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ABSTRACT
The streaming instability is a fundamental process that can drive dust–gas dynamics and ultimately planetesimal formation in
protoplanetary discs. As a linear instability, it has been shown that its growth with a distribution of dust sizes can be classified
into two distinct regimes, fast- and slow-growth, depending on the dust-size distribution and the total dust-to-gas density ratio
ε. Using numerical simulations of an unstratified disc, we bring three cases in different regimes into non-linear saturation. We
find that the saturation states of the two fast-growth cases are similar to its single-species counterparts. The one with maximum
dimensionless stopping time τ s,max = 0.1 and ε = 2 drives turbulent vertical dust–gas vortices, while the other with τ s,max = 2
and ε = 0.2 leads to radial traffic jams and filamentary structures of dust particles. The dust density distribution for the former is
flat in low densities, while the one for the latter has a low-end cut-off. By contrast, the one slow-growth case results in a virtually
quiescent state. Moreover, we find that in the fast-growth regime, significant dust segregation by size occurs, with large particles
moving towards dense regions while small particles remain in the diffuse regions, and the mean radial drift of each dust species
is appreciably altered from the (initial) drag-force equilibrium. The former effect may skew the spectral index derived from
multiwavelength observations and change the initial size distribution of a pebble cloud for planetesimal formation. The latter
along with turbulent diffusion may influence the radial transport and mixing of solid materials in young protoplanetary discs.

Key words: hydrodynamics – instabilities – turbulence – methods: numerical – planets and satellites: formation – protoplanetary
discs.

1 IN T RO D U C T I O N

In our current understanding of the formation of planetesimals of
∼1–100 km in size directly from mm/cm-sized dust particles in a
protoplanetary disc, the streaming instability discovered by Youdin
& Goodman (2005) has been playing an important role (see e.g.
Birnstiel, Fang & Johansen 2016, and references therein). When
mono-disperse dust particles in a Keplerian disc interact with the
surrounding gas via action–reaction pairs of drag forces, the system
is linearly unstable. In this regard, the disc should reach some
type of turbulent saturation state driven by the streaming instability
(Johansen & Youdin 2007). The turbulent diffusion of dust particles
in such a state would lead to and maintain a vertically stratified dust
layer (Yang & Johansen 2014; Li, Youdin & Simon 2018), out of
which planetesimals could form via gravitational collapse of local
dust concentrations (Johansen et al. 2015; Simon et al. 2016; Schäfer,
Yang & Johansen 2017; Li, Youdin & Simon 2019). However, it is
known that to trigger strong clumping of solid material in such a
disc for planetesimal formation requires a sufficiently high dust-
to-gas ratio of column densities Z (Johansen, Youdin & Mac Low
2009). Otherwise, a statistically steady state of the dust layer is
maintained without any appreciable local dust concentrations. This
critical solid-to-gas ratio depends on the dust size (Carrera, Johansen
& Davies 2015; Yang, Johansen & Carrera 2017; Li & Youdin
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2021), the background radial pressure gradient (Bai & Stone 2010b),
as well as the external turbulence (Yang, Mac Low & Johansen
2018). Therefore, it appears that planetesimal formation involves
the interplays between linear instability, non-linear saturation, and
triggers of strong clumping of solids.

In contrast to the previous works on the streaming instability with
mono-disperse dust species, recent linear analyses of the instability
with a distribution of dust sizes showed a much more complicated
picture. Krapp et al. (2019) found that for some dust-size distri-
butions, the growth rate of the instability decreases monotonically
with increasing number of discrete dust species that represent the
distribution, and it did not appear to approach to some finite value.
In Zhu & Yang (2021, and hereafter Paper I), we extended their
linear analysis by conducting a systematic parameter study of much
larger space, and determined that there exists two distinct regimes
for the instability, separated by a sharp boundary. When the largest
particles in the distribution have a dimensionless stopping time of
τ s,max � 1 or the total solid-to-gas density ratio ε � 1, the linear
growth is fast, comparable to or faster than the orbital time-scale,
and the convergence could be achieved by a small number of dust
species. On the contrary, when τ s,max � 1 and ε � 1, the linear
growth is much slower, and it may require a huge number of species
to reach convergence of the growth rate, if any. Similar conclusions
were found when taking the dust-size distribution to the continuous
limit (Paardekooper, McNally & Lovascio 2020; McNally, Lovascio
& Paardekooper 2021). Interestingly, strong clumping of solids with
a distribution of sizes could still be triggered in a vertically stratified
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Table 1. Specifications of the simulation models. The columns are (1) model identifier, (2) range of
dimensionless stopping time, (3) total solid-to-gas density ratio, (4) growth regime of the instability,
(5) estimated critical wavelength, (6) domain size, (7) maximum simulation time, and (8) maximum
resolution. The lengths and times are in terms of the gas scale height Hg and the orbital period P,
respectively. The power-law index of the dust-size distribution is fixed at q = −3.5. The maximum
number of discrete dust species we have investigated is max Nsp = 64.

Model τ s ε Regime λc Lx = Lz tmax Max. resolution
(Hg) (Hg) (P)

(1) (2) (3) (4) (5) (6) (7) (8)

Af [10−3, 0.1] 2 Fast 0.0052 0.04 50 512 × 512
As [10−3, 0.1] 0.2 Slow 0.031 0.2 5000 256 × 256
B [10−3, 2] 0.2 Fast 0.31 2 200 512 × 512

disc, as long as Z is sufficiently high (Bai & Stone 2010c; Schaffer,
Johansen & Lambrechts 2021).

To gain more insight into how a dust layer with a distribution
of sizes is established with the streaming instability and in turn
how strong clumping can be triggered, it is essential to study the
intermediate stage, i.e. the non-linear saturation of the streaming
instability in an unstratified disc. Without the complication intro-
duced by the vertical gravity of the central star, one could observe
how the saturation state driven by the instability itself is reached
and more importantly, the statistical properties of the turbulence, if
any, including velocity dispersion and turbulent stress of the gas,
dust radial drift and diffusion, and density and size distribution
of the dust, among others. These pieces of information could be
used as a guide and predict the properties near the mid-plane of a
vertically stratified disc, which helps isolate the effects of vertical
sedimentation of the gas and the dust particles by comparison.
We note that Li & Youdin (2021) recently found no apparent
connection between the linear growth of the streaming instability in
an unstratified disc and the strong clumping of solids in a vertically
stratified one. Therefore, we believe it is even more imperative
to further investigate the non-linear saturation of the streaming
instability before understanding its connection to vertically stratified
discs.

In this work, we present the first systematic study of the non-
linear saturation of the streaming instability with multiple discrete
dust species in an unstratified disc, using numerical simulations. Our
simulation setup and model parameters are described in Section 2. In
Section 3, we observe the simulations reaching the saturation state
and report the properties of the resulting gas turbulence. We discuss at
length in Section 4 the dust dynamics at the saturation state, including
density distribution, kinematics, and turbulent diffusion, along with
implications for vertical sedimentation and radial transport of the
dust particles. Finally, we conclude in Section 5 with potential
consequences of our results on observations, radial mixing of solids,
and planetesimal formation.

