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Abstract

7KH�FHQWUDO�OLPLW�WKHRUHP��LQ�VLPSOH�WHUPV��VWDWHV�WKDW�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�
WKH�PHDQ�RI�D�UDQGRP�VDPSOH��IRU�PRVW�SUREDELOLW\�GLVWULEXWLRQV��FDQ�EH�DSSUR[LPDWHG�
E\�D�QRUPDO�GLVWULEXWLRQ�ZKHQ�WKH�QXPEHU�RI�REVHUYDWLRQV�LQ�WKH�VDPSOH�LV�µVXI¿FLHQWO\¶�
ODUJH��0RVW�DSSOLHG�VWDWLVWLFV�ERRNV�UHFRPPHQG�XVLQJ�WKH�QRUPDO�DSSUR[LPDWLRQ�IRU�WKH�
SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�VDPSOH�PHDQ�ZKHQ�WKH�QXPEHU�RI�REVHUYDWLRQV�H[FHHGV�����
,W�LV�FRPPRQO\�NQRZQ�LQ�WKH�GLVFLSOLQH�RI�VWDWLVWLFV�WKDW�ODUJHU�VDPSOHV�ZLOO�EH�QHHGHG�
ZKHQ�WKH�XQGHUO\LQJ�SUREDELOLW\�GLVWULEXWLRQ�LV�KHDYLO\�VNHZHG��+RZHYHU��WKH�PLQLPXP�
QXPEHU�RI�VDPSOHV�QHHGHG�IRU�WKH�&/7�WR�\LHOG�D�UHDVRQDEOH�DSSUR[LPDWLRQ��ZKHQ�WKH�
GLVWULEXWLRQ�EHLQJ�VDPSOHG�LV�KHDYLO\�VNHZHG��LV�QRW�NQRZQ��7KH�%HUU\�(VVHHQ�WKHRUHP�
GRHV�SURYLGH�DQ�XSSHU�ERXQG�RQ�WKH�HUURU�LQ�DSSUR[LPDWLQJ�WKH�SUREDELOLW\�GLVWULEXWLRQ�
RI�WKH�VDPSOH�PHDQ�E\�WKH�QRUPDO�GLVWULEXWLRQ��EXW�WKLV�XSSHU�ERXQG�WXUQV�RXW�WR�EH�RI�QR�
YDOXH�ZKHQ�DSSOLHG�WR�VORW�JDPHV��7KH�SD\�RXW�SUREDELOLW\�GLVWULEXWLRQV�RI�PDQ\�FDVLQR�
JDPHV�VXFK�DV�VORWV�DUH�KHDYLO\�VNHZHG��\HW�WKH�&/7�LV�XVHG�IRU�FDOFXODWLQJ�µFRQ¿GHQFH�
OLPLWV¶�IRU�WRWDO�FDVLQR�ZLQ��RU�UHEDWHV�RQ�ORVVHV��IRU�WKHVH�JDPHV��:H�ZLOO�XVH�0RQWH�
&DUOR�H[SHULPHQWV�WR�VLPXODWH�WKH�SOD\�RI�D�IHZ�VORW�JDPHV�DQG�WKH�WDEOH�JDPH�RI�EDFFDUDW�
WR�HVWLPDWH�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�PHDQ�SD\RXW�IRU�VDPSOH�VL]HV�DV�ODUJH�DV�
�������DQG�FRPSDUH�LW�WR�WKH�QRUPDO�GLVWULEXWLRQ�

Introduction

7KH�ODZ�RI�ODUJH�QXPEHUV��//1��DQG�WKH�FHQWUDO�OLPLW�WKHRUHP��&/7��DUH�WKH�
FRUQHUVWRQHV�RI�LQIHUHQWLDO�VWDWLVWLFV��7KH�//1�HQVXUHV�WKDW�DV�WKH�QXPEHU�RI�UDQGRP�
VDPSOHV�FROOHFWHG�IURP�D�SUREDELOLW\�GLVWULEXWLRQ�LV�LQFUHDVHG��WKH�VDPSOH�PHDQ�FRQYHUJHV�
WR�WKH�WUXH�SRSXODWLRQ�PHDQ��DQG�WKH�&/7�JXDUDQWHHV�WKDW�WKH�VDPSOLQJ�GLVWULEXWLRQ�
RI�WKH�PHDQ�ZLOO�EH�*DXVVLDQ��SURYLGHG�WKHUH�DUH�D�VXI¿FLHQW�QXPEHU�RI�LQGHSHQGHQW�
REVHUYDWLRQV��7KH�ODZ�RI�ODUJH�QXPEHUV�ZDV�XWLOL]HG�E\�WKH�&KHYDOLHU�GH�0HUH���������
�������DQ�DVWXWH�JDPEOHU��VHH�0D[ZHOO���������DQG�¿UVW�SURYHQ�E\�-DNRE�%HUQRXOOL�LQ�
������%DXHU���������,Q�������$EUDKDP�GH�0RLYUH�LQWURGXFHG�WKH�FRQFHSW�RI�WKH�*DXVVLDQ�
GLVWULEXWLRQ�DV�DQ�DSSUR[LPDWLRQ�WR�WKH�ELQRPLDO�GLVWULEXWLRQ��7KLV�UHVXOW��QRZ�FDOOHG�WKH�
WKHRUHP�RI�GH�0RLYUH�±�/DSODFH��)HOOHU���������LV�D�VSHFLDO�FDVH�RI�WKH�&/7��7KH�&/7�LV�
LQYRNHG�LQ�GHULYLQJ�IRUPXODV�IRU�FRQ¿GHQFH�LQWHUYDOV�LQ�HVWLPDWLRQ�SUREOHPV�DQG�FULWLFDO�
UHJLRQV�LQ�K\SRWKHVLV�WHVWLQJ�SUREOHPV��

