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ABSTRACT

The Asymptotic Behavior of the Integer Solutions
of the Rosenberger Equations

by
Kensaku Umeda
Dr. Arthur Baragar. Examination Committee Chair
Professor of Mathematics
University of Nevada. Las Vegas
The Rosenberger equations are equations of the form: ar® — by* + cz* = dryz. where
the sets of coefficients (a. b. c. d) are all integers such that each of a. b. and ¢ divides d. and
the equations themselves have infinitely many integer solutions. Rosenberger has shown
that there are only six such sets of coefficients: one of which is the Markoff equation.
r? = y* + =® = 3xy=. Zagier investigated the asymptotic behavior of the integer solutions
of the Markoff equation. In this paper. we apply Zagier's techniques to the Rosenberger
equations and show that the number :N(T) of positive integer solutions that are bounded
by T is N(T) = C(logT)? + O (log T(loglog T)?). where C is an explicitly computable

constant that depends on the equation.
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CHAPTER 1

THE MARKOFF EQUATION
The Markoff equation is the equation: r® + y* + z*> = 3ryz. This equation was first
studied by Markoff{9] because of its enriched application to Diophantine approximation.
We. hereby. begin discussion with Diophantine approximation.
One may consider how closely an arbitrary irrational number. say 8. may be approxi-
mated by rational fractions 5 where p.q € Z. According to Hurwitz(8]. if § € R \ Q. there

exist infinitely many fractions s with p.q € Z such that

=51« ()

and that the constant 715 is best possible for an arbitrary 8. Markoff{9]. furthermore. has

5-1| -
Qn'l —

indicated that we may improve the value of the constant if # has some given conditions.

Markoff investigated the behavior of =(8) where
=(8) = hggelgfql q6 —p|.

By the result of Hurwitz[8]. it is known that 0 < =(8) < 7‘5- if # € R\ Q. Moreover.
Markoff(9] has shown that we may improve the bounds of =(8) if the constant 8 is not
rationally equivalent to }f_iz-i or 1. Two numbers @ and « are rationally equivalent if there

exist p.q.7.s € Z such that & = %} where ps — gqr # 0. According to Markoff{9]. if
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is rationallv equivalent to "—g,.,‘i which is a root of > + 8 — L = 0. then =(8) = %5 If.

A\

however. @ is not rationally equivalent to % or 1. then we may improve the value of
the constant to =(8) < # Similarly. if 8 is rationally equivalent to v/2 — 1. which is a

root of 82 + 20 — 1 = 0, then =(8) = -;:7,5, and if @ is not rationally equivalent to v2 — 1.

“'52"1 . or 1. we may further improve the constant. In fact. there exist sequences 6,.6-.- - -.

and c,.ca, - - -. such that if 8 is rationally equivalent to 6,. then =(8) = c,. and if 8 is not
rationally equivalent to 6;.6a,---.6;_;. then =(8) < c,. Markoff[9] has further shown that
there is an injective correspondence between the ordered pairs (6,.c,) and integer solutions

to the Markoff equation, and that

The sequence {c;} forms a portion of the so called Markoff spectrum. the portion larger
than % For information on the full Markoff spectrum. we refer the reader to Cusick and
Flahive(6].

The Markoff equation is quadratic in z. Given r° + y? - 2% = 3ryz. we may emphasize
its quadratic nature as X* —3yz.X = (y*>+ =) = 0. and this. indubitably. has two solutions.
say .X and X’. Knowing X +.X’ = 3y=z. a solution (z. y. =) to the Markoff equation produces

a new solution (3y=z — r.y. z). Similarly. we obtain two more maps:

F1: (r.y.z) — (Byz—r.y.z).
g2t (r.y.z2) — (r.3rz-—y.z).

F3: (z.9.2) — (z.y.3zy—=2).

Using these three maps. and the obvious solution (1. 1.1). we obtain the tree of solutions
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(2.29.169)
(433’95)
(13.1.34)
(13 194.5)
(2.2 795)
(13. I.J)
2.1.5)

2.I.D

{ “L”/ \

(l.1.I

Figure 1.1: The Markoff Tree

shown in Figure 1.1. Now. we show that those solutions in the tree are all positive integer
solutions to the Markoff equation. As the tree in Figure 1.1 suggests. by the map 1. .
and 3. a triple (r.y. z) # (1.1.1) generates two larger solutions and one smaller solution.

We suppose r < y < = and think of the Markoff equation as a quadratic in z. We let
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flZ)=r*+y* + 2% -3zyZ. Then.

fly) =2+ r* - 3oy?

< 3y° - 3zy?
< 3y*(1 — 1)
<o0.

This inequality is strict unless r = y = 1. Thus if (r.y) # (1.1). then f(y) < 0. Let
' = 3ry — = be the other root of f(Z) = 0. Then. since f(Z) is an ends up parabola
that opens up. we know =’ < y < =. That is. 23(z.y. =) is smaller solution than (r.y. z).
Thus. given an arbitrary positive integer solution (r.y. z). we may alwavs find a smaller
solution except when r = y = 1. However. in this case. = = 1 or 2. and since both these
solutions are in the tree generated by (1. 1. 1). we know that all positive integer solutions
are in this tree. For this reason. we call the triple (1.1.1) the fundamental triple of the
Markoff equation. This argument of decent was done by Markoffl9!. and is summarized in
Cassels{3|. an excellent reference.

Regarding the importance of the Markoff equation. there have been two obvious ques-
tions. The first question is now known as the unicity conjecture for Markoff numbers and
was proposed by Frobenius|7] in 1907. The unicity conjecture states that. for each positive
integer m. there exists at most one pair of integers (r.y) with 0 < r < y < m such that
(z.y.m) is a solution to the Markoff equation. Note that solutions to the Markoff equation
are symmetric in r. y. and =. so ordering the triple makes sense. Although computations

indicate that this conjecture is almost certainly true, there is no known proof. Nonetheless.

Baragar{2] has given a partial solution to this conjecture: there exists at most one pair
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(z.y) such that £ < y < m, and if either m. 3m — 2. or 3m + 2 is prime. twice a prime. or
four times a prime. Button[4| has improved the result and has shown that m is unique if
m = kp” where p is prime and k* < m.

The second question is to describe the growth of the number of Markoff numbers below
an arbitrary given bound. For this question, Zagier(13] has found the asymptotic behavior.

Let M(T') be the number of Markoff numbers below a given bound T. He has shown that

(L.1) M(T) = C(log T)* + O(log T(log log T)?)

where C is an absolute constant and C = 0.180717104711. We remark that there is a typo
in Zagier's paper regarding the value of C: the Tth decimal digit of C was omitted.
Mathematicians have studied a number of generalizations of the Markoff equation. For

instance. Hurwitz[8| generalized the Markoff equation as follows:

Iy~I3+---=1I2 =arer,---r, where a€Z".
Hurwitz[8] has investigated what conditions are necessarv for the equation to produce
infinitely many solutions. Let .NV(T) be the number of positive integer solutions to the

Markoff-Hurwitz equation with the largest component less than T. Baragar{l! has shown

that

lim log N(T) _

T—x loglogT ~ a(n)

exists and a(n) depends only upon n. For n = 3. which is the Markoff equation. a(3) = 2.

but thereafter. a(n) is rarely an integer.
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Baragar{3|]. has also investigated the asymptotic behavior of
rP+y+=ary=+b where a.beZ. a>1

which were first studied by Mordell{10. 11]. Baragar{3] has shown that the number of

solutions <, 5(7") below a given bound T is either

1) empty:
2) not empty but finite. and this case occurs only if b is a perfect square:
3) infinite and either
@) 7as(T) = 12T =0 (VT(logT)?) if (a.b) =(1.4) or (2.1):
B) ~as(T) = 24T - O (ﬁ(logr)'-’) i (a.b) = (1.s° —4) or (2.5° < 1)
with s € Z™:

¢) or %s(T) = C(log T)? < O (log T(loglogT)) where C is computable.

In this paper. we investigate the asvmptotic behavior regarding another sort of a general-

ized Markoff equation. which we call the Rosenberger equations.

Rosenberger Equations
Definition 1. The Rosenberger equations are equations of the form: ar® + by*> ~ c2®> =
dryz. where the sets of coefficients (a.b.c.d) are all positive integers such that each of
a. b. and c divide d. and the equations themselves have infinitelv many integer solutions

(z.y.2).

According to Rosenberger(12]. there are only finitely many such sets of coefficients: in
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fact. there are only six. The following equations are the Rosenberger equations and their

fundamental triples.

Ri: 2+ y*+ = ry=. (3.3.3).
Ra: r*+ y’+ *=3zyz. (L.1.1).

Ry: r*+ y?+2:* =d4ry=. (1.1.1).