2 ME T H O D O L O G Y

Building upon the findings in Paper I, we focus our attention on three
distinct cases: (1) τ s ∈ [10−3, 0.1], ε = 2, (2) τ s ∈ [10−3, 0.1], ε = 0.2,
and (3) τ s ∈ [10−3, 2], ε = 0.2, where τ s and ε are the dimensionless
stopping time of the dust particles and the total solid-to-gas density
ratio, respectively. The power-law index of the dust-size distribution
is fixed at q ≡ dln np/dln τ s = −3.5, where dnp(τ s) is the number
density of dust particles with stopping times between τ s and τ s +
dτ s. As shown by fig. 2 of Paper I, these cases are in the fast-, slow-
and fast-growth regimes, respectively. Moreover, table 1 of Paper I

listed for each case a mode with dimensionless wavenumber K = Kx

= Kz that has approximately the maximum growth rate and is located
near the ‘knee’ of similarly fast growing modes in the Fourier space
(see e.g. figs 8 and 9 there). With this in consideration, we adopt a
computational domain Lx by Lz that can accommodate several critical
wavelengths λc � (2π�/K)Hg, where � = 0.05 is the dimensionless
radial pressure support and Hg is the scale height of the gas. These
three cases are specified in Table 1, where we designate the systems
with maximum stopping time τ s,max = 0.2 and τ s,max = 2 as Model A
and Model B, respectively, and Model A is further differentiated by
its growth regime, f and s for fast and slow, respectively. (We note
that for our Model B, the domain size is 2Hg × 2Hg, which may
have complications in the implications for dust–gas dynamics in the
vertical direction; see Sections 4.4 and 4.5.)

Following Paper I, we use the PENCIL CODE1 (Brandenburg &
Dobler 2002; Pencil Code Collaboration 2021) to conduct the simu-
lation models. The linear growth of the instability for each selected
case has been reproduced by the code. Instead of constructing an
exact eigenmode as the initial conditions, we use Gaussian noises in
radial (x) and vertical (z) directions to perturb the positions of the
particles on top of the equilibrium state such that the perturbation of
the total particle density is δρp ≈ 10−6ρp,0, where ρp,0 ≡ ερ0 is the
mean density of the particles and ρ0 is the mean density of the gas.
The gas density is initially uniform with ρg = ρ0. The velocities of
the gas ug and the jth dust species vp,j , with j = 1, 2,. . . , Nsp, are
also uniform and in initial equilibrium ug = ug0 and vp,j = vp0,j ,
respectively, where Nsp is the number of discrete dust species in the
dust-size distribution (Bai & Stone 2010c; Benı́tez-Llambay, Krapp
& Pessah 2019). The code configuration is otherwise the same as in
Paper I.

We run the simulations for at least several e-folding times of
the instability till the non-linear saturation is obtained, and we
systematically vary the number of discrete dust species Nsp with 1, 4,
16, and 64. The maximum resolution we have been able to achieve
is either 512 × 512 or 256 × 256 (Table 1), and in Appendix A
we show the resolution study. Unless otherwise noted, we report our
resulting data at the highest resolution.

3 SATU R ATED STATE A N D TH E G A S

We first construct several diagnostics to monitor the systems from
linear growth to non-linear saturation. Following the numerical
validation conducted in sections 2.2 and 3.3 of Paper I, we define the

1The PENCIL CODE and its documentation is publicly available at http://penc
il-code.nordita.org/.
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5540 C.-C. Yang and Z. Zhu

Figure 1. Dispersions as a function of time for Model Af. The top and the bottom rows are for the gas and for the dust particles, respectively. The columns
from left to right show the densities and the three components of the velocities. Different lines represent systems with different number of discrete dust species
Nsp from 1 to 64. The densities are normalized by the mean densities, while the velocities are normalized by the speed of sound cs.

density fluctuation in the gas as a function of time t by

δρg ≡
√

〈ρ2
g 〉 − 〈ρg〉2, (1)

where

〈f 〉 ≡ 1

LxLz

∫∫
f dxdz (2)

denotes the volume average of f over the computational domain at
any given t. In our models, 〈ρg〉 = ρ0 is maintained to at least seven
significant digits. We next define the mean velocity deviation of the
gas as a function of t by


ug ≡ 1

ρ0
〈ρg
ug〉, (3)

where 
ug ≡ ug − ug0 is the velocity deviation of the gas from the
initial equilibrium velocity ug0. Then the components of the velocity
dispersion of the gas as a function of t can be defined as

δug,i ≡
√

1

ρ0

〈
ρg
u2

g,i

〉− 
ug,i
2
. (4)

For the dust particles, we define the ensemble-averaged density
fluctuation as a function of t by

δρp ≡
√〈

ρ2
p

〉− 〈ρp〉2 (5)

on the grid assigned by the particle-mesh method, where 〈ρp〉 =
ερ0 by construction. With the Lagrangian superparticle approach, on
the other hand, the components of the ensemble-averaged velocity
dispersion of the dust particles are defined as

δvp,i ≡
√√√√( 1

Mp

∑
k

m
(k)
p

(

v

(k)
p,i

)2
)

−
(

1

Mp

∑
k

m
(k)
p 
v

(k)
p,i

)2

, (6)

where Mp ≡∑k m(k)
p is the total mass of the dust particles, m(k)

p

is the mass of the kth individual dust superparticle, 
v(k)
p ≡ v(k)

p −
vp0,spec(k) is the velocity deviation of the kth superparticle from the
initial equilibrium velocity, and spec(k) is the dust species the kth
superparticle belongs to. With these definitions, the evolution of the
density fluctuations and the velocity dispersions of the gas and the
dust particles for each dust-size distribution listed in Table 1 is shown
in Figs 1–3, respectively.

