + 216 43)
. . || Pé <
V< =An(@UEI* ~ eal + 8y el =€) + 1114

where A, (R) [Ap(R)] denotes the smallest [largest] eigenvalue of a matrix R.

22



Let { maz |o|(—|a| + €)/(la| + ), |e] >0} =c" (44)

Then
V< —Da(@)IZ1? 112181 - '] (45)
let
22m(Q)
Define ellipsoids as
20)={ sert: #pizr>o0 | (a7)
Now let
™ =min{ r: Z(r)2B(n)} (48)
where
B(n)={%: |z| <n} (49)
Note that
= Au(P)n’

23



So that

V<0, ¢ Z(r*) (50)

Since V(£)>0, for 2 #0, V(0) = 0, and the derivative of V is negative ac-
cording to (49), V(£) decreases along the trajectory of the system as long as
%(t) €Z(7), ¥ > r* and the trajectory approaches the ellipsoid Z(7) for any

> r*.

24



3.4 Yaw and Roll Linearization and Control Design

The yaw and roll dynamics are given by

[ N [ o] [ T
6, 01 0 0
6, o ~b 0
d 93 éa 0 0 3]
ZZ . = + (51)
03 o3 0 —bs Us
Iil nhs 1 0
h.3 —nh1 L 0 1
0 0
by 0
0 0 w1
4+
0 b3 w3
00
0 0

A m -
= f(m, 92) + g1U1 + gauz — 1w — gsWs

25



where

U= [ula u3]Ta W = (wl, w3)T1 I= (0110.17 0370.3, hl, h3)T (52)
—(1 + 3603292)722(]2 - 13)01 n(Il - Iz + 13)0.3
o = 2 T

—3(I2 - Is)nzsz'n20203
21

f _ —(1 + 3sin202)n2(12 - 11)93 + TL(I] - Iz + I3)0.1
= Is I

—-3(I2 - I3)n28?:n20201
215

A linearizing transformation for this system with w(t)=0, is the Lie

derivative of a scalar function h along a vector field f, denoted as Lsh(x);

is given by
h
Loi(z) = (22 () (53)
where
T = (fi‘T, 02, éz,h2)T7 f = (f_T7 éQafOzau2)T (54)

26



Let

Lih(z) = Ly(Lsh)(2)
Ly Ly(z) = Lg;(Lsh)(z)

Define a transformation

- $11
P12
$13
$a1
P32
o |

where the coordinates ¢y1, ¢a; are chosen as

. h L—-1
¢11=91+7:-+E£—2]-1—1—)93
. h I;—-1
¢31=¢93+I—3+IL—(—3"I—2101
3 3

27
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By the choice of ¢;; and ¢33, one has LgkL’}¢;1=0, i€ {1,3}; j=0,1; k={1,3},

¢i2 = fi;n = Lf¢11

13 = 12 = L§¢11

32 = a1 = Lydam

¢33 = ¢z = Lysa = L}¢m

Moreover

Y wm1+ Ly L3¢y LgL3én
@ L} ¢z Lo, L3¢ay Ly, L%¢s

£ §*(z) + B*(z)a

3 4
where d)ﬁ?) =dd d‘f; .

(8)

(59)

Note that L?qﬁu, and L§¢31 include input u,, which has been already derived

28



in Section 3.1 and 3.2. Choose a linearizing feedback control law

=B [-a*(z) + 7] (60)

Then linear representation of the system is

‘i’,‘ = A19; +e3%;, 1 =1,3 (61)
- . ) -
dir ¢a1
9,
®= » @1= | B |0 B3=| gy
U
] bis J i P33 j
010 0
Uy

1
Il

Ai=[0 01|, e=1]0/|>

OOOJ 1

The coupled yaw and roll dynamics decompose into two third order linear
subsystems. The integral of ¢;;, and ¢3; are additional state variables for
robustness and carry out the design as done for controlling pitch angle. The

coordinate transformation (55) leads to the additive unknown vector function

29



in (60) when w; is included. The effect of the additive unknown function
in (60) can be minimized by designing an ultimate boundedness controller

following the steps of Section 3.2.