]
&
3]
i
1
U4
.i.
(V]
L 7]
5
i
§
t
o
(V]
P

v

Re: r’+ y?>+5z2=5zy=. (1.2.1) and (2.1.1).

Rosenberger{12| has indicated the maps to derive all solutions to each equation as the

generalization of those maps found for solutions to the Markoff equation:

As a result. we have trees of solutions to Rosenberger equations. Note that the fundamental
triples for equations R; and R, generate three triples as a result of the maps defined by
Rosenberger{12]| while the fundamental triples for the other equations generate only two
triples. These trees are shown in Figure 1.2. 1.3. 1.4. 1.5. 1.6. 1.7. and 1.8. Because of the
svmmetry in some of these equations. portions of their trees of solutions are svmmetric.

and we have dropped these portions.
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(6.87.507)
(1299.87.15)

(39.3.102)
(39.582.15)
(6.87.15) /

(39.3.15)

(6.3.15)

(3.3.3)

Figure 1.2: The Tree of Solutions for Eq. R; with the Fundamental Triple (3.3.3)
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(2.29.169)
(433.29.5)

(13.1.34)
(13.194.5)
(2.29.5) /

(13.1.5)

(2.1.5)

(L.I.1)

Figure 1.3: The Tree of Solutions for Eq. R, with the Fundamental Triple (1.1.1)
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(1,17.29)
(339.17.5)
(59.3.349)
(59 1177.5)
(769.3.65)
(L. 175’ (11.2857.65)
(5935) (1141 90
(133 41.1)
(ll.3.65)
(ll 41, l)
(1.3.5)
(1L.3.1D)
\
(L.3.1)
\ \

(L.LLD

Figure 1.4: The Tree of Solutions for Eq. R; with the Fundamental Triple (1.1.1)
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(1.7.19)
(125.7.3)
(35 2.137)
(59.1177.5)
m 1417.43)
a 73) (505.2.43)
(35_3) m_nssn
(17531.1)
. (s 134,1331)
(11_.43) (7231.134.9)
(1 l.3[.l) (49.1.89)
(49.1322.9)
. (5.2071.139)
(1.2.3) (5.1,34.9) (11671.14.139}
(79.13.2211)
(2h (49,1.9) (79_.3 n
|
/ / (5.14, 139)
\ (5.19) /
‘ \ (719.14.1)
(2. \ /
i.‘ (5.14.1)
(5.1.1)
(L.1.1)

Figure 1.5: The Tree of Solutions for Eq. R; with the Fundamental Triple (1.1.1)
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(2.34.58)
(678.34.10)

(118.6.698)
(118.2354.10)
(22.5714.130)
(23310 / (1538.6.130)
(118.6.10) / (22.82.1802)
(306.82.2)
/ /

(22.6.130)

(2.6.10 /
\ y

\
\i
/
(2.6.2)
\ \
\/

(222

Figure 1.6: The Tree of Solutions for Eq. R5 with the Fundamental Triple (2.2.2)
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(1.7.5)
(69.7.2)

/ (29.3.85)
(29.287.2)
(14.2867.41)
(1.72) // (601.3.41)
(29.3.2) // (14.67.937)
(321.67.1)
// (9.17327.386)
(14.3.4D (82981.43.386)
(14.67.1) // (206.43.8857)
(206.987.1)
/ (9.763.6850)
(132 (9.43.386) / (64846.763.17)
(161.2.305)

(14.3.1) (206.43.1) / (161.13683.17)
(9.763.17) /
(9.43.1)

\ (161.2.17)

(1.3.1) : /

(9.2.17

/

(9.2.1)

(L.2.DH

Figure 1.7: The Tree of Solutions for Eq. Rg with the Fundamental Triple (1.2.1)
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(7.1.5)
(7.69.2)

/ (3.29.85)
(287.29.2)
(3.601.41)
(71.1.2) // (2867.14.41)
(3292 / (67.14.937)
(67.321.1)
(43.82981.386)
(3.14.41) // (17327.9.386)

(67.14.1) (43.206.8857)
/ (987.206.1)

’ (763.9.6850)
(43.9.386) / /' (763.64846.17)
2.161.305)

|
!
|
(3.14.1) (43.206.1) / (13683.161.17)
!
\ / (763.9.17) /

\ (439.1)
(2.161.17

(3.1.2)

(3.1.D) .
(29.I7

2.9.hH

(2.LD

Figure 1.8: The Tree of Solutions for Eq. R with the Fundamental Triple (2.1.1)
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Our Main Result
Definition 2. Let R, be the nth Rosenberger equation. and let R,(Z~) be the set of pos-

itive integer solutions to equation R,. For equation R,. we define the number of solutions

below a given bound to be:

Na(T) = [{(z.y.2) €Ra(Z*) : max{z.y.z} < T}

The main result of this thesis is the following:

Theorem 1. The number N,(T) of solutions to a Rosenberger equation and below a quven

bound T has the asymptotic formula

No(T) = Callog T)* + O (log T(log log T)?)

where C, s the explicitly computable constant of the nth Rosenberger equation. The values

of C,, are

C, = C> = 1.084302628266.
C3 = C5 = 0.543809447296.
C; = 0.554239131152.

Cs = 1.176103981434.
The observant reader might notice that C, is not equal to the constant C of equation 1.1

found by Zagier{13|. This is because we are counting all solutions. not just ordered solu-

tions. Hence. C> = 6C.
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Some Congruent Asvmptotic Behaviors
Since our purpose in this paper is to prove Theorem 1. we a priort must investigate the
asvmptotic behavior for six different Rosenberger equations. However. Lemma 2 followed
by Theorem 3 shows that there are some congruent asvmptotic growths. so that we only
need to consider four of them. Moreover. since Zagier{13] has investigated the asvmptotic

behavior for equation R., knowing the result. we only need to consider three cases.

Lemma 2. A triple (z.y. =) s an integer solution to equation R, if and only of (3. 3y.3z)
15 an wnteger solution to equation R;. Likeunse. a triple (r.y. =) s an integer solution to

equation R3 if and only if (2x.2y.2=) s an integer solution to equation R;.

Proof. If the triple (r.y. =) is an integer solution to equation R,. then 9r° — 9y - 9z° =
27xyz. Therefore.

(3z)* + (3y)* - (32)* = (3)(3y)(32).

Thus. the triple (3z.3y.3z) is an integer solution to equation R;. Converselv. if a triple

(z.y.z) is an integer solution to equation R,. then 4 — £ — & = 22 Hence.

t
—~
[AYRT]
~—
'

i

[

—
Wik
N
N
Wi
~—
—
[AINT
N

Therefore. the triple (§ i §) is a solution to equation R,. Note that if (r.y.z) is an
integer solution of equation R;. then 3 divides each of z. y. and . so (%.4.3) is. in
fact. an integer triple. To see this. note that the fundamental solution to equation R;
is (3.3.3): see Figure 1.2. and that the congruence to zero modulo 3 for all solutions to

equation R;. is preserved by the branch operations. so every integer solution to equation R;

has components equivalent to 0 modulo 3.
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Similarly, if a triple (z. y. z) is an integer solution to equation R3, then 4r°~4y* 822 =
16zy=z, thus

(22)® + (20)° + 2(22)° = 2(2r)(2y)(2=).

As a result. a triple (2. 2y.2z) is the solution to equation R;. On the other hand. if a

triple (z.y, =) is an integer solution to equation Rs. then - + £ + £ = . Thus.

N
)N

Therefore. (3,

wKe

. %) is a solution to R;. Furthermore. (2. 2.2) is the fundamental triple to
equation Rs. Since parity is preserved by the branch operations. all solutions to equation Rs

are even. so (£.%.%) is. in fact. an integer solution to Rj. =

The growth rate of numbers of solutions to equations R, and R, below a given bound is
logarithmic. thus Lemma 2 implies that numbers of solutions to equations R; and R, below
a given bound are asymptotically equivalent. and the same may be said for equations Rj

and Rs;. Theorem 3 demonstrates this.

Theorem 3. Let N((T) and No(T) be numbers of solutions below a qiven bound for equa-

tions Ry and R,. respectwvely. Then. N(T) = Nao(T) — O(log T(log log T)?) and C; = Ca.

Proof. By Zagier{13|. it is known that No(T) = Ca(log T)* ~ O(log T (loglog T')*) where

C> = 1.084302628266. Now. by Lemma 2. we know that

M(T) = % (%)

- (s (5)) 0 (o (5) (evva(3)))

= Ca(log T — log 3)* + O ((log T — log 3) (log(log T — log 3))*)
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= Ca(log T)* — 2Calog Tlog 3 +~ Calog” 3 + O (log T (log log T)?)
= Ca(log T)? +~ O(log T(log log T)?)

= No(T) + O(log T(loglog T)?).