In all cases, the evolution of the diagnostics begins with an initial
exponential growth, subsequently undergoes a transition period,
and finally levels off and reaches a non-linear saturation state. We
estimate the points of saturation by inspecting the figures and record
the times in Table 2. It is apparent that the saturation time correlates
with the growth rate of the linear phase of the streaming instability.
For the two distributions categorized as in the fast-growth regime,
the growth rate generally decreases with the number of discrete dust

MNRAS 508, 5538–5553 (2021)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/508/4/5538/6396762 by U
niversity of N

evada user on 26 O
ctober 2022



Non-linear multispecies streaming instability 5541

Figure 2. Similar to Fig. 1 except for Model As.

species Nsp in the distribution until Nsp ∼ 16–64, at which the growth
rate obtains convergence (Paper I). We note that the growth rates of
Model Af with Nsp � 16 and Model B with Nsp � 64 approximate
those in the continuum limit (Nsp → ∞) to within 3 per cent (S.-
J. Paardekooper, private communication). For Model Af shown in
Fig. 1, the case of Nsp = 16 has essentially the same evolution as the
case of Nsp = 64, while for Model B shown in Fig. 3, the case of Nsp

= 16 closely approaches the case of Nsp = 64. On the other hand,
for Model As shown in Fig. 2, which is in the slow-growth regime,
the growth rate continues to decrease significantly and hence the
saturation time continues to increase, up to our highest Nsp = 64. As
discussed in Paper I, it remains unclear for this case how many dust
species are required to approach the continuum limit and if the growth
rate is finite at all (no positive rate has been found in the continuum
limit for this case using the method of Paardekooper, McNally &
Lovascio 2021; Paardekooper S.-J., private communication), but it is
evident that the rate, if any, is problematically low as compared to the
orbital time-scale. It is still computationally infeasible to simulate
this kind of systems with Nsp � O(102), and hence we base our
discussion on the trend seen with Nsp � 64. The gas and dust densities
at the end of each simulation with Nsp = 64 are shown in Figs 4–6,
respectively.

With the estimated saturation times tsat, we focus on the gas and
report in Table 2 the time averages of several properties at the
saturation state. We report in this work all time averages conducted
from tsat to the end of the simulations tmax (Table 1). First of all, the

fluctuation in gas density δρg (equation 1) is in general small (10−6

� δρg/ρ0 � 10−3), indicating a high degree of incompressibility
in the gas component, consistent with the non-linear saturation of
single-species streaming instability (Johansen & Youdin 2007). For
the case with the largest dust species τ s,max = 2 (Model B), δρg ∼
10−3ρ0 is considerably larger than that for the case with τ s,max = 0.1
(Models Af and As). Comparing the top and bottom panels on the
left two columns of Figs 4–6, we note that the gas density fluctuation
bears similar pattern as the dust density fluctuation, indicating the
importance of the dust back reaction to the gas.

For Model As, which is in the slow-growth regime, we note
that the saturation of the multispecies streaming instability behaves
appreciably differently from that of the single-species. The latter
reaches a much stronger disturbed state with δρg ∼ 10−4ρ0, similar
in dynamics as its high-ε counterpart as shown in Fig. 4 (as well
as Models AB and AC of Johansen & Youdin 2007). On the other
hand, when Nsp > 1, the system reaches a significantly quiescent
state with δρg ∼ 10−6ρ0, as shown in Fig. 5. The same dichotomy
is also seen in all other measured properties listed in Table 2, and
hence we exclude the single-species version of this distribution from
the discussion below in this section. We present in Section 4 this
dichotomy in further detail. It is noticeable in Fig. 2 that there exist
oscillations in our diagnostics at the saturation state when Nsp = 64.
Given that the level of these dispersions is so low, these oscillations
could be numerical noise (see also Section 4.4), however they do not
alter our measurements using time averages.

MNRAS 508, 5538–5553 (2021)
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5542 C.-C. Yang and Z. Zhu

Figure 3. Similar to Fig. 1 except for Model B.

The fifth and the sixth columns in Table 2 list the horizontal
components of the mean gas velocity deviation 
ug from the
initial equilibrium velocity (equation 3). It appears that the turbulent
saturation state does shift the gas velocity from the initial equilibrium.
On one hand, the gas becomes slightly more sub-Keplerian in general.
For the fast-growth regime, the deviation is of the order of 10−4cs,
where cs is the speed of sound, as compared to the dust-free sub-
Keplerian speed at �cs = 0.05cs (Section 2). For the slow-growth
regime, the deviation approaches zero and no convergence to a finite
value is seen with increasing number of dust species up to Nsp =
64. On the other hand, the radial speed of the gas is either enhanced
or reduced from the initial outward radial motion, depending on the
largest dust species. For τ s,max = 0.1 (Models Af and As), the radial
motion of the gas speeds up, the magnitude of which depends on the
regime. For τ s,max = 2 (Model B), the radial motion of the gas slows
down.

In addition to the mean velocity deviation from the initial equilib-
rium, the gas also demonstrates appreciable velocity dispersion δug

(equation 4), as shown in Columns (7)–(9) of Table 2. For Model Af,
all components are of the order of 10−3cs with δug,y � δug,z � δug,x.
We note that δug,y ∼ δug,x/2 in this case, consistent with epicycle
motions executed by the gas (see e.g. Papaloizou & Terquem 2006;
Yang, Mac Low & Menou 2009). For Model B, all components are
of the order of 10−2cs with δug,x � δug,y � δug,z. On the other hand,
for Model As, all components decreases with increasing Nsp and no
convergence to a finite value is seen.

Based on all the properties measured above, we compute the
components of the Reynolds stress. The fluctuating part of the gas
velocity u′

g has been evaluated against the mean velocity at the

saturated state (Brandenburg 1998): u′
g ≡ 
ug − 
ug. The results

are listed in the last three columns of Table 2.
The horizontal component of the stress 〈ρgu

′
g,xu

′
g,y〉, which indi-

cates the transport of angular momentum, is particularly interesting.
For the fast-growth regime, its sign depends on the largest dust
species. With τ s,max = 0.1 (Model Af), the stress is negative,
leading to regular turbulent viscosity with magnitude of the order
of 10−6csHg. By contrast, with τ s,max = 2 (Model B), the stress is
positive, indicating that the gas undergoes antidiffusion. From the left
two columns of Fig. 6, it can be seen that the gas tends to concentrate
in between the dust filaments. This phenomenon has also been
seen in the simulations of single-species streaming instability with
vertical gravity, when strong radial concentration of dust particles
occurs, and was discussed by Yang & Johansen (2014). We note
that however, the anticorrelation observed in vertically stratified
systems may depend on the vertical boundary conditions and can
be significantly weakened with increasing vertical dimension (Yang
& Johansen 2014; Li et al. 2018). As for the slow-growth regime
(Model As), the stress is negative and significantly smaller, and no
convergence to a finite value is seen with increasing Nsp.

Finally, it appears that there is no general trend in the other two
components of the Reynolds stress, 〈ρgu

′
g,xu

′
g,z〉 and 〈ρgu

′
g,yu

′
g,z〉,

either in sign or in magnitude. It may result from the indeterminism
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of the vertical velocity, since there exists no restoring force in the
vertical direction. We note that for Model B, there is significant
vertical motion, leading to appreciable 〈ρgu

′
g,xu

′
g,z〉 and 〈ρgu

′
g,yu

′
g,z〉

stresses. In any case, these components should be further quantified
by introducing vertical gravity in the system.

4 D U S T DY NA M I C S

In this section, we focus on the dust dynamics at the saturation state of
multispecies streaming instability. Specifically, density distribution,
kinematics, and turbulent diffusion of each dust species are analysed.
We also discuss some implications of the results for vertical scale
height and radial transport of the dust particles.