30



3.5 Simulation Results

Space Station Parameters are: (Inertia slug-ft?)

I,,=50.28ES6,
I2=10.80ES6,

I33=58.57E6,

The controller parameters are:

Ae=.0005, (si=1.0, wnei=.0005, i=1,2

Wnei=.0015, (¢;=1.0, i=1,2

Shown at the end of the paper in figs 1(a)-(e) are the simulation results for
the control presented in this section. A 30° pitch angle was regulated. The
complete closed-loop system (with w, = v,=0) was simulated for si.mplicity.
The initial conditions were chosen to be 8;(0) = 30° , 62(0) = .005°/sec.,

h2(0) = 0, and 2z, = 0. The initial conditions for the command generator

were chosen such that 2.(0)= z;, i=1,2,3,4, and 2,5(0)=0. Notice that with

31



this choice of 2z (0), one has %(0) = 0. Selected responses are shown in
Fig. 2. It was observed that the pitch angle 6, and h; converge to zero in
about 500 minutes for the chosen command trajectory z,(¢). The maximum
values of the torque input u2 and the angular momentum A were less than 7
ft-lb and 5900 ft-1b-sec, respectively, which are well within permissible limits.
Here small torque is required, since a suitable command trajectory z(t)
for regulation was chosen. It is interesting to note that the tracking error

% (t) =0, for all ¢ as predicted.
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CHAPTER FOUR
NONLINEAR INVERSION

4.1 Input Output Linearization

In the previous chapter, a controller is designed for the attitude control
of the space station based on the theory of exact linearization. The exact
linearization technique has a linear representation of the original nonlinear
model, it was observed that the pitch axis control system has a singularity at
6, = +45°. In this chapter a controller is designed based on (i-0) linearization
which is effective over a larger region in the state space than the previous
method. By solving with nonlinear inversion techniques [14, 15], one obtains
a linear input-output map for the nonlinear dynamics of the system. In the
closed-loop system, independent control of each output is achieved.

The inversion approach is dependent on the choice of the output variables.
The output vector must be chosen so the desired variables are controlled.
When the output variables are nulled, it may happen that residual internal
dynamics (zero dynamics) may be unstable. The choice of controlled output

variables which lead to stable zero dynamics are required in the design.
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4.2 Control Law The attitude control system designed using nonlinear
inversion depends on the choice of controlled output variables. The choice
of these variables is essential for the attitude and CMG momenta regulation
of the space station. In this study the output vector y = (v1,y2,y3)7 to be

controlled is chosen as

by + 61 + ITMhy

y= a292 -+ éz + Iz_lhz (62)

asfs + 63 + I kg

2 C(z)

where a; > 0, C(z) = Coz,
CD = [a7 Id7 I_l]

a = diag(a;), 1=1,2,3

The input-output (i-0) map of the system (5) and (62) is nonlinear. The

nonlinear feedback control law is derived. This law is based on nonlinear
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inversion theory in the closed-loop system the input-output map. Differenti-
ation of the output and nonlinear transformation beginning with the original
system (5) and (62) when certain rank condition for the solvability of the
control input vector is satisfied. For the derivation of the inverse control law,
assume that w = 0. In the sequel, these definitions will be useful.

L;(0)(x) = (229 f(a)

ac(
Oz
LH(C)(z) = Ly(LF 1 (O))(=)

OL{(C)(z)

LpLy(C)(z) =~

1B

Successively differentiating y and using (5), one obtains System 1 and
System 2 by the inversion algorithm of [14, 15]

System 1:

&= f(z) + Bu (63)
= = L;y(C)()

where

n=y
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Ly(C)(z) = af + (fa(2), fs(2), fo(2))" + n(Ii b, 0, — 15 )"

System 2:

& = f(z) + Bu (64)
23 = LY(C)(z) + [LaLs(C)(z))u

where

22 =Y,

f(@) = [fal2), fs(z), fo(@)I7,

9(z) = [g1(=), g2(z), g3(=))7,

L}(0)(=) = af(2) + ¢(a)

The analytical expression for g(z) is in the appendix. The matrix D* £
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LBLf(C)(w) is

r -

—C!1I;1 0 n(IlI3)—1(Iz - Il)
D*

0 . 0 (65)

o

—aalg;l

i n(11]3)"1(13 —_ Ig)

Since each row of D is nonzero, the relative degree of each output com-

ponent is 2. The determinant of D; is nonzero provided that

Q103 — 722(12]3)_1 (Iz — Il)(Is - Iz) ?é 0 (66)

For the Space Station I, < I and I3 > I. D, is nonsingular when a; > 0,
and az > 0. The inversion algorithm terminates here. System 2 is invertible
and the tracking order of the system is 2.