7KHUH�DUH�PDQ\�SUDFWLFDO�DSSOLFDWLRQV�RI�WKH�FHQWUDO�OLPLW�WKHRUHP��7KH�&/7�SURYLGHV�
MXVWL¿FDWLRQ�IRU�PDQ\�SURFHGXUHV�LQ�VWDWLVWLFDO�SURFHVV�FRQWURO�DQG�VWDWLVWLFDO�TXDOLW\�

���7KLV�UHVHDUFK�ZDV�FRQGXFWHG�ZLWK�IXQGLQJ�VXSSRUW�IURP�WKH�&DHVDUV�)RXQGDWLRQ
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FRQWURO��7KH�FRQFHSW�RI�6L[�6LJPD�GHULYHV�IURP�WKH�FHQWUDO�OLPLW�WKHRUHP��7KH�EHVW�
NQRZQ�SUDFWLFDO�DSSOLFDWLRQ�RI�WKH�//1�DQG�WKH�&/7�LV�WKH�FDVLQR�JDPLQJ�LQGXVWU\��7KH�
SUR¿WDELOLW\�RI�DOO�RI�WKH�FDVLQR�JDPHV�LV�JXDUDQWHHG�E\�WKH�//1�DQG�WKH�&/7��,Q�RWKHU�
ZRUGV��WKHVH�WZR�WKHRUHPV�HQVXUH�WKDW��LQ�WKH�ORQJ�UXQ��DQ\�FDVLQR�JDPH�ZLOO�UHVXOW�LQ�D�
SRVLWLYH�FDVLQR�ZLQ��SURYLGHG�WKH�JDPH�FDUULHV�D�SRVLWLYH�H[SHFWHG�YDOXH��)RU�H[DPSOH��
VRPH�YLGHR�SRNHU�JDPHV�KDYH�RIIHUHG�D�SRVLWLYH�H[SHFWHG�YDOXH�IRU�WKH�SOD\HU��LI�SOD\HG�
SHUIHFWO\�

Applications of the central limit theorem exist in the gaming literature as well.  
-RKQVRQ��������XVHG�WKH�FHQWUDO�OLPLW�WKHRUHP�WR�FDOFXODWH�RSWLPDO�NHQR�VWUDWHJLHV��
(WKLHU�DQG�/HYLQ��������KDYH�GHULYHG�D�YDULDWLRQ�RI�WKH�FHQWUDO�OLPLW�WKHRUHP�DQG�
SURYLGHG�D�VLPSOL¿HG�SURRI�RI�7KRUS�DQG�:DOGHQ¶V�WKHRUHP�RI�FDUG�FRXQWLQJ��

7KH�DSSUR[LPDWH�QRUPDOLW\�RI�WKH�VDPSOH�PHDQ�IRU�ODUJH�VDPSOHV�LV�URXWLQHO\�XVHG�
IRU�FDOFXODWLQJ�FRQ¿GHQFH�OLPLWV�RQ�DFWXDO�FDVLQR�ZLQ�IURP�D�WDEOH�JDPH��RU�DFWXDO�
FDVLQR�ZLQ�IURP�D�JLYHQ�SOD\HU��+DQQXP�DQG�&DERW��������7KH�3$5��SUREDELOLW\�
DFFRXQWLQJ�UHSRUW��VKHHW�RI�HYHU\�VORW�JDPH�RQ�D�FDVLQR�ÀRRU�LQFOXGHV��DPRQJ�RWKHU�
WKLQJV��FRQ¿GHQFH�OLPLWV�RI�SD\EDFN�SHUFHQWDJH�IRU�JLYHQ�QXPEHUV�RI�JDPHV�SOD\HG�
�+DQQXP�DQG�&DERW��������+DUULJDQ�DQG�'L[RQ���������7KH�&/7�LV�DOVR�XVHG�IRU�
FDOFXODWLQJ�UHEDWH�RQ�DFWXDO�ORVV��+DQQXP�DQG�&DERW��������

7KH�SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�SD\RXWV�IURP�D�W\SLFDO�VORW�JDPH��KRZHYHU��LV�
KHDYLO\�VNHZHG��DQG�WKH�QXPEHU�RI�VDPSOHV��L�H���WKH�QXPEHU�RI�SXOOV�RU�VSLQV��ZRXOG�
QHHG�WR�EH�ODUJHU�WKDQ�����WKH�PDJLF�QXPEHU�UHFRPPHQGHG�E\�PRVW�DSSOLHG�VWDWLVWLFV�
WH[WERRNV��:HEVWHU��������2WW�DQG�/RQJQHFNHU��������'HYRUH��������WR�QDPH�D�IHZ��
IRU�WKH�QRUPDO�DSSUR[LPDWLRQ�WR�\LHOG�DFFXUDWH�UHVXOWV��,Q�WKLV�DUWLFOH��ZH�XVH�0RQWH�
&DUOR�VLPXODWLRQ�H[SHULPHQWV�IURP�D�IHZ�VORW�JDPHV�DQG�WKH�WDEOH�JDPH�RI�EDFFDUDW�WR�
FRPSDUH�WKH�DSSUR[LPDWH�UHVXOWV�REWDLQHG�IURP�WKH�&/7�WR�WKH�UHVXOWV�IURP�VLPXODWLRQ�
experiments.