Thus, C[ = Cg. -

Using a similar argument. we may conclude that (3 = Cs. once we establish the first

part of Theorem 1.

The Euclid Tree

We define the Euclid Tree to be the tree generated by the branching operations

xi: (s.t.u) — (t—u.t.u).

(s.t.u) — (s.s-—u.u).

<
()

x3: (s.t.u) — (s.t.s—1t).

and rooted at (1.1.2). Note that. if (s.¢. u) is in the Euclid tree and u = max{s.¢. u}. then
u = s+t and y3(s.t. u) = (s.t. u). so we mayv ignore this branch. A similar remark mav be
made for s = max{s.t.u} and ¢t = max{s.t. u}. Thus. the Euclid tree is a 2-branch tree.
We denote this tree with &;; and depict it in Figure 1.9. If (s.t.5 — t) is in the Euclid
tree. then gcd(s.t) = 1. and going down the tree is the Euclidean algorithm. This is why
we call this tree the Euclid tree.

We also consider a similar tree rooted at (a. J.a + 3) where a and 3 are two arbitrary

positive real numbers. We denote this tree with &, ; and depict it in Figure 1.10. In our
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\/ \/ NSO

(1.3,4) (5.3.2) 3.5,2 (3.1.4)

\/ \/

(1,3.2) (3.1.2)

N

(1.1,2)

Figure 1.9: The Euclid Tree with the Root (1.1.2)

study of the Rosenberger equations. we will need to count the number of elements of the

Euclid tree with the root (a. 3.a + 3) and bounded by 7. Thus. we first define
Eas(T) = |{(s.t.u) € €a 5 : max{s.t.u} < T}.

Fortunately. Zagier[13] has already estimated the value of this function.

\ / N / N / N\ /

(0,20:+8,30:+B) (3a+2B,20+B,0+8) (a+2B.20:+3B.0+8) (0+2B,B.0+3B)

\\ / N/

(o, 20:+B,0+3) (o+2B,B,0e+B)

~ _

(cuB.a+B)

Figure 1.10: The Euclid Tree with the Root (a.3.a + 3)
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Theorem 4 (Zagier). Let T. a. 3 be positive real numbers. The estimation for E, ;(T)

wnth the root (a.3.a + 3) s qwen by:

Eas(T) = -i’-’az:} +0 (Z) -0 (glocr I) .

7 Q
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CHAPTER 2

PRELIMINARY INVESTIGATIONS

Before we derive the asymptotic formula in Chapter 3. we must find crude bounds on

%"—‘;%% That is because if we know %’5%% is bounded by some positive real numbers. then

that helps us investigate the asymptotic behavior of N,(T). To find the bounds. we need

fundamental knowledge regarding Rosenberger equations.

Lemma 5. Suppose z. y. and = are large. Then.

dzy: < ar’ +o(z?) f r =max{r.y.z}.
dryz < by* —o(y®) f y = max{r.y.z}.

dryz<cz* +o(z%) o == max{r.y.z}.

Proof. Suppose r. y. and = are large. and suppose r = max{r.y.z}. From dry: =

ar? + by® <~ cz®. we obtain that
dryz < (a = b~c)1*.

So. yz < r(2=2=<). Therefore. we may assume that y= < rL where L = e=t=¢  Further-

more. this result implies that. for y and = large. rL is much larger than yz. Thus.

a2 L\* 2 2 fcl?®  cL? s
by'+cz‘<c((xf) + (%) ) =z (Cf; -:-C;_, ) = o(z7).
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Therefore. az> +by> +cz* < az® +o(r?). Finally. this vields dryz < ar® +o(r?). Similarly.

if y = max{z. y. z}. we are able to deduce dryz < by*> —o(y*). Likewise. dryz < cz* —o(3?)

given = = max{z.y.z}.

Lemma 6. Let k; = ﬁ-c. ky = Vf—fa-c. and k3 = :‘i—b. For r. y. = large. we obtain that

(2.1) log kay + log k3= = logkyr +o(1) f r=max{r.y.z}.
(2.2) logkir + logkaz = logkoy + o(1) f y = max{r.y.:z}.
(2.3) logkir + logkoy = loghs= - o(1) f == max{r.y.z}.

Proof. We first assume that r = max{r.y.=}. For any arbitrarv solution (r.y.:) to a
Rosenberger equation. we have the trivial inequality ar® < dry:. Thus. by using this

result and the result in Lemma 5. we have ar® < dryz < az® - o(r*). Hence.

d
< (;) yz < r(l -o(l)).

logkir < logk; (d> yz < loghk,r - log(l - o(l)).

a

Note that (j;‘) ky = kaks: the constants k. k». and k3 have been chosen to satisfv this. as

well as equations (§) k2 = ki1ks and (£) k3 = Ayka. Thus.
log kir < logkay — log k3= < logkr — log (1 — o(1)).

Hence. it is now sufficient to show that log (1 — o(1)) = o(1). To do so. note that %I =
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l+r+zx*+.. for |z| < 1. Integrating both sides. we obtain that
s
—ng(l-I)=C0"“I"7'?‘7"§"‘.".... frf <1

where ¢ is the constant of the integration. By letting r = 0. we find ¢ = 0. Therefore.

this implies that

[f we let r = o(1). then we obtain log (1 + o(1)) = o(1). This shows that equation (2.1)

holds. The other two equations (2.2) and (2.3) may be shown by similar arguments.

The results in Lemma 6 suggests that there exists a relationship between the Rosen-

berger trees and the Euclid tree.

s N 7
/ \ / \
\ \\ / N / A o N ’
(1.23) (LD (519 (5.14.1) (133 t5.3.2) 352 314
’ \\ / i \ /
i N \
\ / 5 :/ ’
/ Y\ ) L ! N
N v — -
(Ll 5.1 Q3D 31D
\ ~ 3
AN / “ /

N . P
'~ / S s 4
AN

. ,’
(LD LD

Figure 2.1: The Tree of Solutions for Equation R; and the Euclid Tree.

Definition 3. Let R be a tree of solutions to a Rosenberger equation. and let &;, be the
Euclid tree. Define ¥ : R — &;; to be the map that sends nodes in the Rosenberger tree

to corresponding nodes in the Euclid tree.

For example. for R, = Ry, as in Figure 2.1. we have ¥(5.1.1) =(3.1.2). ¥(11.2.1) =

(5.3.2). and so on. Lemma 6 suggests that ¥ may be approximated by the map (z.y.z) —
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(log kyxr.log kay. log k3=).
Finally. in order to investigate the lower bound and the upper bound of the ratio. it is
crucial to distinguish the difference between the maximal value of a triple in a Rosenberger

tree and the maximal value of the corresponding triple in the Euclid tree.

Definition 4. Let ¥(r.y.z) = (s.t. u). Define max*{r.y.z} to be r if max{s.t.u} = s.

y if max{s.t.u} =t. and = if max{s.t.u} = u.

Note that max{z.y.:} = max*{z.y.:} in many cases. but there are exceptions. For
example. for one of the fundamental triples of equation R¢. we have max{1.2.1} = 2 but

max"{1.2.1} = 1 since ¥(1.2.1) = (1.1.2).

Lemma 7. If (r.y. z) s a positwe integer solution to equation R3 or R;. then

max{r.y.z} = max"{r.y. :}.

If (x.y. =) 1s a positwve integer solution to equation Rg with r # 1 and y # L. then

max{r.y.z} = max*{r.y.z}.

Proof. We look at the case when (z.y. z) is a solution to equation Rg. and leave the other

cases to the reader. Suppose r < y < z. Let

[(Z)=52% —50yZ ~ (2 = 7).
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Then. f(z) = 0. Consider.

f(y) =5y° —5zy* + 1° +

<(T-51)y°

with equality only if r = y. Thus. if r > 2. then f(y) < 0. so 2’ = ry — = must be smaller
than y. Hence. 03 gives decent. so = = max"{r.y.z}.

If r <z <y. then we let
f(lY)= Y2 —5z:Y - (12 + 5:2) .

Then.
f(z) <(7T-5x)=.

Therefore. again. if r > 2. then f(z) < 0. thus ¥ = 5rz — y < z < y. Hence. 0, gives
descent. so max{r.y. :} = max"{z.y.=}. The other four cases are similar to one of these

two cases. -

The Lower Bound

In this section. we find a lower bound for the ratio ;[Y‘;:_&.";_.
Theorem 8.
Nn <
liminf ~20) > 3 -~ ~ 0.1173.