4.1 Density distribution

The first column in Figs 4–6 shows the total densities of gas and
dust at the end of the simulations with single species Nsp = 1. The
saturation state with single species recovers the two distinct dynamics
found in the literature (Johansen & Youdin 2007; Bai & Stone 2010a;
Yang & Johansen 2016; Benı́tez-Llambay et al. 2019). When the
dimensionless stopping time τ s � 0.1 as in Figs 4 and 5, the system
evolves into a turbulent state of numerous vortices with dust particles
trapped in between, similar to Model AB in Johansen & Youdin
(2007). This occurs irrespective of the solid-to-gas density ratio ε.
When τ s � 1 as in Fig. 6, by contrast, the dust collects themselves
in the radial direction analogous to traffic jams into axisymmetric
filaments while moving freely in the vertical direction, similar to
Model BA in Johansen & Youdin (2007). In all three cases, the rela-
tive fluctuation in total dust density is of the order of unity (Figs 1–3).

With multiple species, however, the saturation state can differ
depending on the total solid-to-gas density ratio ε. The second
column in Figs 4–6 shows the total densities of gas and dust at the
end of the simulations with multiple species Nsp = 64. When in the
fast-growth regime of the streaming instability (Models Af and B),
the system appears to be similar to its single-species counterpart, as
shown in Figs 4 and 6, including the relative fluctuation in total dust
density (Figs 1 and 3). By contrast, when in the slow-growth regime
(Model As), the saturation state is significantly less turbulent and
appears to be close to laminar, with a relative fluctuation of ∼10−6

in gas density (see also Table 2) and �4 per cent in total dust density,
as shown in Figs 2 and 5.

To demonstrate the prevalence of vortices in Model Af discussed
above, we plot in Fig. 7 the azimuthal component of the vorticity of
the gas and the dust particles at the end of Models Af and B with Nsp

= 64. The vorticity of the gas is ωg ≡ ∇ × ug, while we compute
the vorticity of the dust particles using their total velocity via ωp ≡
∇ × V p, where V p ≡∑k(ρpvp)(k)/

∑
k ρ(k)

p and the superscript (k)
denotes the contribution by the kth superparticle to a cell assigned
by the particle-mesh method. As shown in Fig. 7(a), numerous small
scale but strong vortices can be identified in Model Af, for instance,
at (x, z) = (+0.0039Hg, +0.0085Hg) and (−0.0063Hg, +0.0134Hg)
in opposite circulation, where they coincide with the depression of
the gas and dust densities in Fig. 4. On the contrary, the vorticity
in Model B is significantly weaker, as shown in Fig. 7(b), and no
conspicuous vortex structure can be well defined.

We further decompose the dust density by individual species, as
shown in the right two columns of Figs 4–6. The panels are arranged
such that the stopping time τ s increases in the clockwise direction.
For the slow-growth regime shown in Fig. 5, this decomposition
appears less interesting, with small fluctuations in dust density for
all species. For the fast-growth regime, on the other hand, we find that
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5544 C.-C. Yang and Z. Zhu

Figure 4. Densities at the end of the simulations for Model Af (τ s ∈ [10−3, 0.1] with ε = 2). The first column is the case of single species, while the other
three columns are the case of multiple species with the number of dust species Nsp = 64. On the left two columns, the top and the bottom panels show the gas
density and the total density of dust particles, respectively. On the right two columns, the densities of four individual dust species are presented, clockwise with
increasing τ s. All the densities are normalized by their initial mean densities.

Figure 5. Similar to Fig. 4 except for Model As (τ s ∈ [10−3, 0.1] with ε = 0.2).
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Non-linear multispecies streaming instability 5545

Figure 6. Similar to Fig. 4 except for Model B (τ s ∈ [10−3, 2] with ε = 0.2).

dust particles of different τ s do demonstrate distinguishably different
dynamics. When the system undergoes vortical motions as in Fig. 4,
smaller particles tend to be more diffuse, while larger particles tend
to be more collected in between vortices. This difference is even
more pronounced when the system undergoes radial traffic jams as in
Fig. 6. The distribution of the smallest particles is virtually uniform,
while the largest particles are concentrated into dense axisymmetric
dust filaments. Therefore, it can be concluded that the large particles
in a dust distribution execute the dynamics similar to its single-
species counterpart (when in the fast-growth regime), while the small
particles are more diffuse and uniform because they are more tightly
coupled to the gas, which has a high degree of incompressibility.

With the spatial particle distribution as a function of time, we find
the time-averaged probability density function (PDF) of total dust
density ρp and plot it in Fig. 8 for each model at the saturation state.
For Model Af shown in Fig. 8(a), ρp has a steep cut-off of the order
of 10ρ0 on the high end, where ρ0 is the mean gas density, while
levelling off towards lower density regions with ρp � 2ρ0, i.e. near
and below the mean ε = 2. The PDF with single species (Nsp = 1) has
a higher density cut-off without sufficient sampling of low-density
regions, which is noticeably different from that with multiple species.
On the other hand, the PDFs between Nsp = 16 and Nsp = 64 are
virtually the same except that the case of Nsp = 64 can probe even
lower density regions, indicating that convergence can be achieved
with Nsp � 16.

For Model As shown in Fig. 8(b), which is in the slow-growth
regime, it is evident that the PDF of total dust density ρp with single
species is intrinsically different from the ones with multiple species.
As shown in Fig. 5, the system with multiple species is close to
quiescent while the one with single species remains turbulent as does
its high-ε counterpart. Therefore, the PDFs with Nsp > 1 resembles a
Gaussian distribution centred at the mean ε = 0.2. The width of the

distribution becomes smaller with increasing Nsp, and it is not clear
if a finite width could be obtained with higher Nsp > 64.

As noted above, Model B undergoes different dust dynamics and
hence results in distinctly different PDFs as shown in Fig. 8(c) as
compared to Fig. 8(a). The PDFs in this case have an extended tail
in high-density regions while a steep cut-off on the low end. As
the number of dust species Nsp increases, the sharper the cut-off
becomes, approaching ρp ∼ 0.04ρ0 with Nsp = 64, which in fact
establishes a relatively uniform and diffuse background of small
dust as exemplified in Fig. 6. Excluding the extreme high-density
tail where the Poisson noise dominates, the PDFs with Nsp = 16 and
Nsp = 64 are consistent with each other near and above the peak at
ρp � 0.08ρ0, indicating numerical convergence. We note that the
time-averaged maximum dust density in these multispecies systems
is max (ρp) ∼ 20ρ0, almost one order of magnitude smaller than that
in their single-species counterpart.