%\�ZD\�RI�H[DPSOHV��WKLV�VWXG\�VHHNV�WR�GHPRQVWUDWH�WKH�DSSOLFDELOLW\�RI�WKH�//1�
DQG�WKH�&/7�WR�FRPPRQ�SUREOHPV�IDFLQJ�PRGHUQ�JDPLQJ�RSHUDWRUV��,Q�GRLQJ�VR��
WKH�¿QGLQJV�ZLOO�VKLQH�D�OLJKW�RQ�WKH�YLDELOLW\�RI�SRSXODU�KHXULVWLFV�WKDW�DUH�URXWLQHO\�
HPSOR\HG�LQ�WKH�JDPLQJ�LQGXVWU\��7KH�RXWFRPHV�RI�SOD\�DUH�VLPXODWHG�DQG�DQDO\]HG�DW�
sample sizes that are meaningful to gaming operators. 

CLT and the Berry-Esseen Theorem 

7KH�&/7�VWDWHV�WKDW�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�PHDQ�RI�D�UDQGRP�VDPSOH�
IURP�D�SRSXODWLRQ�ZLWK�PHDQ�ȝ�DQG�¿QLWH�VWDQGDUG�GHYLDWLRQ�ı�DSSURDFKHV�WKH�QRUPDO�
GLVWULEXWLRQ�DV�WKH�VDPSOH�VL]H�Q�LV�LQFUHDVHG�

��ZKHUH� �LV�WKH�VWDQGDUG�QRUPDO�FXPXODWLYH�GLVWULEXWLRQ�( ) ( ) ( )
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%HUU\�(VVHHQ�XSSHU�ERXQG�IRU�WKH�VDPSOH�VL]H�Q�RI��������LQ�WKH�HUURU�RI�DSSUR[LPDWLRQ�
SURYLGHG�E\�WKH�&/7�IRU�WKH�IRXU�VORW�JDPHV�FRQVLGHUHG�LQ�WKLV�SDSHU��VHH�$SSHQGL[�$���
WKHVH�UHVXOWV�DUH�VKRZQ�LQ�7DEOH���EHORZ�

7DEOH����%HUU\�(VVHHQ�XSSHU�ERXQG�LQ�WKH�HUURU�RI�DSSUR[LPDWLRQ�SURYLGHG�E\�&/7
Slot game ȝ 6WDQGDUG�GHYLDWLRQ�ı Ȗ� 8SSHU�ERXQG
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&OHDUO\�WKH�XSSHU�ERXQG�SURYLGHG�E\�%HUU\�(VVHHQ�WKHRUHP�IRU�D�VDPSOH�VL]H�RI�
100000 is of no practical value in the present situation. 

Methodology

0RQWH�&DUOR�VLPXODWLRQ�ZDV�XVHG�WR�VLPXODWH�WKH�SOD\�RI�Q�KDQGV�IRU�D�VORW�JDPH�DQG�
DOVR�WKH�WDEOH�JDPH�RI�EDFFDUDW��DQG�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�VLPXODWHG�SD\EDFN�
�IRU�VORW�JDPHV��RU�SOD\HU�ZLQ�ORVV��IRU�EDFFDUDW��ZDV�HVWLPDWHG�E\�WKH�KLVWRJUDPV�RI�WKH�
VLPXODWHG�PHDQV��7KH�FRHI¿FLHQWV�RI�VNHZQHVV�DQG�NXUWRVLV��6KDUPD��-�.���������5XSHUW��
�������ZKLFK�HTXDO���IRU�DQ\�QRUPDO�GLVWULEXWLRQ��DUH�XVHIXO�PHDVXUHV�IRU�DVVHVVLQJ�
GHSDUWXUHV�IURP�QRUPDOLW\�DQG�KDYH�EHHQ�LQFOXGHG�LQ�WKH�GHVFULSWLYH�VWDWLVWLFV�RI�WKH�
VLPXODWHG�UHVXOWV��7KH�5�SURJUDPPLQJ�ODQJXDJH��5�&RUH�7HDP��������ZDV�XVHG�WR�FRGH�
DOO�RI�WKH�VLPXODWLRQ�H[SHULPHQWV�XWLOL]HG�LQ�WKLV�VWXG\��$OO�JUDSKV�LQ�WKLV�SDSHU�ZHUH�
programmed using the ggplot2 package in R. 

,Q�1HYDGD��IRU�WKH�FDOHQGDU�\HDU�HQGHG�'HFHPEHU�����������RYHU�����RI�WKH�6WDWH¶V�
WRWDO�JDPLQJ�ZLQ�FDPH�IURP�VORW�PDFKLQHV��1HYDGD�*DPLQJ�&RQWURO�%RDUG���������
'XULQJ�WKH�VDPH�UHSRUWLQJ�SHULRG��EDFFDUDW�SURGXFHG�PRUH�ZLQ�WKDQ�DQ\�RWKHU�WDEOH�
JDPH��%RWK�VORWV�DQG�EDFFDUDW�VHUYH�DV�SHUHQQLDO�UHYHQXH�MXJJHUQDXWV�IRU�1HYDGD�FDVLQRV��
%HFDXVH�RI�WKHVH�FRQWULEXWLRQV��WKLV�VWXG\�H[DPLQHV�WKH�HIIHFWV�RI�WKH�//1�DQG�&/7�RQ�
these two areas of the casino.