An input-output linearizing feedback control law is derived from (64).

Choose a control law of the form

u = Dx7~L3(C)(z) ~ Pof — Pr§j — Poxs + ] (67)

where P; = diag(p;;), i=0,1,2, j=1,2,3, and yr = (¥r1, Yr2,yra)” is a reference
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trajectory to be tracked, § = (41,92, ¥s) is the tracking error and

Ts=17 (68)

where g; = (y; — yri). The integral of the tacking error is x,. Feedback of z,
is used to obtain robustness of the control system.

Substituting control law (67) in the output equation of System 2

i = —Pyj — Pj — Pos, (69)

Differentiating (69) and using (68), a linear differential equation is found for
g of the form

?7 +P, ?;7 +P ?7 +PRj=0 (70)

The gains p;; are chosen such that (70) is asymptotically stable. From (70)
that each component §; of the tracking error vector is independently con-

trolled and y; follows y,; provided that the initial state matching conditions

y(0) = ¥-(0), 9(0) =4:(0)
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7(0) = §.(0) (71)

are satisfied.
For the purpose of attitude regulation to zero, a command generator of

the form below is added.

¥r +F3 gy +F1 yr +Foy, =0 (72)

ot

where Fi=diag(fi;), i=0,1,2; and j=1,2,3. The gains f;; are properly chosen
to obtain desirable reference trajectories for smooth regulation. The reference
trajectory (16) is asymptotically stable so that y,(¢) — 0 as ¢t — oo.

In the closed-loop system y(t)—0 as t— co. To regulate 6 and h to the
origin, it is necessary to derive the zero dynamics of the system and examine

their stability property.
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4.3 Stability of Zero Dynamics

Zero dynamics of the closed-loop system (5) and (67) (with disturbance

w = 0) represent the internal dynamics when the trajectory x(t) is such that

y(t) = C(z) =0 and gy = Ly(C)(z) = 0. Using (62) and (3); one has

y=a0+é+]'1h=0

§ = af + f(z) + n(Ih3,0,— I hs)T = 0

4.3a Pitch Zero Dynamics
To consider stability of pitch axis zero dynamics, use (74) and

gy = —fs(z) = =1.5n%I; (I3 — I)sin26, = 0

which yields

0.2 = -—ﬂzb‘?:n292

(73)

(74)

(75)

(76)

where f; = 1.5n%*(I3 — I1)(Ioa2)™). When yo(t) = 0, 6, trajectory evolves
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according to (76).
The stability of the equilibrium point is found for 6, = 0 of (75) by the

Lyapunov approach. Choose a Lyapunov function

N =

V(65) = /o”’ sin(26)dE = (1 — cos26;) (77)

Note that V(0) =0, and V(6;) > 0 if 6; # 0 and 6, € , where
Q = {6, :| 6; |< w/2}. For studying the stability of 8, = 0, compute the

derivative of V(6;) which is
V(82) = —B25in?20, < 0

provided that 0; # %%, n = 0,41, 42,.... For inertia parameters of the space
station I3 > I;, and B, > 0 if ap > 0 so that V(Gz) is negative for all 6, €
if 8; # 0. Using a theorem of Lyapunov [19], 8 = 0 of (75) is asymptotically
stable. Then the closed-loop system for any trajectory beginning in the
region Q, §; — 0 as t — 0, and from (20), 6, — 0, at ¢ — co. In view of
the relation y; = a0, + 0} + I;*hy, and since y2(t) — 0 as t — oo, then the