4.2 Dust segregation and size distribution

In Fig. 8, we further decompose the contribution of dust particles
of different sizes to any given total dust density ρp with dotted and
dashed red curves. We bin the particles by decades of dimensionless
stopping time τ s and compute at each ρp bin the part of the total
probability density attributed to the particles in each τ s bin. This
is achieved by defining the mass-weighted probability of finding
particles with [τ s, τ s + dτ s) in cells with total particle density [ρp,
ρp + dρp) as

p(ρp, τs)dρpdτs ≡ 1

ρpNcellVcell

∑
cells∈[ρp,ρp+dρp)

τ
(k)
s ∈[τs,τs+dτs)

m(k)
p , (7)
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5546 C.-C. Yang and Z. Zhu

(a)

(b)

Figure 7. Azimuthal component of the vorticity of the gas (left-hand panel) and the dust particles (right-hand panel) at the end of two models with Nsp = 64
dust species. The vorticity is normalized by the Keplerian angular frequency �K.

where Ncell is the total number of cells, Vcell is the volume of each cell,
and τ (k)

s is the dimensionless stopping time of the kth superparticle.
In equation (7), we use the weight assigned by the particle-mesh
method to compute the mass of the kth particle contributed to each
cell m(k)

p for each k to utilize the high spatial order of the triangular-
shape-cloud scheme. Only the results for models with number of
species Nsp = 64 are shown.

As demonstrated by Fig. 8(a), dust particles of different sizes are
segregated by the total dust density in Model Af. The large particles
tend to be present in dense regions, while the small particles tend to
be in diffuse regions (see also Fig. 4). On one hand, large particles
with τ s � 10−1.5 dominate the PDF when ρp � 3ρ0. On the other
hand, small particles with τ s � 10−2.5 dominate the PDF when ρp �
0.3ρ0. It appears that the vortices in this system slingshot the larger
particles more easily and collect them in between, enhancing the
dust density there (Cuzzi et al. 2001; Pan et al. 2011; Hartlep, Cuzzi
& Weston 2017; Hartlep & Cuzzi 2020). By contrast, no noticeable

segregation is seen for the same dust distribution but with lower ε =
0.2 (Model As), which has a quiescent saturation state, as shown by
Fig. 8(b).

Model B also exhibits some degree of dust segregation, as
demonstrated by Fig. 8(c). The dense filamentary structures in its
saturation state tend to be resided by the largest particles (Fig. 6),
and hence particles with τ s � 10−0.5 dominate the PDF when ρp

� 0.2ρ0. The segregation is not as prominent as the other turbulent
system such as Model Af, though.

The dust segregation observed above implies that the dust-size
distribution alter with location. To demonstrate this, we find as
follows the size frequency distribution (SFD) of dust particles located
in all cells with a total dust density in between ρp and ρp + dρp.
We begin with dρp/dτ s, where dρp is the sum of the masses of all
particles with dimensionless stopping time in between τ s and τ s +
dτ s in these cells then divided by the total volume of these cells.
Given that dρp = mpdnp∝s3dnp, where mp is the mass of a dust
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Non-linear multispecies streaming instability 5547

(a)

(b)

(c)

Figure 8. Time-averaged probability density as a function of the total dust
density ρp. Each solid line represents the model with a different number of
dust species Nsp, and the corresponding shade indicates the time variability.
The non-solid lines show the various contributions to the probability density
by bins of dimensionless stopping time τ s in decades for the model with Nsp

= 64.

particle, dnp is the number density of particles with the same τ s, and
s is the size of the particles, the SFD is then

dnp

ds
∝ 1

s3

dρp

ds
∝ 1

τ 3
s

dρp

dτs
, (8)

where we have used the fact that τ s is to a good approximation linear
to s (see e.g. Weidenschilling 1977). Using equation (8), we plot in
Fig. 9 the time-averaged SFD at the saturation state against the total
dust density ρp for each of the three models above. In other words,
different lines in Fig. 9 represent the SFD observed in regions of
different ρp. Each SFD can be compared with the power-law slope q
= −3.5 of the input SFD (Section 2).

As expected, the quiescent Model As does not show noticeable
change in the SFD with varying ρp (Fig. 9b). However, significant
changes can be seen in the other two turbulent models. For Model Af,
large particles are depleted in low-density regions and accumulate
in high-density regions (Fig. 9a). Therefore, the SFD for τ s � 0.01
where ρp � ρ0 becomes much steeper than q = −3.5. In high-density
regions where ρp � ρ0, the power-law slope remains q � −3.5 up
to τ s ∼ 0.01, while the SFD levels off for τ s � 0.01, indicating
even heavier mass contributed by the largest particles. For Model B,
similar effects can be seen but within a much smaller range of τ s

(Fig. 9c). In all regions, the slope of the SFD is maintained for 10−3

≤ τ s � 0.1, while dust segregation is prominent for τ s � 0.1, to
the extent that even a bump is present in the SFDs in high-density
regions. We discuss potential implications of this dust segregation
for observations in Section 5.

4.3 Radial drift and velocity dispersion

Next, we analyse the kinematics of the dust particles. We separate
the particles by species, measure their mean velocity and velocity
dispersion for each species as a function of time, and then take time
averages at the saturation state. The results are shown in Fig. 10,
along with the same measurement for the gas taken from Table 2.
Overplotted are the initial equilibrium radial velocities of the gas and
the dust species, ug0,x and vp0,j,x, respectively (Section 2).

It is evident that the mean radial velocity deviates from the initial
equilibrium velocity when the saturation state is turbulent, i.e. when
the streaming instability is in the fast-growth regime. Initially, the
large species drift radially inwards while the small species and the
gas drift outwards. For Model Af at the turbulent saturation stage,
the dust species and the gas drift faster on average than the initial
state by a factor of a few, while largely maintaining their mean
directions, except for few species with τ s � 0.02–0.03 that are nearly
stationary (Fig. 10a). It appears that the dust–gas vortices generated
in the system (Figs 4 and 7a) are able to tap more energy into the
separation of radial drifts between species. For Model B, by contrast,
the radial drifts of the dust species and the gas exhibit an opposite
trend (Fig. 10c). The large species with τ s � 0.2 and the small species
with τ s � 0.04 as well as the gas drift slower than the initial state by
about 25 per cent. From Fig. 6, the collection of large dust species
into dense filaments apparently reduces their own drift speeds by
stronger back reaction to the gas.

The two cases also exhibit appreciable velocity dispersion in
each dust species as well as in the gas. For Model Af (Fig. 10a),
both the radial and vertical dispersions are relatively constant at
∼0.004–0.005cs, with a slight trend of decreasing with increasing
stopping time τ s. For Model B (Fig. 10c), the radial and the
vertical dispersions of small species remain constant at ∼0.008cs and
∼0.026cs, respectively, up to τ s � 0.1. The two components of the
velocity dispersions for large species with τ s � 0.1 are significantly
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5548 C.-C. Yang and Z. Zhu

(a)

(b)

(c)

Figure 9. Time-averaged dust-size distributions at varying total dust density
ρp at the saturation state of each model with number of dust species Nsp

= 64. The horizontal axis is the dimensionless stopping time τ s, which is
approximately linear to the dust size s. The vertical axis is a proxy to dnp/ds,
where dnp is the number density of dust particles with sizes between s and s
+ ds (see Section 4.2). Each line is the size distribution at different ρp, and
is coloured by its value as shown by the colour bar. The black line segment
indicates the slope of the input size distribution that has a power-law index q
= −3.5.

excited, reaching � 0.013cs at τ s � 1 and � 0.037cs at τ s � 0.3,
respectively.