Slot Games 

,Q�DQ�HDUOLHU�VWXG\��/XFDV�DQG�6LQJK���������WKH�SD\�WDEOH�RI�DQ�DFWXDO�VORW�JDPH�ZDV�
PRGL¿HG�WR�FUHDWH�WZHOYH�GLIIHUHQW�YHUVLRQV�RI�WKH�VDPH�VORW�JDPH��ZLWK�IRXU�SD\EDFN�
SHUFHQWDJHV�����������������DQG������DQG�WKUHH�VWDQGDUG�GHYLDWLRQV���������DQG����
FRLQV���0RQWH�&DUOR�VLPXODWLRQ�ZDV�XVHG�WR�VKRZ�WKH�LQDELOLW\�RI�SOD\HUV�WR�GHWHFW�
GLIIHUHQFHV�LQ�WKH�SD\EDFN�SHUFHQWDJHV��,Q�WKLV�VWXG\��ZH�KDYH�XVHG�IRXU�RI�WKHVH�VORW�
JDPHV�FRUUHVSRQGLQJ�WR�WKH�VWDQGDUG�GHYLDWLRQ�RI����FRLQV��DQG�LQYHVWLJDWHG�WKH�HIIHFW�
RI�DQ�LQFUHDVH�LQ�WKH�QXPEHU�RI�VSLQV�RQ�WKH�DFWXDO�SD\EDFN�WR�D�SOD\HU�ZKR�ZDJHUV�RQH�
FUHGLW�DQG�SOD\V�RQH�OLQH�RQ�HDFK�VSLQ��7KH�IRXU�SD\�WDEOHV�H[DPLQHG�LQ�WKLV�VWXG\�FDQ�EH�
IRXQG�LQ�$SSHQGL[�$�$�EULHI�GHVFULSWLRQ�RI�WKH�VLPXODWLRQ�IROORZV�

���*HQHUDWH�Q�UDQGRP�QXPEHUV�IURP�WKH�VORW�JDPH�SD\�WDEOH��ZKLFK�UHSUHVHQW�WKH�
DFWXDO�DPRXQWV�SDLG�EDFN�WR�D�SOD\HU�DIWHU�Q�VSLQV�

���&DOFXODWH�WKH�PHDQ� x �RI�WKH�VDPSOH�RI�VL]H�Q�REWDLQHG�LQ�6WHS����7KLV�VDPSOH�
PHDQ�UHSUHVHQWV�WKH�DFWXDO�DYHUDJH�SD\EDFN�WR�D�SOD\HU�DIWHU�Q�VSLQV�

$�ODUJH�QXPEHU��1��RI�LWHUDWLRQV�RI�WKH�DERYH�WZR�VWHSV�\LHOGV�1�YDOXHV�RI�WKH�VDPSOH�

PHDQ�� � ����� �Nx x x1 2 ���7KH�SUREDELOLW\�GLVWULEXWLRQ�RU�WKH�VDPSOLQJ�GLVWULEXWLRQ�RI�WKH�

&DVLQR�*DPHV�DQG�WKH�&HQWUDO�/LPLW�7KHRUHP
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VDPSOH�PHDQ�LV�HVWLPDWHG�IURP�WKHVH�1�VDPSOH�PHDQV��7KH�QXPEHU�RI�LWHUDWLRQV�1�
XVHG�LQ�WKLV�VWXG\�ZDV���������DQG�VL[�YDOXHV�RI�WKH�VDPSOH�VL]H�Q�ZHUH�LQFOXGHG�LQ�WKLV�
VWXG\����������������������������������DQG�������8VLQJ�����DV�WKH�DYHUDJH�QXPEHU�RI�
WULDOV�RU�VORW�SXOOV�SHU�KRXU��+DQQXP�DQG�&DERW���������WKH�DERYH�VDPSOH�VL]HV�FRYHU�
WKH�DYHUDJH�VORW�SOD\�WLPH�UDQJH�RI����PLQXWHV������VSLQV��WR���KRXUV�������VSLQV���7KH�
GHVFULSWLYH�VWDWLVWLFV��KLVWRJUDPV��DQG�QRUPDO�TXDQWLOH�TXDQWLOH��T�T��SORWV�ZHUH�XVHG�WR�
DVVHVV�WKH�QRUPDOLW\�RI�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�VDPSOH�PHDQ�LQ�HDFK�FDVH�

$V�PHQWLRQHG�HDUOLHU��WKH�3$5�VKHHW�RI�D�VORW�JDPH�LQFOXGHV�����FRQ¿GHQFH�OLPLWV�
RI�WKH�SD\EDFN�SHUFHQWDJH�IRU�Q�JDPHV�SOD\HG��FDOFXODWHG�IURP�WKH�IROORZLQJ�&/7�EDVHG�
approximate formula:

3D\EDFN�3HUFHQWDJH���9,�¥Q�

ZKHUH�9,�LV�WKH�����YRODWLOLW\�LQGH[�RI�WKH�VORW��JLYHQ�E\��9,� ������[�VWDQGDUG�
GHYLDWLRQ��,W�VKRXOG�EH�QRWHG�WKDW�LQ�WKH�DERYH�IRUPXOD��WKH�WUXH�H[SHFWHG�SD\EDFN�DQG�
WUXH�VG�DUH�EHLQJ�XVHG��DQG�WKHUHIRUH�WKH�UHVXOW�LV�QRW�D�µFRQ¿GHQFH�LQWHUYDO¶��EXW�LQ�IDFW�
EHKDYHV�UDWKHU�OLNH�D�VHW�RI�TXDOLW\�FRQWURO�OLPLWV�IRU�WKH�DFWXDO�DYHUDJH�SD\EDFN�IURP�Q�
hands.