T—x log?T = =%log”5
Proof. Let (zg.yo- ) be a fundamental solution to a Rosenberger equation. We define

A so that A = max {log(klzo),log(kgyo),lﬁ%’—‘m}. Note that A > 0. Let (r.y.z) be
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an arbitrary solution in the tree generated by (xg. yo. o). and let ¥(r.y.:z) = (s.t.u) so
(s.t.u) is an element in the Euclid tree. We claim that

> log kv x P> logkgy. > lng:;Z-

9 .
(2-4) S=7x - =T \

and prove this using mathematical induction. For the base case. we use the fundamental

triple (z.y, =) = (o, Yo.20)- Since ¥(zp.yo.2) = (1.1.2)., we have: 1 > lﬂ‘i-‘—':\';‘” 1

v

gthaye) and 2 > b‘—”f‘i"l, Thus. inequalities (2.4) hold for the base case. Now. we assume
that inequalities (2.4) hold for an arbitrary triple (/. y'. 2').
Then. we must show that the two triples generated from the triple (2. y'. 5’) also satisfy
inequalities (2.4). We. therefore. have to consider the three cases: r' = max"{r’.y'.>'}.
"= max*{r’.y.2'}. and 7 = max"{r’.y’". ’}. We suppose that r’ = max"{z’.y'. 2'}. Let

V(. y'.2") = (s'.¢.u) so that ' = ' + u’. We consider the two branches of (r’.y". 7):

(. y". 2" (s".8" +u'. u")
¥ (Fy) =" — (s = .
(r'.y.z") (s.¢.s +t)
Consider the triple (2. y”. =’). Since b(y")? < d’y”<". it follows that y” < () /2", Multi-

plving by k; > 0. we obtain:

d d d d d
k 14 k had l:I —_ - I:I i —_ —_— I:l _ k k I:I>
) < 2(b)f \/a_c(b)I (n) (\/bc)f et

Hence. it vields that

logksy’ loghir’ loghkss v
+ =s+u =t
A < A A ST
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where. in the above. we have used our inductive hypothesis. The arguments for the
other branch and the cases when y’ or =’ = max"{z’.y’. -’} are similar. Consequently. if
inequalities (2.4) are true for some triple (1’.y’. ') in the tree generated by (ro. yo. Z0).
then it is true for its branches. Hence. by mathematical induction. it is true for all triples
in the tree generated by (xg. ¥o. 20)-

We are now ready to estimate the lower bound of the ratio. First of all. for the case of

the Markoff equation. Zagjer{13] has proven the following:

(2.5) liminf 2200 > 3

> — = 0.7335.
T—< log®T ~ 272log®3

For the non-Markoff case. we first define
NAT) = |{(z.y.2) € Ra(Z7) : max{kir.koy. k3z} < T}

where R, is nth Rosenberger equation. and R,(Z™) is the set of positive integer solutions

to equation R,. By using inequalities (2.4) and applyving Theorem 4. we obtain

(2.6) N2(T) > Eu (‘°g\T) .

4

To see this. let ¥(r.y.z) = (s.t.u). and max{s.t.u} < Q;g_\i" Then. it follows that

log kyx log T
'—T- <s < N

Thus.

kx<T.
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Similarly. kay < T. k3= < T, so for everv element in the Euclid tree that is bounded
by 28~ there is an element of the Rosenberger tree that is bounded bv 7. Thus. the

inequality (2.6) is true. Therefore.

NalT) S limint Er1('%T)

lim -
T—lo%f [og"T = T—x Iog' T
> Jim 3(&L)? + O('=T) + O (('&L) log (5T))
log® T
. 3 log’T 1 1 log T
> — e -+ o
-Th—itolc(xzz\zlong O(,\IogT) O(’\logT[ob( A )))
3
2.7 >
(2.9) = 102

Then. we choose (a. b.c.d) so that \ is maximal in inequality (2.7). and this occurs when
(a.b.c.d) = (1.1.5.35). Thus. we have:

\r. »
VM 3

> — = 0.1173.
T—x log®T ~ =2log"5

Since a < b < c. we have &y < ko < k3. Thus. if max{k,r.ksy.k3z} < T. then we
have max{kr.kiy.k1z} < T. so max{r.y.z} < LL Hence. .\, (i) > NY(T). Since

ky -

log® T > 0. this vields

Na(£) | N
log?T ~ log’ T’

Let u = ,T—l Then. consider:

N ;
mf (ch ) . [im 3 ~\qn(u)
T—x log"T u—x log~ (kju)
Na(u)
v—ox (logu + log k;)?
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= ﬁmin.f > i\;n(u) -
v jog®u (1 + —bL'logf‘ + —Q—';gf:)
No.(
(2.10) = liminf ~2()

5
u—oc log~u

Hence. by comparing equations (2.5), (2.8). (2.9). and (2.10). we obtain the lower bound

for the ratio. Thus.

>liminfiv"—(7% > 0.1173. -

- At T
inf YD) _ g g o) T log2T =
—oc |o

lim mf 5 3
T—x< log°T T—x log"T

The Upper Bound

We. now. investigate the upper bound of the ratio. If we treat the investigation case by
case. there are several cases. First of all. we have equations R;. Ry. and Rg. Moreover. there
would be three cases for each equation: when z = max"{z.y. =}. when y = max"{z.y. =}.
and when = = max"{z.y.z}. Each case may be investigated by a particular method
except this method. as we shall point out. is not quite applicable to equation Rg when
y = max"{r.y.z} or = = max"{z.y.:}. Therefore. a modification of the method is
required for these particular cases. Because of this reason. it is necessarv to treat the

investigation case by case.

Theorem 9.

lim sup Na(T)

=
T—x log=T

< 14.7913.

Proof. For the first case. let us investigate the upper bound of the solutions to equation Rj.
We first suppose that r = max*{r.y.z} = max{z.y.z}. By the proof of Lemma 5. we

know that r — (%) yz > 0 where L = 5*%"'5 = 1—‘:;2 = 1. Thus. it vields that r —y= > 0.
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Consider the product

(x = 3yz)(z — yz) = r* — dryz + 3y°:°

=1’ — (1 + y? +22%) = 3P

(2.11) =2:2(y? - 1) = (2 - 1).

Now. by observing Figure 1.4. we mayv assume that y > 1 and = > 1. Hence. inequali-

ity (2.11) is nonnegative. Since r — yz > 0. it vields z — 3y=z > 0. Thus.

r 2 3y=.

By svmmetry. then

y > 3r=.

If - = max"{r.y.z} = max{z.y.:}. we again know that = — ry > 0. By svmmetry. we

may assume that = > y > r. Then. r > 1 and y > 3: see Figure 1.5. Thus.

¢
]
|
VS
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N—
&
N—
N
"
|
/N
W —
—’
xl
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N’
I
t
-
|
~
"
}
9]]
[{o] ‘;}J

bad d - Y
_ 2 I~ y ) 2 oLy~
T 2 2 7 9
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Since = — ry > 0 implies that = — (3) zy > = — ry > 0. we conclude that

5
=>1 - .
‘(3)”’

We use these to show

(2.12) s loe(Vir) | log(vVBy)  _log(3)
log V3 log V3 log V3
where ¥(r.y.z) = (s.t.u). We prove this using mathematical induction. So. let us

observe the injective relationship between the tree of solutions for equation R; and the

tree of solutions for the Euclidean algorithm. For the base case. we use the fundamental

\ / \ / \\ i / \ ; \\ /:’ \

\ )
(L3S (113D GBS Ganbh (L3 53 (35 3L
. / / \ .

\ \ i y \\
\\ l‘ ‘p \\ /

\. — \\ / .
(1.3.1) 3.1.h (13D 131
AN /S ™ /
AN / \ /

AN /
(LLD (L1

Figure 2.2: The Tree of Solutions for Equation R; and the Euclid Tree.

triple (1.1.1). Since ¥(1.1.1) = (1.1.2). inequality (2.12) is clearly satisfied. Then.
we assume that inequalities (2.12) are satisfied for an arbitrary solution (z’.y.z’). Let

U(r'.y.2') = (.t .u'). We first assume that ' = max"{r’.y. ’}. and we consider the
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two branches of (/.. 2):

, (.y".7) ) , (s'.s' +u'. u)
U (Y. =T — () =T )
(.y.2" (s".¥.s"+ )

Then. consider the triple (z/, y”. 2’). By knowing y” > 31’7, it vields that

log (V5r)  log(3=) _ log3v3r's) _ log (vy")
= log V3 logv3  logv3 T logv3

tV'=§s+u <

where. in the above, we have used our inductive hypothesis. The arguments for the
other branch and the cases when i or 2’ = max*{z’.y’. '} are similar. Consequently. if
inequalities (2.12) are true for some triple (z’.y’. ') for equation Rj;. then it is true for
its branches. Hence. by mathematical induction. it is truc for all triples in the tree of

Figure 1.4. Suppose that max{z.y.:} < T. Then.

log (3T) logT . 2log T

(2.13 max{s.t.u} < -
) {s-L.u} log V3 log\/_ log 3

Therefore.

