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ABSTRACT

A game tree is a nonempty set of sequences, closed under subsequences (i.e., if p € T
and p extends q, then ¢ € T'). If T is a game tree, then there is a natural topology on [T},
the set of paths through 7'. In this study we consider two types of topological spaces, both
constructed from game trees. The first is constructed by taking the Cartesian product of
two game trees, T and S: [T] x [S]. The second is constructed by the concatenation of two
game trees, T" and S: [T % S]. The goal of our study is to determine what conditions we

must require of the trees T" and S so that these two topologies are homeomorphic.
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CHAPTER 1

INTRODUCTION
1.1 Motivation

Determinacy has been studied extensively since the 1950’s. The study of determinacy has
led to several important results which have impacted areas of modern set theory, such as the
study of large cardinals and descriptive set theory. Determinacy with more complicated, (but
definable), “pay-offs” is stronger (in consistency strength). One way to get more complicated
pay-offs on games of length w is to play longer open games (length> w).

In the study of “longer” games—games in which plays have length longer than w—we
see that the long tree has the tree topology, but we may also “split” the tree at w and view
it as the product of two trees. This is used in Ikeda’s dissertation [1] and Yosts’s thesis [7] .

A specific example of “splitting” trees is given by Ikeda [1]. She explains: “We shall
identify the body of the tree [X=¥t"] = X« with the product X x X". Let
x = (xo,T1,...) € X¥ and g = (g0, 91, - -, gn-1) € X". Then
279 = (To, X1y, 90, g1y - -5 Gn1) € X7

However, when a tree has paths which vary in length, it is not clear that splitting is
possible. This leads us to natural questions: When can this be done? Is there always a
homeomorphism between the product topology of two trees and the concatenated topology

of the long tree? If not, for which types of trees does this homeomorphism hold?



Initially, we constructed an example for which the two topologies are homeomorphic, but
we were also able to construct a counterexample in which the two topologies are not. With

this in mind, we began our studies to answer these questions.

1.2 Introduction to this Thesis

The goal of this thesis is to study the relationship of two common topologies on game
trees which arise when studying determinacy. They are the product topology and the tree
topology. In this thesis, we provide some basic results as to how the tree topology behaves
for “longer” trees. We start by showing that for trees T = S = w=¥, the two topologies
are homeomorphic. This example drives us to show that there is always a natural bijection
(referred to throughout this thesis as the canonical function) between the product topology
of two trees and the tree topology of the “long” concatenated tree. We are able to introduce
lemmas for the canonical function; the first states sufficient conditions to show that the
canonical function is continuous, and the second states necessary and sufficient conditions
to show that the canonical function is an open map. Using these lemmas, we prove a result
that generalizes to more trees for which the canonical function is a homeomorphism between
the two topologies. At the end of Chapter 2 and in Chapter 3 we give several examples
of interesting trees for which the canonical function produces a homeomorphism between
the two topologies. However, in Chapter 4 we show that the canonical function does not
always produce a homeomorphism. We give two counterexamples in which we show that the

canonical function is not continuous and is not open.



For material in this thesis, the following books and publications are standard references:
Jech’s Set Theory [2]
Martin’s Borel and Projective Games [3]
Moschovakis’ Descriptive Set Theory [4]
Munkres’ Topology [5]

These and additional references are listed in the Bibliography.

1.3 Definitions from Topology

The following definitions can be found in Munkres’ Topology [5].

Definition 1.1. A topology on a set X is a collection 7 of subsets of X having the following

properties:

1. @ and X arein 7T.

2. The union of elements of any subcollection of 7 is in 7.

3. The intersection of the elements of any finite subcollection of 7 is in 7T .

Definition 1.2. A set X for which a topology 7 has been specified is called a topological

space.

Definition 1.3. If X is a topological space with topology 7, we say that a subset U of X

is an open set of X if U belongs to the collection 7.

Definition 1.4. If X is any set, the collection of all subsets of X is a topology on X. It is

called the discrete topology.



Definition 1.5. If X is a set, a basis for a topology on X is a collection B of subsets of X

(called basis elements) such that:

1. For each x € X, there is at least one basis element B such that x € B.

2. If x belongs to the intersection of two basis elements B; and Bs, then there is a basis

element B3 containing x such that By C By N Bs.