In both cases, the kinematics of the dust particles appears to
converge with the number of dust species Nsp representing the
distribution. The radial components of the mean velocity and velocity
dispersion achieve consistent values between Nsp = 16 and Nsp = 64.
Although the vertical velocity dispersion does not reach consistent
values between the two highest Nsp’s, it can be seen that the difference
decreases noticeably with increasing Nsp.

Finally, as discussed in previous sections, Model As is in the
slow-growth regime and has a nearly quiescent saturation state. As
shown in Fig. 10(b), the mean velocity at the saturation state hardly
deviates from the initial equilibrium velocity, and each component
of the velocity dispersion consistently decreases with increasing Nsp,
reaching ∼3 × 10−4cs at Nsp = 64, in stark contrast with the saturation
state of single species.

4.4 Turbulent diffusion

In the following, we investigate turbulent diffusion of dust particles
at the saturation state. We follow the procedure of Yang et al.
(2009) to measure the diffusion coefficient of each dust species in
radial and vertical directions resulting from our models. Starting at
the saturation time listed in Table 2, the standard deviation of the
displacement of all particles in the same species as a function of
time is computed. As the dependence of the standard deviation on
the square root of time is recovered and the corresponding best fit
is found, the coefficient of the best fit is then directly related with
and converted into the diffusion coefficient Dp,i(τ s) with i being x or
z. The results for our models with number of species Nsp = 64 are
shown in Fig. 11.

The blue lines in Fig. 11 represent Model Af, the saturation state
of which is driven by dust–gas vortices (Figs 4 and 7a). Both the
radial and the vertical diffusion coefficients are appreciably close to
a constant of magnitude 7–9 × 10−6csHg over the entire range of
stopping time. Particles of larger sizes are slightly agitated, with Dp,x

and Dp,z peaked at τ s � 0.03 and 0.02, respectively. We note that Dp,x

� Dp,z ∼ 10−5csHg in our Model Af is similar to what was found
in previous vertically stratified simulations with τ s,max = 0.1 except
for Dp,z of small particles (Bai & Stone 2010c; Schaffer, Yang &
Johansen 2018; see also Section 4.5 as well as Li & Youdin 2021).

By contrast, the dust diffusion in Model As is significantly weaker,
as shown by the orange lines in Fig. 11. The magnitude of the
diffusion coefficients is of the order of 10−8–10−7csHg, except for
several largest dust species. The coefficients for the few largest
species can reach about 10−6csHg, however given the level of
fluctuations is so low, as noted in Section 3, we cannot exclude the
nature of this effect as numerical and this effect may be responsible
for the high-frequency oscillations in dispersions seen in Fig. 2.
In any case, the general level and trend of our measured diffusion
coefficients is consistent with the quiescence of the saturation state
observed in previous sections (Fig. 5).

For Model B, the dust diffusion is considerably stronger than that
in the other two models, as shown by the green lines in Fig. 11.
The radial and the vertical diffusion coefficients for small dust
particles with τ s � 10−2 are nearly constant at ∼2 × 10−5csHg

and ∼3 × 10−3csHg, respectively, and hence dust transport in the
vertical direction is much easier than in the radial direction. For larger
particles, the vertical diffusion coefficient shows some variation
but generally is confined in between 10−3csHg and 10−2csHg, with
the maximum at τ s � 0.3, while the radial diffusion coefficient
shows monotonic increase with increasing τ s until τ s ∼ 1, where
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Non-linear multispecies streaming instability 5549

(a) (b)

Figure 10. Time-averaged mean velocity (open circles) and velocity dispersion (vertical bars) of each dust species as well as the gas (shown as τ s → 0+) at
the saturation state. The top panel shows the radial component, while the bottom panel shows the vertical component. The mean radial velocity is compared
with the initial equilibrium radial velocity (solid circles). Different colours indicate different number of species Nsp used to represent the dust-size distribution.
All velocities are normalized by the speed of sound cs.

Figure 11. Time-averaged dust diffusion coefficients as a function of dimen-
sionless stopping time τ s at the saturation state of each model with number
of species Nsp = 64. The dashed lines show the radial diffusion coefficient
Dp,x while the solid lines the vertical one Dp,z. Different colours represent
models with different dust-size distributions or solid-to-gas density ratios ε.

Dp,x ∼ 10−3csHg. We note that in contrary to Dp,z > Dp,x in our
Model B, previous vertically stratified simulations with τ s,max =
1 showed that Dp,z � Dp,x (Bai & Stone 2010c; Schaffer et al.
2018; see also Li & Youdin 2021), and we discuss this further in
Section 4.5.

4.5 Implications for vertical scale height

With the vertical diffusion coefficient Dp,z, the scale height Hp of
each dust species in the system can be estimated by equating the
diffusion time-scale H 2

p /Dp,z with the sedimentation time-scale (τs +

Figure 12. Estimated scale height of dust particles Hp as a function of
dimensionless stopping time τ s at the saturation state of each model with
number of dust species Nsp = 64, using equation (9). The arrangement of
colours representing different models is the same as in Fig. 11.

τ−1
s )/�K (Youdin & Lithwick 2007) and hence

Hp �
√

Dp,z

�K

(
τs + 1

τs

)
= Hg

√
Dp,z

csHg

(
τs + 1

τs

)
, (9)

where �K is the Keplerian angular frequency. The estimate for each
of our models with number of dust species Nsp = 64 is shown in
Fig. 12. Since Dp,z is nearly constant for Model Af and most of τ s

� 1, the dust scale height follows τ−1/2
s closely, decreasing from

about 0.09Hg at τ s = 10−3 to about 0.008Hg at τ s = 0.1. For the
quiescent Model As, the dust scale height shows some variation in
between ∼10−3Hg and ∼10−2Hg. Hence, it appears that the non-
linear saturation of the streaming instability, even in a quiescent
state, can maintain a minimum dust scale height of about 10−3Hg.
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We note also that some largest particles have similar scale height as
their smallest counterparts.