,Q�WKLV�SDSHU��WKH�����DSSUR[LPDWH�FRQWURO�OLPLWV�REWDLQHG�IURP�WKH�DERYH�IRUPXOD�
DUH�FRPSDUHG�WR�WKH�HTXDO�WDLOHG�QRQ�SDUDPHWULF�����FRQ¿GHQFH�OLPLWV�REWDLQHG�IURP�
VLPXODWLRQV��$Q\�GLIIHUHQFHV�KLJKOLJKW�WKH�H[WHQW�WR�ZKLFK�WKH�VLPXODWHG�VDPSOH�VL]HV�
SURGXFHG�UHVXOWV�GHYLDWH�IURP�WKRVH�FDOFXODWHG�E\�WKH�SRSXODU�IRUPXOD�

Baccarat

,Q�WKH�VWDQGDUG�IRUP�RI�EDFFDUDW��WKH�GHDOHU�GHDOV�WZR�FDUGV�HDFK�WR�WKH�%DQN�
KDQG�DQG�WKH�3OD\HU�KDQG��DQG�D�JDPEOHU�FDQ�EHW�RQ�HLWKHU�RI�WKH�WZR�KDQGV�WR�ZLQ��RU�
WKDW�D�WLH�ZLOO�RFFXU��2I�FRXUVH��ZKHQ�GLFWDWHG�E\�WKH�UXOHV��HLWKHU�RU�ERWK�RI�WKHVH�WZR�
KDQGV�PD\�UHFHLYH�D�WKLUG�FDUG��EHIRUH�D�ZLQQLQJ�RXWFRPH�LV�GHWHUPLQHG��7KH�SD\RXW�
RQ�WKH�3OD\HU�KDQG�LV���WR����ZKLOH�ZLQQLQJ�%DQN�ZDJHUV�DUH�SDLG�DW�D�UDWH�RI������WR����
DVVXPLQJ�WKH�VWDQGDUG����FRPPLVVLRQ�RQ�ZLQQLQJ�%DQN�ZDJHUV��:LQQLQJ�WLH�EHWV�DUH�
SDLG�DW�D�UDWH�RI���WR����,Q�WKH�HYHQW�RI�D�WLH�KDQG��D�EHW�RQ�HLWKHU�WKH�%DQN�RU�WKH�3OD\HU�
ZLOO�SXVK��L�H���WKH�EHW�ZLOO�QHLWKHU�ZLQ�QRU�ORVH��7KH�SUREDELOLWLHV�RI�D�ZLQQLQJ�3OD\HU�
EHW��D�ZLQQLQJ�%DQN�EHW��DQG�D�ZLQQLQJ�WLH�EHW�DUH�NQRZQ��6HH�.LOE\��)R[��DQG�/XFDV��
������

3UREDELOLW\�WKDW�WKH�3OD\HU�KDQG�ZLQV� ����������

3UREDELOLW\�WKDW�WKH�%DQN�KDQG�ZLQV� ����������

3UREDELOLW\�WKDW�WKH�WZR�KDQGV�DUH�WLHG� ����������

7KH�H[SHFWHG�YDOXH�RI�D�VLQJOH�XQLW�ZDJHU�RQ�WKH�3OD\HU�KDQG�LQ�EDFFDUDW�LV�
����������DQG�WKH�SHU�XQLW�VWDQGDUG�GHYLDWLRQ�LV��������

� ,Q�RUGHU�WR�JHQHUDWH�UHVXOWV�RI�D�VHTXHQFH�RI�Q�KDQGV�RI�EDFFDUDW��LQ�ZKLFK�D�
SOD\HU�ZDJHUV���XQLW�HDFK�WLPH�RQ�WKH�3OD\HU�KDQG��Q�UDQGRP�QXPEHUV�ZHUH�JHQHUDWHG�
IURP�WKH�DERYH�SUREDELOLW\�GLVWULEXWLRQ�DQG�WKH�VDPSOH�PHDQ�ZDV�FDOFXODWHG��%\�
UHSHDWLQJ�WKH�DERYH�VWHSV�D�ODUJH�QXPEHU��1��RI�WLPHV��1�YDOXHV�RI�WKH�VDPSOH�PHDQ��

� ����� Nx x x1 2 ��ZHUH�REWDLQHG��7KH�QXPEHU�RI�LWHUDWLRQV�1�XVHG�ZDV���������DQG�WKH�
VDPH�VL[�YDOXHV�RI�WKH�VDPSOH�VL]HV�Q��L�H��KDQGV��ZHUH�LQFOXGHG�LQ�WKLV�VWXG\������������
����������������������DQG�������7KH�GHVFULSWLYH�VWDWLVWLFV��KLVWRJUDPV��DQG�QRUPDO�
TXDQWLOH�TXDQWLOH��T�T��SORWV�ZHUH�XVHG�WR�DVVHVV�WKH�QRUPDOLW\�RI�WKH�SUREDELOLW\�
GLVWULEXWLRQ�RI�WKH�VDPSOH�PHDQ�LQ�HDFK�FDVH��,Q�DGGLWLRQ��WKH�&/7�EDVHG�����
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FRQ¿GHQFH�OLPLWV�DUH�FRPSDUHG�WR�WKH�QRQ�SDUDPHWULF�����FRQ¿GHQFH�OLPLWV�REWDLQHG�
IURP�VLPXODWLRQV��WR�KLJKOLJKW�DQ\�UHOHYDQW�GLIIHUHQFHV��7KDW�LV��WKH�OLPLWV�FRPSXWHG�E\�
WKH�&/7�EDVHG�IRUPXOD�DQG�DUH�FRPSDUHG�WR�WKRVH�SURGXFHG�E\�WKH�VLPXODWLRQV��IRU�HDFK�
sample size.