N3(T) < Ei (.lrgs + ))
log’T ~ log*T )

It vields that

. EL. 2lgT _ o
lim sup —— 3( ) < su ( low 3 )
T—< log°T T—oc log® T

3(esT 12)? o) (m_. )

< [im __;_+
“T—x log’T T—ox log®T

- 0 ((,—:53— +”) log (-‘%:31 +2))
T log2 T
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o o((E)ws(a))
w2log"3 T—ex log=T

=1.0074.

Similarly. we shall investigate the upper bound of the ratio for equation R;. We first
suppose that r = max*{r.y.>} = max{r.y.z}. Then. we may assume that y > 1. = > 1.

and r — yz > 0. Consider.

(x = 5yz)(z — yz) = £* — 6zy=z +~ 5y°=°

Thus.

I 2 5y=.

If y = max*{z.y.z} = max{z.y.:}. we may assume that r > 1. z > 1. and y — zz > 0.

Similarly. it implies that

(y — 2zz)(y — £z) = y* — 3zy=z ~ 22222
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Thus. y — rz > 0 vields

y>2r:.

If - = max*{r.y.z} = max{z.y.z}. we also assume that : — ry > 0. In this case. there
are two possibilities which are > > y > r and = > r > y. First. we consider the case of

= >y > z. From Figure 1.5. we know that r > 1 and y > 2. so

o ©our 3rty?
3 3 1
3yt 2
Ty 3 3
22, o,
= - 1)~ —(y~ —
3 (zr==1) 12(y 1)
>0.

By the assumption. it implies that = — (3) ry > = — ry > 0. thus = > (2) ry. On the other

hand. if = > r > y. then £ > 5 and y > 1: see Figure 1.5. Thus.

3 3 25
oy 2 2P
T a5 3 3
9 2 3
_ =Y 2 98y . T (2
= (z= —25) (y=—1)
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Whence. the assumption = — () zy > = — ry > 0 implies that = > (2) ry. Combining

~> 3 -
<2 5 Iy.

Now. suppose that ¥(z.y. z) = (s.t.u). We claim that

these two inequalities. we have

log (V3z) s < log (\/1_‘25'5’) . log (V10z)

< 23 T/

logv3 T  logVv3 - logV3

(2.14) s<

To see this. we again observe the injective relationship between the tree of solutions for

equation R; and the tree of elements in the Euclidean tree as in Figure 2.3. For the base

/ \ ! i \ / \ ;

\ / \ / N L \ . \ / \‘ ,
(L23) (L2 (519 (S04 138 53D 352 3
\ \ / 4 \ .

\ // N : / \
\. / \ . ’A» . .
\\ / . _'v_’ \\‘ ,
(LD 5.5 L3 3.
. ~ e
\ / N ’,,

AN // \\\ /

(L (Lt

Figure 2.3: The Tree of Solutions for Equation R; and the Euclid Trec.

case. we use the fundamental triple (1.1.1). Since ¥(1.1.1) = (1.1.2). inequality (2.14)
is satisfied. Then. we assume that inequalities (2.14) is true for an arbitrarv solution

(r'.y."). We assume that 7 = max*{r’.y.=’}. and we consider the two branches of
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., (.y".2) s (
v (.y'.2") = —_ (st u) =
@.y.=") (s'. .5 +t)

. +u.u)

Then. consider the triple (£’.y”. ). By knowing y” > 2r’:'. we conclude that

,log(vV3r) _log(VIDY) _ log(VAIr) _ log(y/ §4")
logv3  logV3 logv3 ~  logv3

' =s"+u

where. in the above. we have used our inductive hypothesis. The arguments for the
other branch and the cases when y or ¥ = max"{z’.y'. -’} are similar. Consequently. if
inequalities (2.14) are true for some triple (2’.y’. 7’) for equation R;. then it is true for
its branches. Hence. by mathematical induction. it is true for all triples in the tree of
Figure 1.5. Therefore. we obtain that the upper bound of almost identical to the upper
bound in (2.13) except the +2 is replaced as the +1. Nonetheless. the terms involved
these constants converges to 0 as the denominator log? T grow sufficiently large. Hence.
to obtain the upper bound for the ratio. the rest of the argument is identical as we have
shown for equation R;. Thus. we obtain that

Ni(T) < 12

7 < ———— = 1.0074.
logT ~— =2log~3

We. at last. investigate the upper bound of the ratio for equation Rg with L =

[ A]
'

Although there are two fundamental triples for equation Rs. we note that these two trees
are symmetric to each other. Thus. without loss of generality. we consider the tree with

the fundamental triple (1.2.1). We first suppose that r = max*{z.y. =} = max{z.y. z}.
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so £ — (2) yz > 0. By observing the tree in Figure 1.7. we may assume that y > 2 and
: Yy

z>1. So.

” oy gy;:-
—3 I' — x' —— - a" - ——
( y ) n
— 9y2:2 . 5=
= n y =

AT, s a9,
= —(y" = 4) =~y (- -1
T - )

>0.
Since r — (3) yz > 0. it vields r — (1) y= > z — (&) y= > 0. thus.

9
r> (5) ys.

We. now. suppose that y = max*{z.y. z}. This case is different from those we have already
studied. and we deal with it in two cases: the case when r = 1 and when r £ 1. If r # 1.

then y = max{r.y.>} by Lemma 7. If £ = 1. by observing Figure 1.7. we claim that
{2.13) y > 3=
To see this. consider the branch operations:

- — (Ly.z) — (Lyy—3) — (Ldy—-5z.y—z) — ---

This gives a sequence (1.y;, =) with y; = max*{z,y.z}. y1 = 3. 51 = L. yuy = 53 — .
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and z;;; = 4z, — y,. Then. note that

- 2 - D
Sysz >y~ +5:°
dyz-52>>y* —y:
Hence. it implies that

4y — 5z
y—=z

>

|

Therefore. when r = 1, we have 5:'* > L;f Thus. inequality (2.15) is true. On the other
hand. if r # 1 with y = max"{z, y.z}. by observing Figure 1.7. we note that r > 9 and

z 2 1. Therefore.

(13 . (2 ~_2_5.‘8613:2
YT\9 ) )Y T \g)F) TY TAEET T

=y — (2% - §* - 52%) 36r%:*
i vomes 31
_ 86r72? 252

T8 T T

= 38:1.(.1'2 -81) + (=2 = 1)
>0.

Since y — (3) £z > y— (2) = > 0. we may conclude that y > (£) zz. Now. y > (£)zz2>

3zz. so for y = max{z.y. z}. we always have

y = 3z=.

Lastly. we consider the case: = = max*{z.y.z}. If £ # 1. then = = max{z.y.z} by

Lemma 7. So. = > (2) zy. If z = 1. then this inequality does not work. for instance, for
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the fundamental triple (1.2.1). In this case. we claim that

(2.16) 2 (%) y.

To see this. consider the branch operations:
-—(Lyz) —(LL3z—y.2) — (LL3z—y 4z —y) — ---.

This gives a sequence (1.y,. z,) with =, = max"{l.y,.5,}. yy = 2.2 = L. y,=1 = 35z, — y,.

and ), = 4z, — y;. Note that

-

- -2
Syz > 3z" —y°

-

dyz — y* > 52 —y=

y 53z —y
: " dz—y
Hence.
Yj—1
b
~1 1=l

Thus. when r = 1. we have -',Lll > 2 where 'é‘l- = 2. Therefore. we have inequality (2.16).
= 5 z

Combining the inequality (2.16) with = > (3) ry when r # 1. we always have. for = =

o2 (D)o

max”{r.y.:}.
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Now. suppose ¥(z.y.z) = (s.t.u). We claim that

@17 (Vi) les(()w) <I°g(\/§:)_

- log\/g T g % - log\/g

We observe the injective relationship between the tree of solutions for equation Rs with its
fundamental solution (1.2.1) and the tree of solutions in the Euclid tree as in Figure 2.4.

For the base case. we use the fundamental triple (1.2.1). Since ¥(1.2.1) = (1.1.2).

N/ N/ N N NN N

u_:q_,z) (13.3.1 (9.4\3.1) 921N (L33 53D 3.5.2) (S;I.J)
‘ v/ o/ N
\ A ¥ N/ '
(L.3.n 9.2.1 — (l._‘\.‘l) cs.;_’»

AN Ve
/ .