Model B is worth some discussion. The scale height of the particles
with τ s � 0.1 also follows τ−1/2

s , but the particles are significantly
more excited than those in Model Af. The smallest particles even
reach over one gas scale height. We note that the particles in this
system could travel freely in the vertical direction between the dense
filaments, and the typical separation between adjacent filaments is
of the order of Hg (see Fig. 6). Therefore, the vertical mixing length
is more than O(Hg), which may not be realized when the vertical
component of the stellar gravity is included. In other words, our
estimate of the particle scale height for the dust distribution of
Model B is likely to be an upper limit. On the other hand, it could be
seen that in vertically stratified simulations, the dust scale height is in
general larger for the distribution τ s ∈ [10−3, 1] than for τ s ∈ [10−4,
0.1] when compared at the same τ s and the same solid abundance
(Bai & Stone 2010c; Schaffer et al. 2018), and hence we expect that
a dust distribution with largest particles of τ s � 1 indeed leads to
a more vertically excited dust layer. We note that though, the dust
layer may still be thinner for the former distribution when comparing
the leading sizes. Moreover, the dust scale height in general reduces
with increasing solid abundance in stratified simulations (Bai & Stone
2010c; Yang et al. 2017, 2018). It will be of interest to investigate the
morphological and kinematical structures of the particle layer near
the mid-plane of vertically stratified simulations with a dust-size
distribution led by τ s,max � 1, as compared to this work.

Moreover, Fig. 12 brings into question the domain size of vertically
stratified simulations with multiple dust species. For our Model Af,
Hp ∼ 0.1Hg for τ s ∼ 10−3, while the majority of the previous works
considered a domain size of ∼0.2Hg (|z| � 0.1Hg). We note that our
estimate of the dust scale height from this model is similar with the
measurement from previous vertically stratified simulations for τ s �
10−2 (Model R41Z1 of Bai & Stone 2010c and Model SI41-4-4-d
of Schaffer et al. 2018, both of which had the same τ s,max = 0.1).
On the other hand, Schaffer et al. (2018) showed increasing dust
scale height for τ s � 10−2 with increasing domain size up to 0.8Hg,
and no convergence has been found for these small particles. Hence,
future systematic investigation of vertically stratified simulations
with multiple dust species on domain size seems warranted.

4.6 Implications for radial transport and mixing

The radial transport of dust particles consists of both radial drift
and turbulent diffusion. We compare their relative importance by
computing the time-scale for each process to transport a dust species
over one gas scale height Hg. The radial drift time-scale is given
by Hg/

∣∣vp,j ,x

∣∣, where vp,j ,x is the mean radial velocity of the jth
species at the saturation state measured in Section 4.3. The diffusion
time-scale is given by H 2

g /Dp,x , where Dp,x is the radial diffusion
coefficient measured in Section 4.4. The results for our models with
the number of species Nsp = 64 are shown in Fig. 13.

It can be seen that radial drift dominates over turbulent diffusion in
all cases (see also Bai & Stone 2010c; Schaffer et al. 2018), except for
those dust species in a small range of sizes that have nearly zero radial
drift. The two time-scales differ by at least two orders of magnitude,
and the difference further increases with larger distance scales. We
note also that at the saturation state of the streaming instability in the
fast-growth regime (Models Af and B), the outward drift of small
particles is not significantly slower than the inward drift of large
particles, in contrast to what the initial equilibrium (Section 4.3
and Fig. 10) would indicate if turbulence were not developed.
This may have potential consequences on the radial mixing of

Figure 13. Time-scales in terms of orbital period P for radially transporting
dust particles over one gas scale height Hg as a function of dimensionless
stopping time τ s. The transport processes include outward drift (solid lines),
inward drift (dashed lines), and diffusion (dotted lines). The arrangement of
colours representing different models is the same as in Fig. 11.

dust materials in protoplanetary discs, as further discussed in
Section 5.

5 C O N C L U D I N G R E M A R K S

In this work, we build upon the findings in the linear analysis
of multispecies streaming instability in Paper I and continue to
investigate the non-linear saturation of the instability using numerical
simulations. We focus on three distinct combinations of the dust-size
distribution and the total solid-to-gas density ratio ε (Table 1). Two
of them are in the fast-growth regime: one has a high ε = 2 but a low
maximum dimensionless stopping time τ s,max = 0.1 (Model Af), and
the other has a high τ s,max = 2 but a low ε = 0.2 (Model B). The
third is in the slow-growth regime and has both a low τ s,max = 0.1
and a low ε = 0.2 (Model As). The minimum τ s is fixed at τ s,min =
10−3. We systematically vary the number of discrete dust species up
to Nsp = 64 that represents the dust-size distribution (as well as the
resolution; Appendix A), and study the properties of the saturation
state of the models and their convergence.

For the two cases in the fast-growth regime, we find that the dust–
gas dynamics at the saturation state is qualitatively similar to their
counterparts in the single-species streaming instability with a dust
size similar to the largest sizes in the distribution of the former.
When τ s ∈ [10−3, 0.1] with ε = 2, the larger particles undergo
vortical motions along with the gas and collect in between vortices
(Fig. 4). On the other hand, when τ s ∈ [10−3, 2] with ε = 0.2,
the larger particles undergo radial traffic jams and collect in dense
filamentary structures (Fig. 6). We note that, however, the maximum
dust density reached in this case is significantly lower than the
single-species counterpart (Fig. 8c). Furthermore, the dust density
distribution for the case of τ s ∈ [10−3, 0.1] with ε = 2 is flat in
low-density regions (Fig. 8a), while the case of τ s ∈ [10−3, 2] with
ε = 0.2 has a diffuse background of small particles and hence its
density distribution shows a sharp low-end cut-off (Fig. 8c). In any
case, the smaller particles remain relatively diffuse and the larger
particles tend to concentrate, resulting in noticeable dust segregation
in sizes (Section 4.2 and Fig. 9). Finally, we find that Nsp � 16 should
be sufficient to obtain consistent turbulence properties in both cases.
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By contrast, the saturation state of the case in the slow-growth
regime (τ s ∈ [10−3, 0.1] with ε = 0.2) appears to be quiescent (Fig. 5)
as compared with the previous two cases. All the diagnostics, includ-
ing gas turbulence (Table 2), width of the dust density distribution
(Fig. 8b), dust velocity dispersion (Fig. 10b), and turbulent diffusion
of dust particles (Fig. 11), monotonically decreases with increasing
Nsp, and no evident convergence to a finite level can be seen up to
Nsp = 64. Nevertheless, this state may still maintain a vertical scale
height of the dust layer at Hp � 10−3Hg across the range of the dust
sizes, at least when Nsp = 64 (Fig. 12).

As discussed above and in Section 4.2, dust particles in streaming
turbulence may segregate by size, and this may have consequences
in observations by Atacama Large Millimeter/submillimeter Array,
specifically on the interpretation of multiwavelength spectral index
(e.g. Carrasco-González et al. 2019). Fig. 9 shows that the power-
law slope of the dust-size distribution may deviate from that of the
overall distribution, depending on the local total dust density. If
the densest region in dust concentration driven by the streaming
instability remains optically thin, the observations may not discern
this subtle effect of dust segregation. However, should the dense
regions become optically thick, the observed spectral index can be
skewed towards a dust-size distribution in diffuse regions, where
large particles of some range of sizes are depleted. In this case, the
spectral index may either be steeper or flatter than the overall slope,
depending on which part of the dust-size distribution an observation
is sensitive to.