Results

7KH�UHVXOWV�RI�RXU�VLPXODWLRQ�H[SHULPHQWV�ZLWK�WKH�VORW�JDPHV�DQG�EDFFDUDW�DUH�
summarized in this section.

Slot Games   

7DEOHV�����VKRZ�WKH�GHVFULSWLYH�VWDWLVWLFV��LQFOXGLQJ�WKH�VDPSOH�VNHZQHVV�DQG�
NXUWRVLV��RI�VLPXODWHG�DYHUDJH�SD\EDFNV���)LJXUHV���������DQG���VKRZ�WKH�VDPSOH�
KLVWRJUDPV�RI�REVHUYHG�SD\EDFN�YDOXHV��DQG�)LJXUHV���������DQG���VKRZ�WKH�FRUUHVSRQGLQJ�
QRUPDO�T�T�SORWV��,W�VKRXOG�EH�NHSW�LQ�PLQG�WKDW�WKH�WUXH�VNHZQHVV�DQG�NXUWRVLV�YDOXHV�IRU�
D�QRUPDO�GLVWULEXWLRQ�DUH�ERWK�HTXDO�WR����DQG�WKH�QRUPDO�T�T�SORW�RI�D�VDPSOH�JHQHUDWHG�
IURP�D�QRUPDO�GLVWULEXWLRQ�VKRXOG�IDOO�DORQJ�WKH���o�OLQH��,W�FDQ�EH�VHHQ�IURP�7DEOHV�����
that: 

�L��IRU�HDFK�RI�WKH�IRXU�VORW�JDPHV��WKH�REVHUYHG�DYHUDJH�SD\EDFN�IURP�Q�VORW�SXOOV�
HTXDOV�WKH�FRUUHVSRQGLQJ�WUXH�SD\EDFN�SHUFHQWDJH�IRU�D���FUHGLW�ZDJHU��IRU�H[DPSOH��WKH�
VDPSOH�PHDQ�RI�VLPXODWHG�SD\EDFNV�IURP�*DPH���HTXDOV�WKH�WUXH�SD\EDFN�RI������HYHQ�
IRU�����VORW�SXOOV��NHHSLQJ�LQ�PLQG�WKDW�WKLV�����SXOO�DYHUDJH�ZDV�FRPSXWHG�IURP�WKH�
UHVXOWV�RI���������WULSV��HDFK�FRPSULVHG�RI�����SXOOV��VHH�7DEOH����

�LL��IRU�HDFK�RI�WKH�IRXU�VORW�JDPHV��WKH�REVHUYHG�PHGLDQ�SD\EDFN�IURP�Q�VORW�SXOOV�LV�
VPDOOHU�WKDQ�WKH�FRUUHVSRQGLQJ�WUXH�PHDQ��ZLWK�WKH�JDS�EHWZHHQ�WKH�WZR�YDOXHV��REVHUYHG�
PHGLDQ�DQG�WUXH�SD\EDFN��GHFUHDVLQJ�DV�WKH�QXPEHU�RI�VORW�SXOOV�Q�LV�LQFUHDVHG�

�LLL��ERWK�WKH�VNHZQHVV�DQG�WKH�NXUWRVLV�YDOXHV�GHFUHDVH�DV�Q�LV�LQFUHDVHG��EXW�HYHQ�
IRU�VDPSOHV�RI�VL]H�������ERWK�VNHZQHVV�DQG�NXUWRVLV�DUH�TXLWH�IDU�IURP����LQGLFDWLQJ�D�
VHULRXV�GHSDUWXUH�IURP�QRUPDOLW\�LQ�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�VDPSOH�PHDQ�RI�Q�VORW�
SXOOV�IURP�DQ\�RI�WKH�IRXU�JDPHV�FRQVLGHUHG�LQ�RXU�VLPXODWLRQ��DQG�

�LY��WKH�UDQJH�RI�DYHUDJH�REVHUYHG�SD\EDFNV�VKULQNV�DV�WKH�QXPEHU�RI�VSLQV�LV�
LQFUHDVHG�DV�FDQ�EH�VHHQ�IURP�WKH�PLQLPXP�DQG�PD[LPXP�DYHUDJH�SD\EDFNV�

)LJXUH���VKRZV�WKDW��IRU�VORW�JDPH����WKH�VDPSOH�KLVWRJUDPV�RI�REVHUYHG�SD\EDFNV�
IRU�WKH�VL[�VDPSOH�VL]HV�FRQVLGHUHG�DUH�KLJKO\�VNHZHG��WKH�VDPH�FDQ�EH�VHHQ�IURP�WKH�
FRUUHVSRQGLQJ�QRUPDO�T�T�SORWV�RI�REVHUYHG�SD\EDFNV��VKRZQ�LQ�)LJXUH����

)LJXUHV�����VKRZ�WKDW�WKH�VDPH�FRQFOXVLRQV�FDQ�EH�GUDZQ�IRU�DOO�RI�WKH�RWKHU�WKUHH�
VORW�JDPHV�LQFOXGHG�LQ�WKLV�VLPXODWLRQ�VWXG\��

7DEOH���VKRZV�WKH�����FRQ¿GHQFH�OLPLWV�IRU�SD\EDFN�SHUFHQWDJH�FDOFXODWHG�IURP�WKH�
&/7�EDVHG�DSSUR[LPDWH�IRUPXOD��&/7�FROXPQ��DQG�WKH�VDPH�REWDLQHG�IURP�VLPXODWHG�
SD\EDFN�DYHUDJHV��6,0�FROXPQ��E\�FDOFXODWLQJ�WKHLU�ORZHU�DQG�XSSHU������TXDQWLOHV��,W�
FDQ�EH�VHHQ�IURP�7DEOH���WKDW��LQ�HDFK�FDVH��WKH�����FRQ¿GHQFH�LQWHUYDOV�REWDLQHG�IURP�
VLPXODWLRQV�DUH�QDUURZHU��L�H���PRUH�DFFXUDWH��WKDQ�WKH�RQHV�REWDLQHG�IURP�WKH�&/7�EDVHG�
approximate formula. 