(rL.2.nh LDy

Figure 2.4: The Tree of Solutions for Equation Rg and the Euclid Tree.

inequalities (2.17) is true. Then. we assume that inequalities (2.17) is true for an arbitrary
solution (r’.y’.s"). Suppose first that ' = max"{r.y".~}. and we consider the two

branches of (. y'. &'):

. (Il.yll.:l) , ’ (sl~sl+ul.ul)
v (Fy.S) =" —_ (s.t’.u)< )

(.y.2") (. .8+t

Consider the triple (/. y". 2’). Since vy > 32/7'. it implies that

=5 +u
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<log(\/§xf) 3 tog (/%~)
" log 3 lov\/;
o (yBEe)
Iog\/_
clog(3(3)v)
B log\/—

< log ((3) v") _

lOg 5

where. in the above. we have used our inductive hypothesis. The arguments for the
other branch and the cases when y’ or 2 = max*{z’. y’. =’} are similar. Consequently. if
inequalities (2.17) are true for some triple (z’.y’. ') for equation Rg. then it is true for
its branches. Hence. by mathematical induction. it is true for all triples in the tree of

Figure 1.7. Thus. let max{r.y.z} < T. and ¥(z.y.z) = (s.t.u). then

togs \/ET

log 5

max{s.t.u} < ———~

By applying Theorem 4. we obtain the following inequality:

Note that we multiply the numerator by 2 because for equation Rs since there are two

svmmetric trees of solutions: see Figure 1.7 and 1.8. Then.

(e ()

log‘ T T—-cc log=T
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6 2log T+log () 2
i log (3)
< lim

T T w2log T

lo, 5
e lim O S( ) (,)
T—x log’T
24
< —
72log” (3)
= 14.7913.

Hence. we have the conclusion:

Va(T)  NT) _ Ne(T)

3 7 < s— < 14.7913.
log?T ~ log°T ~log°T :
Furthermore. according to Zagier{13|. we know that < 1.4082. Thus. in general.
N,
(7) < 14.7913. =
log” T

The Crude Bounds

Corollary 10. For any Rosenberger equation. the ratio 2=t

o T 19 bounded as

0.1173 < - ALl )<14 7913.

log®T

Proof. The proof is trivial according to Theorem 8 and Theorem 9. &

Therefore. the ratio :—;{:—1’. is bounded. and it is bounded awayv from 0. In the next

chapter. we will use these crude bounds to find the precise asymptotic formulae given in

Theorem 1.
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CHAPTER 3

SEARCHING FOR AN ASYMPTOTIC FORMULA
In the previous chapter. we approximated the function ¥ with the map (r.y.z) —

(log kyx.log kay. log k3z). In this chapter. we use a refined approximation. the map

(z.y.2) — (fi(x). f2(y)- f3(2))

such that

f)

(3.1) f. (2(i)) = log ("*""') = VR - 4)

where ¢ € {1.2.3} and v(i) = (z.y. =) with v(i) indicating ith element of . The function
fi (v({)) arises for the following reason. Let (zq. y. =) be any arbitrary solution to a Rosen-
berger equation where the value of ry is fixed. Then. the branch of the tree with rg fixed

looks like

(zoe2) = (m0r- 522 -2)
- — \To-v-z) — (Foy—— ==

43
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Note that the action of the composition on y and = may be represented by the matrix

operation:

€)1 -0 [ _[(@2-)e-0
(¢) zo -1 z (%) roy - =

Thus. in the long run. multiplication by this matrix begins to look like multiplication by

its largest eigenvalue. We solve for the eigenvalues:

& d
=)o —1-=-XAy —(%)x 2.2 2 .2
det (bc) o (b) ° = (arza —)‘:o) (—1—1\:0) - (({IO)

bc be
(g) Zo -1 - ’\Io
2 d*r3
=2 - (z - ?I"’) Ay = 1
We let this equal zero. and obtain A, :
2o\ [(-28) s

Azp =

L

2l
1+g — <

(Ll.zo + \/?co_—>

b
(V]
H
""v
g"v
—_
T
Sl
!

ot

Rt
N
b
WS [
(M gL’?
N
P
b
s

We take the larger value for A.,. and this explains our choice of f; () = % log A;. Similarly.

koy - \K3y? kez + VIEZ -1\
/\m ( 29~ vy = ) and ’\ﬂ) = ( 3 .)3 4)

t)
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The map (z.y.2) — (fi(x). fa(y). f3(z)) gives a better approximation to ¥ than the map
(r.y.z) — (logkyx.log kay.log k3=). To see this. let us suppose log k3: = logkyr = log kay.

Then. k3z = kikazy, so % = ﬁ. Therefore.

il
¢z~ =dzy:=.

This is not a verv good approximation to the equation ar® — by® — cz* = dryz. On the

other hand. suppose f3 (z) = fi (x) + f3(z). Then. A. = A;\,. Note that \,i - ,\;f' = k.

W

= k3.'.’, Thus.

-1 1 -
1\ - l\y P = kgy, a.nd /\;2 - l\:

& ope

., ” ” a 1 -1\? b
a:r"—by'-'—c:‘—d:ry::zz(,\;—;-,\z') -‘-?
1 3

k[kf_)kg
_%()‘,f,\;‘ 20 A =250 = A0 =2)
- %bf (Az + A2 = Ay = A = A = AT =2
4{abc

Furthermore. by symmetry. if fi (z) - f3(z) = f2(y) or fi(r) ~ fa(y) = fs(=). then we

obtain the same equation. Thus. the map from a tree of solutions to the equation

4 2 2 4bC
a:z:‘«-by“.-c:'—dzy..=%

to a Euclid tree is exactly ¥(z.y.z) = (fi(2)- fa(y). f3(2)).
For further discussion. ordering a triple is necessary. Hence. we shall define the order

of a triple. By observing Figure 2.2. 2.3, and 2.4. a function ¥ maps any given arbitrary
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solution (r,y. =) of a Rosenberger equation to an arbitrarv solution (s.t. u) of the Euclid

algorithm. Then. we define ¢ = max"{r.y.z}. and

if o=r. then p=min*{y.z} and ¢ = max"{y.z}.
if o=y. then p=min°*{z.z} and ¢ =max"{r.z}.
if o=z then p=min*{z.y} and ¢ = max"{r.y}.

JFrom now on, we modify the definition of f, (r'(i)) when it is necessarv. We de-
fine a function f as we have defined in (3.1) but replace i as i € {p.q.0} and v(i) as
v(i) = i. so that each of f, (v(¢{)) and k, picks each appropriate element of each set
{fi(x). f2(y). f3(=)} and {ky.k2. ks} respectively. Note that fy(p) = loghyp. fo(q) =

log k4q. and f,(0) = log k0.

Lemma 11. Let (r.y.zx) be a solution to a Rosenberger equation. Then. there erists a

constant x such that

fol@) < fo(P) — falg) < folo) = =.

‘%l >

Proof. We first suppose that ¢ = r. Let r,,, be the larger real number such that fi(z,) =

f2(y) ~ f3(z). Then

b hl 3 'l bc
(3-3) az. +by* - cz* —drnyz — 2%¢ _o.
d?
Also. from equation (3.2). we obtain that
(3-4) ar® + by* + ¢ — dryz = 0.
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Subtracting equation (3.4) from equation (3.3). we obtain:

4abc
a2

(3.5)

= (Tm — I)(ar + axy — dy=).

Now. by solving equations (3.3) and (3.4) for z,, and r. we have:

dyz £ \/d?yz-?2 —da (by? + cz? ~ %)

T
m 2a

and

e dyz £ \/d*y?:z? — da(by® + c=?)
- 2a )

Now. I, > .50 I, — I > 0. By the proof of Theorem 9. we know that r > 3y= for the

case of equation Rj if r = max*{r.y. z}. Thus. (a.b.c.d) = (1. 1.2.4) implies that

= (Lm — 2T + Tn — dyz) > I(Lm — ) (2 - f) )

|-

3

Note that (2 -

olde

) =

equation also give us the factors of the right hand side to be positive. Without loss of

(2118

> 0. The other cases of equation R; and anv cases of the other

generality. we assume

|~

=(Tm — ) +ITm —dyz) > (%) I(Tm — I).

By simplifying that. we obtain:

(3.6) r<1:,,.<1:—:-§.
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[/ 2

We may write r,, = f{' (f2(y) + fa(=)): this makes sense because the function f; (¢v(1))
is 2 monotone increasing function. and fi(rm) = fo(y) — f3(z). Then. we apply f, (¢())

to inequalities (3.6). Knowing z,, > r. this vields

@) < foly)+ fz(z)< fi (r—%)

Thus. it is now sufficient to show that f) (r - 2) < fi(z) = %. Let L(r) be the tangent

r-

line of f; (z) at point ry. Thus.

L(z) = fi(xo) = f'(xo)(xr — Xo)

k2ro - ki kyrz — 4
=f1(l'o)“"(. ,IIO LV = )(I—J-'o)~

kizd — 4 = kyro/ ki3 — 4

Then. let € > 0. so that

L(.r—'-e):fx(l‘o)-—< Kizo = kiy/kuzg — 4 )(I—c—ro).

kfl’% -4 - k[.lfo\/ k"lz.l.'a’ -4

Therefore. f(r +—¢) < L(r +¢) since f{(r ~¢€) < 0. and this completes the proof for ¢ = r.