angular momentum hy — 0 as ¢ — oo.
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4.3b Yaw and Roll Zero Dynamics
The zero dynamics representing yaw and roll motion is y(t) = 0. Since
62(t) converges to zero, §; = 0 in (73) and (74). Using equations for y; = 0,

y3 =0, 1 = 0, and y3 from (73) and (74),

0191 + él <+ I;1h1 =0 (78)

azls -+ éa + I:;lh;; =0 (79)
alél - 4];17’2.2(.[2 b 13)01 + nI{l(Il - Iz + 13)0.3 + 'nIi-lh3 =0 (80)
agly — I3 (I, — )03 — nI; (I — I + Is)6; — nI3thy = 0 (81)

_ Solving for k3 and h; from (80) and (81) and then substituting in (78) and
(79),

(I — Is)nby + nliey 8y + Tsogbs — n?(I; — )03 = 0 (82)
—Lenb; + 4n®(I, — I5)0; + n(lz — Il)éS + nlzazfs =0

The stability of the equilibrium state (6; = 0, 83 = 0) of (82) can be

examined by determining the characteristic polynomial p()) associated with
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(82) which is the determinant of the matrix L, where

/\(I2 - I3)TL -+ nI1a1 I30f3)\ + nz(Il hand 12)

= (83)
—Iloq)\ - 4n2(13 - Iz) n(12 - Il)/\ + nI3C¥3
The characteristic polynomial is
p(/\) = [0103 -+ n2(12 - I3)(Iz - Il)]/\z + 3]3(]3 _ Iz)aanzx\
+4n4(11 - Ig)(]a —_ Iz) + a1a3n21113
A 2
=Za * +ad+ap=0 (84)

where a; is determined from (84). The second order polymonial is a Hurwitz
polynomial if and only if ¢; > 0, ¢ = 0,1,2. For the inertia parameters
of the space station, one has I3y > I, I3 > I; and I; > I;. Choosing
op > 0 and a3 > 0 then a; > 0, ¢ = 0,1,2,.and the equilibrium pbint
(6, = 0, 65 = 0) of (82) is globally asymptotically stable and in the closed-
loop system (6:(t), 03(t)) — 0 as t — oo.

In view of (82) this implies that (6,(t), 63(2)) — 0 at ¢ — oo since n2(I, —

Is)(I; — [) + L1 Iscn i3 # 0 and (26) is uniquely solvable for 6, and 5. Using
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(80) and (81), then (h4(2), h3(t)) — 0 as ¢ — oo.

The equilibrium point (§ = 0,6 =0,k = 0,z, = 0) of the closed-loop
system (5) and (67) is asymptotically stable and (6(t), h(t)) — 0 as t — oo.
Since the closed-loop system is asymptotically stable, for small disturbance,

the trajectory of the closed-loop system remains bounded for ¢ > 0.
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4.4 Simulation Results

The Space Station Parameters are: (Inertia slug-ft?)

I1;=23.22E6,
I22=1.30ES,

I33=23.23E6,

The elements f;; of the command generator are chosen such that the

characteristic polynomials associated with y,; in (16) are (z = 1,2, 3)

(s + Aei) (8 + 20uiwneis + w2, =0

with the parameters.

"Ae;=0.0008, (., =0.707
Aey=0.008, (., =0.707

e, =0.0008, (., =0.707

Whnei =

(i
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The elements of the diagonal matrices P; in (70) are chosen that the

characteristic polynomials associated with g; in (74) are

(5 + )\ei)(sz + 2Ceiwnei3 + wzi) =0

with Cei = 0707, and Whei = /\ei/Cei, /\ei = 0.2, §= 1,2,3.

In order to meet the control requirements for the simulation 4.4a the
parameters ¢, o2, and a3 were all chosen to equal unity. The purpose of
o, a2, and ag gains are to control the convergence rate. This was verfied
by computer simulation. When a disturbance was added to the system, the
best perfomance was achieved for the above a gains equal to unity.
4.4a Attitude Regulation: Small Pitch Angle

The complete closed-loop system was simulated with the initial condition
8(0) = (10°,30°,8°) 4(0) = 0, h(0) = 0, z,(0) = 0. The matched initial
conditions for the command generator according to (71) were set. Selected
responses are in Figures 2(a)-(i). Smooth trajectory tracking and §(t) = 0
occured. The attitude angles and the CMG momenta converge to the origin.