&DVLQR�*DPHV�DQG�WKH�&HQWUDO�/LPLW�7KHRUHP



50 UNLV Gaming Research & Review Journal � Volume 17 Issue 2

7DEOH����'HVFULSWLYH�VWDWLVWLFV�RI�DYHUDJH�SD\EDFN�IURP�Q�VORW�SXOOV�IURP�VORW�JDPH��
n Minimum Maximum Mean Median sd Skewness Kurtosis
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7DEOH����'HVFULSWLYH�VWDWLVWLFV�RI�DYHUDJH�SD\EDFN�IURP�Q�VORW�SXOOV�IURP�VORW�JDPH��
n Minimum Maximum Mean Median sd Skewness Kurtosis
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n Minimum Maximum Mean Median sd Skewness Kurtosis
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n Minimum Maximum Mean Median sd Skewness Kurtosis
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7DEOH��: &RPSDULVRQ�RI�����FRQ¿GHQFH�OLPLWV�IRU�SD\EDFN��IURP�Q�VORW�SXOOV�
FDOFXODWHG�IURP�WKH�&/7�EDVHG�IRUPXOD��&/7�FROXPQ��DQG�WKH�VDPH�REWDLQHG�IURP�
��������VLPXODWLRQV��6,0�FROXPQ�

Game 1 Game 2 Game 3 *DPH��
n &/7 SIM &/7 SIM &/7 SIM &/7 SIM
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 Baccarat
7KH�VLPXODWLRQ�UHVXOWV�IRU�EDFFDUDW�DUH�YHU\�GLIIHUHQW�IURP�WKH�RQHV�SUHYLRXVO\�

UHSRUWHG�IRU�WKH�VORW�JDPHV��7DEOH���VKRZV�WKH�GHVFULSWLYH�VWDWLVWLFV�RI�DYHUDJH�SD\EDFN�
IRU�Q�ZDJHUV�RI���XQLW�HDFK�RQ�WKH�SOD\HU�KDQG��3HU�/XFDV�	�.LOE\���������WKH�WUXH�
KRXVH�DGYDQWDJH�RI�WKH�SOD\HU�KDQG�EHW�LQ�EDFFDUDW�LV���������DQG�WKH�DYHUDJH�VLPXODWHG�
SOD\HU�ZLQ�RI�Q�ZDJHUV�LV�YHU\�FORVH�WR���������IRU�HDFK�Q��PRUHRYHU��WKH�VLPXODWHG�
VNHZQHVV�DQG�NXUWRVLV�YDOXHV�DUH�YHU\�FORVH�WR����7KH�KLVWRJUDP�SORWV��)LJXUH����DQG�
WKH�QRUPDO�T�T�SORWV��)LJXUH�����RI�VLPXODWHG�DYHUDJH�SOD\HU�ZLQ�DOVR�LQGLFDWH�WKDW�WKH�
SUREDELOLW\�GLVWULEXWLRQV�RI�WKH�DYHUDJH�SOD\HU�ZLQ�IURP�VLPXODWLRQ�DUH�TXLWH�FORVH�WR�WKH�
QRUPDO�GLVWULEXWLRQ��7DEOH���VKRZV�WKDW�WKH�����FRQ¿GHQFH�OLPLWV�IRU�WKH�WUXH�SD\EDFN�
SHUFHQWDJH�FRPSXWHG�XVLQJ�WKH�&/7�EDVHG�IRUPXOD�DUH�TXLWH�FORVH�WR�WKH�FRUUHVSRQGLQJ�
YDOXHV�REWDLQHG�IURP�VLPXODWLRQV�

Conclusions and Limitations

,W�LV�JHQHUDOO\�NQRZQ�WKDW�VWDWLVWLFV�LQ�JHQHUDO�DQG�VWDWLVWLFDO�VLPXODWLRQ�LQ�SDUWLFXODU�
GR�QRW�SURYLGH�SURRI�RI�D�K\SRWKHVLV�RU�D�UXOH�RI�WKXPE��VHH��IRU�H[DPSOH��(KQLQJHU�DQG�
%URFNULHGH���������VLPXODWLRQ�FDQ�RQO\�EH�XVHG�WR�SURYLGH�HYLGHQFH�LQ�IDYRU�RI�D�UXOH�RI�
WKXPE��RU�WR�GHPRQVWUDWH�WKDW�WKH�UXOH�RI�WKXPE�GRHV�QRW�DOZD\V�ZRUN��7KH�VLPXODWLRQV�
XVHG�LQ�WKLV�SDSHU�FOHDUO\�VKRZ�WKDW�WKH�WKXPE�UXOH�RI�
Q�����
�IRU�WKH�&/7�WR�SURYLGH�
D�JRRG�QRUPDO�DSSUR[LPDWLRQ�WR�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�VDPSOH�PHDQ�GRHV�
QRW�ZRUN�LQ�WKH�FDVH�RI�D�KHDYLO\�VNHZHG�SUREDELOLW\�GLVWULEXWLRQ�VXFK�DV�D�W\SLFDO�VORW�
JDPH��DQG�WKDW�WKH�QRUPDO�DSSUR[LPDWLRQ�LV�YDOLG�HYHQ�IRU�PRGHUDWH�VDPSOH�VL]HV�ZKHQ�
WKH�JDPH�KDV�D�V\PPHWULF�SUREDELOLW\�GLVWULEXWLRQ�RI�SD\RXWV��H�J���WKH�WDEOH�JDPH�RI�
EDFFDUDW��

&DVLQR�*DPHV�DQG�WKH�&HQWUDO�/LPLW�7KHRUHP
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7DEOH����'HVFULSWLYH�VWDWLVWLFV�RI�DYHUDJH�SOD\HU�ZLQ�IURP�Q���XQLW�ZDJHUV�RQ�WKH�
SOD\HU�KDQG�LQ�EDFFDUDW
n Minimum Maximum Mean Median Skewness Kurtosis
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��XQLW�ZDJHUV�RQ�SOD\HU�KDQG�LQ�EDFFDUDW�FDOFXODWHG�IURP�WKH�&/7�EDVHG�IRUPXOD�
�&/7�FROXPQ���DQG�WKH�VDPH�REWDLQHG�IURP���������VLPXODWLRQV��6,0�FROXPQ�
n &/7 SIM
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)LJXUH����+LVWRJUDPV�RI�DYHUDJH�SD\EDFNV�IURP�6ORW�*DPH���IRU�Q�VORW�SXOOV�
�Q� ����������������������������DQG��������UHVXOWV�RI���������VLPXODWLRQV�

)LJXUH�����1RUPDO�T�T�SORWV�RI�DYHUDJH�SD\EDFNV�IURP�6ORW�*DPH���IRU�Q�VORW�SXOOV�
�Q� ����������������������������DQG��������UHVXOWV�RI���������VLPXODWLRQV�

&DVLQR�*DPHV�DQG�WKH�&HQWUDO�/LPLW�7KHRUHP
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)LJXUH����+LVWRJUDPV�RI�DYHUDJH�SD\EDFNV�IURP�6ORW�*DPH���IRU�Q�VORW�SXOOV�
�Q� ����������������������������DQG��������UHVXOWV�RI���������VLPXODWLRQV�

)LJXUH����1RUPDO�T�T�SORWV�RI�DYHUDJH�SD\EDFNV�IURP�6ORW�*DPH���IRU�Q�VORW�SXOOV�
�Q� ����������������������������DQG��������UHVXOWV�RI���������VLPXODWLRQV�
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)LJXUH����+LVWRJUDPV�RI�DYHUDJH�SD\EDFNV�IURP�6ORW�*DPH���IRU�Q�VORW�SXOOV�
�Q� ����������������������������DQG��������UHVXOWV�RI���������VLPXODWLRQV�

)LJXUH�����1RUPDO�T�T�SORWV�RI�DYHUDJH�SD\EDFNV�IURP�6ORW�*DPH���IRU�Q�VORW�SXOOV�
�Q� ����������������������������DQG��������UHVXOWV�RI���������VLPXODWLRQV�

&DVLQR�*DPHV�DQG�WKH�&HQWUDO�/LPLW�7KHRUHP
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)LJXUH����+LVWRJUDPV�RI�DYHUDJH�SD\EDFNV�IURP�6ORW�*DPH���IRU�Q�VORW�SXOOV�
�Q� ����������������������������DQG��������UHVXOWV�RI���������VLPXODWLRQV�

)LJXUH����1RUPDO�T�T�SORWV�RI�DYHUDJH�SD\EDFNV�IURP�6ORW�*DPH���IRU�Q�VORW�SXOOV�
�Q� ����������������������������DQG��������UHVXOWV�RI���������VLPXODWLRQV�



��UNLV Gaming Research & Review Journal � Volume 17 Issue 2

)LJXUH�����+LVWRJUDPV�RI�DYHUDJH�SOD\HU�ZLQ�IRU�Q�ZDJHUV�RI���XQLW�RQ�WKH�SOD\HU�KDQG�LQ�
EDFFDUDW���Q� ����������������������������DQG��������UHVXOWV�RI���������VLPXODWLRQV�

)LJXUH������1RUPDO�T�T�SORWV�RI�DYHUDJH�SOD\HU�ZLQ�IRU�Q�ZDJHUV�RI���XQLW�RQ�WKH�
SOD\HU�KDQG�LQ�EDFFDUDW���Q� ����������������������������DQG��������UHVXOWV�RI���������
simulations.

&DVLQR�*DPHV�DQG�WKH�&HQWUDO�/LPLW�7KHRUHP
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)LJXUH������3ORWV�RI�WKH�&/7�EDVHG�IRUPXOD�DQG�VLPXODWHG�FRQWURO�OLPLWV�IRU�WKH�IRXU�VORW�
JDPHV�DQG�QXPEHU�RI�VORW�SXOOV�� ����������������������������DQG������

)LJXUH������3ORWV�RI�WKH�&/7�EDVHG�IRUPXOD�DQG�VLPXODWHG�FRQWURO�OLPLWV�IRU�WKH�SOD\HU�
KDQG�EHW�LQ�EDFFDUDW��DQG�QXPEHU�RI�KDQGV�SOD\HG� ����������������������������DQG������
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Appendix A

3UREDELOLW\�GLVWULEXWLRQV�RI�WKH�IRXU�VORW�JDPHV

3$<287�)25���&5(',7�:$*(5

(9(17 3UREDELOLW\ ����*DPH ����*DPH ����*DPH ����*DPH
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Appendix A

3UREDELOLW\�GLVWULEXWLRQV�RI�WKH�IRXU�VORW�JDPHV
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