Similarly. this argument works for the other two cases. =

—

Definition 5. Let R’ be a finite connected subset of a tree ‘R which contains the funda-
mental triple. Let R’ be the set of solutions (/. y". ) € R\ R’ such that R'U {('.y'. "}

is connected.

For R. R’. and dR’. we rather suppress the index variable n of that indicates nth

Rosenberger equation since we are now studving an arbitrary Rosenberger tree.

Lemma 12. We let |0R’| and |R’| be the numbers of elements in R’ and R’ respectively.
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Then, for equations R3;. R;. and Rg.

(3.7) [OR'| = |R| + L.

Proof. We prove this using mathematical induction on the number of elements in R’. For
the base case. if |R’| = 1. then only the fundamental triple is contained in R’. Then. it
is obvious. by looking at the trees. that we have that [0R'| = 2. We now assume that
equation (3.7) holds for R’ such that |R'| = k£ — 1. Let R” be a subtree with & elements.
Let (2. y'. ') be an element in R” such that R’ = R”\ {(1’.y'. ')} is still a subtree. Then.

R’ has k — 1 elements. so

|OR] = |R| - 1.

by the inductive hypothesis. However. R” contains all elements of 9R’ except for

(r'.y’. "), and also contains the two branches from (. y'. ="). Thus.

[OR"} =|gR| -1 -2
= |[gR] -2

= [OR"] - L. -

Definition 6. Let 7= (/.. ). and let R be the infinite tree of arbitrarv Rosenberger
equation rooted at 7: that is. let R be the set of all triples in R lving above the triple 7.

Then. R may be written as a disjoint union as

R=RU U R-.

FEIR
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Definition 7. Let
NAT) = {(z.y.2) € Rr - max{r.y.z} < T}|.
Lemma 13. For T larger than the o of any (r.y.z) € R'. we have:
(3.8) Na(T) = ) (NAT)+ 1) - L.
Feaw

Proof. By using equation (3.7). for sufficiently large T. it vields

Na(T) = IR + Z NAT)

FEIR’
=0R| -1+ Y (NHT) = 1) — [0
FEGR
=Y (NAT)=1) - L =

FEIR

Definition 8. For an arbitrary solution (z.y. z). let

R(T)={(z.y.2) €ER:0< 7}.

Lemma 14. Let 7 = (r.y.z) be in R. and let x be as ;n Lemma 11. We let a = fi(p).

3= falq). &' = fi(p) — . and I’ = fr(q) — 5. Then.

Bas(fi(T)) < NAT) < Eo 5 (f3(T)).

Proof. First. we assume that ¢ = . We define a map ¥-: R — &, where &,_; is the

Euclid tree as in Figure 1.10. Let (Z.§7.3) € Rr. and let ¥£.j. 3) = (§.£.a). Using an

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



induction argument similar to that used in the proof of Lemma 11. we show that
hE) <5 AE) <t fil3) <
Thus. if max{s.t.a} < fi(T). then

f(z) <s < fil(D).
f2(§) < t < fU(T) < fo(T).

f3(2) < e < fil(T) < f3(T).

thus.

max{f.y. 3} <T.

[t implies that
(3.9) Bas(Au(T)) < NHT).

Furthermore. for the second inequality. we replace a. J by a’. J’. Bv Lemma 11. it vields

that

. -
max(s.t.u} = f2(§) = il2) = Z S fild) = = - = < fuld) -

=4

IS,J >

Hence. by the induction. it follows that

(3.10) NAT) < Eur s (fs(T) - .') .

'Rl 7

By inequalities (3.9) and (3.10). the proof is completed for ¢ = =. By the identical
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argument. the other two cases mayv be proven. and this completes the proof.

Lemma 15.

fAT) =logT + O(1).

Proof. The proof is obvious.

Ll

Lemma 16.

(3.11) Na(T) = C-(log T + O(1))* + O (D-(log T + O(1))?)

+O(E:(logT + O(1))) + O(F-(logT + O(1)) loglog T - O(1)).

where
w2 d; p)fq(q) ‘,;,, fp(p *fola)
i
E. = — . =
a;.—l fp(l’) aé;) fq(‘l)
We. again. suppress the index n rather than setting C,... D, .. En-. or F, .

Proof. Let us estimate the various terms in equation (3.8). By applving Lemma 11 and

Lemma 14 to Theorem 4 where we set a = f,(p) -~ O (#) and 3 = fy(q) ~ O (g%) we

obtain:
i 3 (log T + O(1))*
N(:.y.: (T) = -
U P (e +0(2) (-0 (%))
IogT—é—O(I)) , ((IogT—:—O(I)) (logT-:-O(l)))
( (P) R )BT R@
_3 fo(p) fol@) ( 1 ) . 2
3.12 = — loe T -~
(3-12) = (fp(p) ~o( )) (fq(q) =0 )) @) e oW
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. IogT-i-O(l))_;_O((logfl'-:-O(].))l log T — )
‘O( AOEA T ) leslloeT =00 ).

Then. we take look at a part of the first term of the equation:

fo(p) fa(q) ( 1 )
fo0) +0(3) ) \ fal@) + O(5) | \fa(P)fo(a)

(5(0) + O(%) — O(2)\ [ fila) +O(&) - O(E) (1)
B folp) + O(Elf) falg) + O(?l') Fo(p) fola)

“(-0() (-2(z@)) Gomm)

1 . 1 cofl—Y N.of__ Y
AT TAC (gfp(p)zf.,(q)) -0 (efp(p)fq(q)'-’) -0 (:*fp(p)zfq(qw)

i< )
B fo(P) folq) , pr(p)zfq(Q) )

As a result. equation (3.12) becomes:

Neyo(T) = = (—1—) (logT ~ O(1)} = O (—1——) (log T - O(1))?

=2 \ fo(p) folq) ofo(P)* fo(q)
| logT.—O(l)) ((IogT—'-O(l)) ‘ )
o282 _ 2~ 2 ) log(log T =~ O(1)) .
( fo(®) ° Fawy ) losties T =0D

Furthermore. the various -1 in equation (3.3) mav be absorbed in to the error term

0 (logT+O(l)

AT ) since p < T. Therefore. we obtain equation (3.11). =

Theorem 17. Let g be an arbitrary function of two varables.

(3.13) > 9(p-@) =g(zo.v)+ Y_ (g(p-2) ~9(g-0) —g(p-q))-

(z.y.=)EAR" (x.y.z)eR

Proof. We prove this using mathematical induction. For the base case. we let R’ be only

the fundamental triple. then @R’ is the two triples generated from the fundamental triple.
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Since ¥(zg, yo. z0) = (1.1.2). we know that p = xg9. ¢ = yo. 9 = 2. The left hand side of
equation (3.13) is

Z 9(p. q) = g(xo- 20) + g(Yo. %0)-
(r.y.z)€EIR

On the other hand. the right hand side of the equality (3.13) is:

g(zo.v0) + Y. (g(p-0) ~9(q.0) — 9(p.9)

(Zzo.yo.30)ER’
= g(To. Yo) + (9(To. Z0) + 9(¥o. =0) — g(To- ¥o))

= g(zo. z0) + 9(¥o0- %0)-

Hence. equality (3.13) holds for the base case. Now. suppose equality (3.13) holds for any
connected subtree R’ with & elements. Suppose R” is a subtree that has & — 1 elements.
There exists a triple (1. y’'z’) € R” such that R" \ {(L.y'. ')} is still connected. Then.

R =R"\ {(«/.y'. ')} has k elements. Thus. using the inductive hypothesis.

Y 9pa)= ( > g(p»q)) ~(g9(p'. )~ 9(g". 2") — gtP'.q"))

1z.y.2)ETR” (Z.y.2)ETR’

(r.y.2)ER

= g(ro. yo) — ( Z (9(p-2) — 9(q.2) - g(p-q)))

~(g(p’.0) ~glq’. o) — g(P'.4"))

= g(Zo. yo) + ( Z (9(p. 2) - 9(q.9) — g(p. Q))) .

(z.y.2)ER"

We have obtained what we have desired. Thus. by the principle of mathematical induction.

equation (3.13) is true for any subtree of a Rosenberger tree. =t
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Lemma 18. Let C.. D,. E.. and F- be as in Lemma 16. Then.

1 3 fo(P) = folq) — fol0)
3.14 C-=C,+0 - h C,.=—f, 4 2 - ~ .
(3-14) (r) where = 2 ATACIAC)

" (zy.)ER
(3.15) D.=0 (i) .
2
(3.16) E. = O(log 7).