For the chosen control parameters convergence of ks and 6,.
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4.4b Attitude Regulation with Large Pitch Angle

A large pitch angle perturbation of 85(0) = 60° instead of 62(0) = 30° of
case 4.4a was considered. The reference trajectory, the feedback gains and
the remaining initial conditions of case 4.4a were retained. Selected responses
are in Fig. 3(a)-(c). Inspite of large perturbation in the pitch angle, there
was smooth regulation to the origin.
4.4c Attitude Regulation: Effect of Disturbance

To examine the sensitivity of the control system to a disturbance in-
put, w3 = sin(nt) + .5sin(2nt), we = sin(nt) + .5sin(2nt), and ws =
sin(nt) + .5sin(2nt) (Ib-ft) were applied at each axis. The command gener-
ator parameters were set the same as in 4.4a. Attitude angles were set to
6(0) = (10°,30°,8°) and the remaining initial conditions and feedback gains
were the same as in case 4.4a. A small effect of disturbance was observed.
As expected bounded oscillations for § and & were observed. Oscillatory re-
sponses for § remained in the neighborhood of § = 0. A decaying average
value of 6, is observed in the figure that oscillates about the time axis given

a longer simulation. The figures are shown in 4(a)-(c).
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CONCLUSION

Based on feedback linearization and ultimate boundedness theory, a new
attitude control system was designed for controlling the orientation of the
space station using CMG’s. Feedback linearization gave rise to three decou-
pled controllable linear systems which describe the nonlinear, coupled pitch,
yaw and roll dynamics. The control law is derived based on the linear system
representation in the new state space. An ultimate boundedness controller
was designed to compensate for the unknown torques acting on the space
station. In the closed-loop system, the trajectories are uniform and ultimate
bounded in a small neighborhood of the origin.

Using feedback linearization of an input-output map, a second attitude
control system was designed for controlling the orientation of the space sta-
tion using CMG’s. A controlled output vector is made for the derivation of
the control law. This output vector is a linear function of the attitude angles,
angular rates and the CMG momenta. Nonlinear inversion theory was used
to obtain a linear input-output map and the independent control of each
output variable. Zero dynamics of the closed-loop system were derived and

their stability property was examined. For the space station parameters, the
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origin of the zero dynamics are stable, and in the closed-loop system attitude
angles and the CMG momenta converge to the origin.

Both methods were able to provide simulations that could regulate the
pitch axis. The second method was able to handle a 3 axis manuever with
a disturbance. The theoretical limit of an angle that could be regulated by
the first method, was a 45° angle. The reason for this limit was that the
denominator of the control law was equal to zero at 45°. On the computer
simulation for the first method, the limit of an angle which could be regulated
was 30°. At that 30° limit the momentum and control torque were within
the limits allowed (20,000 ft xlbsxsec and 150 ft x1b). At approximately 33°
the system could not converge. The theoretical limit of the second method
was 90°. This is because at that point the sin2f term was equal to 0. Be-
cause of this a large pitch angle manuever was simulated at 2 the theoretical
limit. The manuever converged, but the control torque and momentum re-
quirements were exceeded. For a small manuever convergence to the origin
occured, and the control requirements were met. Because of the robustness
of the second method, a disturbance was simulated. The disturbance was
regulated to a neighborhood of the equilibrium point. Further studies of this
paper include: disturbance rejection, and trajectory planning,.
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APPENDIX

Functions g;(z):

Ilgl(.'v) = {332;722929-291 - (1 + 3603202)0.1 X

(—2¢052020405 — 5in26205)1.5}n2(I; — Is)
+n(l — I + I) fo(z) — n’hy
Iga(z) = 3n2(I5 — I1)cos206,
Ligs(z) = —{351n26,0,05 + (1 + 3sin0,)65
41.5(2¢0520,0:01 + sin26,6,)}n*(I; — I)

—TL(Il — I + I3)f4(.’11) — n2h3
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