An understanding of how solid materials from µm-sized dust to
mm/cm-sized pebbles transport and mix is essential to reconstruct
the history of the early Solar nebula from the meteoritic records and
the sample returns of Solar system bodies (see e.g. Davis et al. 2014;
Krot et al. 2015). As discussed in Section 4.6, turbulence driven by
the streaming instability may play a role in two folds. First, streaming
turbulence may alter the radial drift speeds of solid particles of
different sizes (Fig. 10). For the fast-growth regime, the time-scales
of outward and inward migrations can become comparable, making
the former potentially as significant as the latter in contrast to what
would be predicted by the drag-force equilibrium (Fig. 13). Secondly,
even though diffusion of dust particles in streaming turbulence is not
as dominant as differential radial drift in enhancing radial mixing
(Fig. 13; see also Bai & Stone 2010c; Schaffer et al. 2018), the
time-scale of the former remains short, especially in the inner disc
of a few au, with respect to the typical lifetime of a protoplanetary
disc of a few Myr (e.g. Williams & Cieza 2011). In addition, the
importance of turbulent diffusion increases with decreasing length-
scales, especially when �0.01–0.1Hg, in which materials could be
homogenized. Therefore, both mean radial drift and radial diffusion
of dust particles according to their sizes should be considered in a
model of the early Solar nebula as well as of protoplanetary discs.

Last but not least, the findings in this work may have several
potential implications for planetesimal formation. First of all, as
suggested by Fig. 8(c) and discussed above, the maximum dust
density reached in the saturation state of the multispecies streaming
instability with the largest sizes of τ s,max � 1 is significantly smaller
than its single-species counterpart. Without vertical sedimentation,
the traffic jams in this unstratified disc may not be sufficient to
drive local dust concentrations over the Roche density and trigger
gravitational collapse (see also Yang et al. 2017). Secondly, the dust
segregation discussed in Section 4.2 indicates that significantly more
large particles are present in dense regions of solids than on average
(Fig. 9). Since planetesimals are predisposed to form from these
regions, this implies that the initial dust-size distribution in a pebble
cloud before collapse may be skewed towards large sizes from the

background distribution, which may have some consequences in the
process of gravitational collapse and the final composition and radial
structure of a newborn planetesimal (Wahlberg Jansson & Johansen
2017; Pinto et al. 2021; Visser, Drążkowska & Dominik 2021).
Thirdly, as found in Section 4.3, the vertical velocity dispersions
of dust particles are similar to or significantly larger than the
radial ones (Model Af and Model B, respectively; Fig. 10). This
implies that planetesimals can form with a wide range of obliquity,
which would be similar to the findings by Nesvorný et al. (2019).
Finally, in a vertically stratified system, the solid-to-gas ratio of
column densities Z is related with that of volume densities in the
mid-plane by

Z ≡ �p

�g
=
∫

Hp(τs)

Hg

dρp(τs)

ρg

= (4 + q)ε

τ
4+q
s,max − τ

4+q
s,min

∫ τs,max

τs,min

Hp(τs)

Hg
τ 4+q

s d ln τs, (10)

where q is the power-law index of the dust-size distribution (Sec-
tion 2). Using this formula along with Fig. 12, the model of τ s

∈ [10−3, 0.1] with ε = 0.2, a quiescent state, implies that Z ≈
0.05 per cent. If the turbulent diffusion of dust particles continues to
weaken with increasing Nsp, Hp/Hg and hence our estimate of Z may
also be lowered. On the other hand, the model of the same distribution
but high ε = 2, a turbulent state, implies that Z ≈ 4 per cent.
These two estimates coincidentally straddle the critical Z observed
in numerical simulations with vertical gravity and multiple dust
species (Bai & Stone 2010c; Schaffer et al. 2021). Therefore, the
sharp boundary of ε ∼ 1 for τ s,max � 1 separating the fast- and
slow-growth regimes found in Paper I might have some interesting
ramifications to the vertically stratified system and the resulting
conditions for planetesimal formation. More studies are required
to unravel the potential connection between the turbulence driven
by the streaming instability and the strong clumping of solids under
vertical sedimentation.
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Nesvorný D., Li R., Youdin A. N., Simon J. B., Grundy W. M., 2019, Nat.

Astron., 3, 808
Paardekooper S.-J., McNally C. P., Lovascio F., 2020, MNRAS, 499, 4223
Paardekooper S.-J., McNally C. P., Lovascio F., 2021, MNRAS, 502, 1579
Pan L., Padoan P., Scalo J., Kritsuk A. G., Norman M. L., 2011, ApJ, 740, 6
Papaloizou J. C. B., Terquem C., 2006, Rep. Prog. Phys., 69, 119

Pencil Code Collaboration, 2021, J. Open Source Softw., 6, 2807
Pinto G. A., Marrocchi Y., Morbidelli A., Charnoz S., Eugenia Varela M.,

Soto K., Martı́nez R., Olivares F., 2021, ApJ, 917, L25
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APPENDI X A : R ESOLUTI ON STUDY

For each combination of dust-size distribution and total solid-to-gas
density ratio listed in Table 1, we have conducted resolution studies
from a 64 × 64 grid up to the maximum resolution for each of
Nsp = 1, 4, 16, and 64. In this section, we show such studies with
the distribution function of dust density (see Section 4.1) and the
dust kinematics (see Section 4.3) in Figs A1 and A2, respectively,
for our models with Nsp = 64. In general, our models demonstrate
satisfactory convergence with resolution in that either a variable has
similar values at different resolutions or the difference of the values
between pairs of resolutions decreases with increasing resolution.

A potential uncertainty may be the vertical velocities of large
particles (τ s � 0.1) for Model B, as shown in the bottom panel of
Fig. A2(c). These particles are particularly excited in the vertical
direction, and the momentum exchange appears random, leading to
appreciable mean movement in either direction for different species,
irrespective of the resolution.

(a) (b) (c)

Figure A1. Resolution study of time-averaged probability density as a function of the total dust density ρp for models with number of discrete dust species Nsp

= 64. Each solid line shows the probability density, and the corresponding shade indicates the time variability. Different colours represent different resolution.
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(a) (b) (c)

Figure A2. Resolution study of time-averaged mean velocity (open circles) and velocity dispersion (vertical bars) of each dust species as well as the gas (shown
as τ s → 0+) at the saturation state. The top and the bottom panels show the radial and the vertical components, respectively. Also plotted in the top panel is the
initial equilibrium radial velocity (solid circles). All models have Nsp = 64 discrete dust species that represent the dust-size distribution, and different colours
represent different resolution.
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