(3.17) F. =O(logT).

Proof. We first let g(p.q) = m in equation (3.13). Then. the equation becomes:

1 _ 1 _ fo(p) = folq) — fg(g))
3.18 = - _
(3.18) 2 T R T ( o) faa) fate)

(2.y.2)EIR (z.y.2)ER

By Lemma 16 and equation (3.18). this vields the following equalities.

3
3.19 Cr= s
(3.19) T2 fi(zo) fa(yo) w2 q;e fo(p) fq
- 3 _.__i Z (fp(P)‘fq(Q)—fg(Q))
=filro)faly) 72 =\ folp)fola) folo)
o<T
3 fo(p) + folq) — f9(9)>
= Cn - = P q X
T (:.y.Z:)eER( fp(p)fq(Q)fg(Q)
[>24

Furthermore. by using the result in Lemma 11. we obtain:

o o(3)
Cr=GCas r—z(x,xp.z-)eﬂ (fp(p)fq(q)fg(g)) |

@>T
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Thus, it follows that

(3.20) C-=Cn +

b e

..

1

oz )

) (:.y.zz)em o* log (kpp) log (kq.q) log (k,0)
9>7T

We. then. consider: wpp® + w,q® + w,0® = dpqo where. depending on the subindexes.
(wp. wy. w,) takes the coefficients of the Rosenberger equations a. bor c. It. therefore. vields

that w,p < dpq. and w,9 < dg*. Thus. log (dw,9) < log(dq®) = 2log(dg). Consequently.

(3.21) log (dq) < log (dw,0) < 2log (dg).

Thus. O (loglqu) =0 (i?é‘;)' Also. O (#k’p) = O(l). Combining these with equa-

tion (3.20) gives:

(z.y.2)ER = = =
o>T
. 3 1
—c-2 Y o(ax)
' (r.y2)ER g-log™ 0
e>T
3 1
(3.22 =C,+=0| > ("1 5 )
* {z.y.2)ER o og"g
2>T

1 = N(g)— N(o—-1
> (omm) - X 0

-
@’ log™ o
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By listing the first few terms. one may realize that we may restate the sum as:

5 ( 1 ) _ —N(7)
Rlogo) (7 + 1)2log*(+ + 1)

(z.y.z)ER =
a>T
- Ex (o)( = 1 > )
ot log”e (¢~ 1)%log*o~ 1)
N(7) ) = ( olog® o
=0 —_—] - N O ——=—
N(71) ) = . 1
=0 ——1}~+ N(o) O| ———
(rzlog':' ;l (o) (93108' Q)

In the above. the bounds implied by the O notation in the infinite sum is uniformly
bounded. so we may switch it to the infinite sum. According to the result in Corollary 10.

it is the fact that =4~ w') - is bounded. Hence.

1 1
(829 > (Gees) =0 (5)

By equation (3.22) and equation (3.23). we obtain equation (3.14). Further. since ¢ > 7
we observe that D. < 772C. = O (Z). which is equation (3.15). For equation (3.16). we
apply g(p.q) = yATl (p) to equation (3.13). and we. first of all. obtain that

1 1
(3.24) > = > L

(£.y.2)EFR f(P) f‘(r") (r.p2)ER fal@)
<™
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(o]}
.

Since f,(q) = log kq. equation (3.24) with equation (3.21) becomes:

(3.25)
> - ) - T () < X
(z.y.2)EONR fp(p (zy;)em 0 (z.y.é)em 0°( ngg) :.:.y,;;_en 0g 2

where < indicates that the equation is bounded by Y 2L where )/ is a positive real

log )

number. Thus, it is sufficient to show that equation (3.25) implies equation (3.16):

Z V(g) —N(o—1)
log o log o

NiFy L & 1 1
N -
log 7 pors (o) (logg log(o +~ 1))

N\ = Vo
O(logf) *go(QIOg’Q)'

By applving the result in Corollary 10. equation (3.25) indeed vields equation (3.16).

(z.y.2)ER
o<T

r-1
L 1
e s -O(Iog‘)+aZ=:lO (5) = Of(log 7).

(Z.4.2)ER =
8T

Finally. since F. « E.. knowing E. = O(log ). we conclude that F. = O(log 7). There-

fore. the proof is completed. =

Theorem 19. Let C, be as defined in equation (3.14). The number of solution (r.y. =) to

a Rosenberger equation such that max{r.y.z} < T s quven by
(3.26) Va(T) = Co(log T)* -~ O (log T (loglogT)?) as T — =.

Proof. By plugging in each (3.14). (3.15). (3.16). and (3.17) into equation (3.11). we obtain
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that

NalT) = (nTO( ))(logrr+0(1)>‘=

o ((logT —r"0(1))“-’)
=

+ ((O(log 7)) (log T ~ O(1)))

+ ((O(log 7)) (log T + O(1)) log (log T + O(1)))

-

i

= Cu(log T = O(1))2 + O ((bgT *20(1))“) ~ 0O ((log ) f(7))

+ O ((logT)logT) + O(O(1) log (log T + O(1)))

= Ca(logT + O(1))* + O (<‘°gT :—00<1))-)

[

+ O ((log7)logT) + O (O(1) log (log T — O(1))).

We now choose the value of 7. Setting m = (log7)log T~ O(1)log (log T - O(1)).
we may approximate an appropriate value for + and find 7 = I::T With this choice. we

obtain:

(logT - O(I))

o
(=]
( log logT)

Vieg T ,
-0 ((I (logl gT)) logT) +0(O(1)log(log T = O(1)))

Na(T) = Ca(log T + O(1))* =~ 0O

= Ca(logT = O(1))2 = ((logT 0(1))*(log log T)? )

logT

+O((logT + O(1)) loglog T log (log T +~ O(1)))

= Cn(logT)* + O (log T (loglog T)?) . =

This completes the proof of Theorem 1.
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CHAPTER 4

COMPUTATIONS
In this chapter. we describe how we compute approximate values of the constants C,.
This Mathematica program has been developed by Dr. Arthur Baragar in the Department
of Mathematical Sciences and has been modified by the author. Note that the sentences
inside of (* *) indicate comments. This program calculates the left hand side of equa-

tion (3.18).

(* A user stores the values of coefficient here. x)

a = Input["Type the value of the coefficient a."];
b = Input["Type the value of the coefficient b."];
¢ = Input{"Type the value of the coefficient c."];
d = Input["Type the value of the coefficient d."];

(= A user stores the values of the fundamental triple here. =)

x = Input["Type the first element of the fundamental triple."];
y = Input["Type the second element of the fundamental triple."];
2z = Input["Type the third element of the fundamental triple."];

(= A user defines the boundary value T here. =)

t = Input["Type the boundary value tau."];

(* It defines value of the constants k. *)

k = {d/Sqrtlb*c], d/Sqrtla*c], d/Sqrtla*bl};

(= The branch operations are executed here. =*)
60
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b1[P_]:= {(d/a)+P[(2]11*P[[3]11-P([1]],P[[2]],P[[3]]};

b2(P_]:

b3[P_]:

(* The functions (3.1) is defined here. *)

{P[{[11],(d/b)«P[[1]11*P[(3]1]-P([[2]1],P[[3]1]};
{PC[1]],PL[2]],(d/c)*P[[1]1])*P[[2]1]1-P[[31]1};

£IT_,w_]:= N[Log[(k([w]]*T+Sqrt[(k([[w]]~2)*(T"2)-4])/2],30];

(* The equation (3.18) is defined here. *)

glP_,w J:= N[£(P[[w]],w]/C(£(P[[1]],1]=£(P[(2]],2]*£(P[(3]],3]1),30];

(* Evaluate (3.14) by using (3.19). =)

cnt{P_,t_]:=

If (t==1, If[P[[1]]<T, cnt[b2(P],2]+cnt(b3(P],3], glP,1]1],

If[t==2, I£(P[[2]11<T, cnt(b1i(P],1]+cnt(b3(P],3], glP,2]1],

If(P([3]]1<T, cnt(bl(P],1]+cnt[b2(P],2], g(P,3]111];

(* The initialization of the program is executed here. =)

N[(3/(Pi~2))*(ent[{x,y,2},3]),30]

61

As Table 4.1 indicates. these constants converge in the first 12 decimal digits around

T = 10°. We must note that the value of Cs tends to converge to 0.588051990717 according

to our program. but that equation R has two fundamental triples. so we must double the

value of the constant.

G

Cs

Cs

10° |

0.543808773432

0.554238122395

1.176097024748

10°

0.5438094-17261

0.554239131118

| 1.176103981248

10°

0.543809447296

0.554239131152

! 1.176103981434

10°

0.543809447296

0.554239131152

| 1.176103981434

Table 4.1: A Table for the Constant C,
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