Remark 1.6. If B satisfies these two conditions, then we define the topology T generated
by B as: A subset U of X is open in X if for each x € U, there is a basis element B € B

such that x € Band B C U.

Definition 1.7. Let X and Y be topological spaces. The product topology on X x Y is
the topology having as basis the collection B of all sets of the form U x V| where U is an

open subset of X and V' is an open subset of Y.

Definition 1.8. A subset A of a topological space X is said to be closed if the set X \ A

is open.

Definition 1.9. A function f: X — Y is said to be continuous if for each open subset V'

of Y, the set f~1(V) = {x € X| f(z) € V} is an open subset of X.

Definition 1.10. A function f : X — Y is said to be open if for every open set U of X,

the set f(U) ={f(z)| x € U} is openin Y.

Definition 1.11. Let X and Y be topological spaces; let f : X — Y be a bijection.
If both the function f and the inverse function f~! : ¥ — X are continuous, then f is
called a homeomorphism. Alternatively, a homeomorphism is a bijective correspondence
f: X — Y such that f(U) is open if and only if U is open.

4



1.4 Definitions and Notation for this Thesis
Definition 1.12. Define a sequence as any function defined on an ordinal. So, for

f:a— X, where a € ord, then

f=(@Wiea)={(,b)|ica be X and (i,b) € f}

Definition 1.13. Let A and B be any sets. A% = {f| f: B — A}.

Definition 1.14. Let f be a sequence. Then, we define the length of f as lth(f) = dom(f).

Notation 1.15. Suppose f is a sequence of length o € ord. Then, for any 8 < «, f | ( is

the sequence of length 3, such that for all x € 3, (f | 8)(x) = f(x).

Definition 1.16. 7' is a game tree on X if and only if 7" is a non-empty set of sequences,

and for all f € T there exists v € ord, where f:v7 —= X, and V' <~, f[+v €T.

Remark 1.17. We will refer to a game tree as a tree.

Definition 1.18. A tree T is non-trivial if and only if there exists f € T such that

dom(f) > 0. A tree T is trivial if T' = {(}}.

Definition 1.19. Let 7" be a tree. The body of T, denoted as [T7], is defined as f € [T7] if

and only if no proper extension of f is in 7" and:

1. If dom(f) ==, for v a limit ordinal, then Vo' <=, f [+ €T.

2. If dom(f) =+, for y a successor ordinal, then f € T

We say f is a path through T if f € [T].



Definition 1.20. A tree T is well-founded if for all f € [T], dom(f) < w.
Definition 1.21. If A is any set, P, (A) = {D C A | D is finite}.
Definition 1.22. fin(A?) ={r| 3 D € Pyn(B) and 7 : D — A}.

Remark 1.23. For any f € T if f* € Ppin(f), then dom(f*) € Pyin(dom(f)) and for all

v € dom(f?), f*(x) = f(x)
Definition 1.24. If d is any function, dom(d) C ord, ran(d) C X, and « € ord, then:
1. Shift right by « is defined as sg(d, ) = {(a + p,z) | (p,z) € d}.

2. Shift left by « is defined as sy (d, a) = {(p, x) |(a + p, z) € d}, where o <

such that v = min{ |\ € dom(d)}.

Definition 1.25. Let T be a tree. Then the Tree Topology on [T is the topology generated
by the following basis: If d : A — X and A C ord where |A| < w (i.e. d € fin(X*)), then

B, = {feT] f2d}.
Remark 1.26. This is a basis for a topology.

Fact 1.27. Let A C [T]. A is open in the Tree Topology if and only if

Ve AIf* € Pun(f)VgeT] (g2 ff = g€ A).

Definition 1.28. Let X, be a set with topology 7, and « € v, where « is any ordinal. The

Product Topology on HXO‘ is the topology generated by the basis

acy

{‘B = HYQ, where each Y, is open in 7, and finitely many Y,, # Xa}

acry



Remark 1.29. Let Tg denote the product topology on [T] x [S]. A basic open set in Tg is

B« B = {t e [T]| t Dt} x {s € [9]| s D s*} (where t* € fin(X*A) and s* € fin(YB)).
Notation 1.30. Let (a1, aq) € [T] x [S]. To simplify notation, we write a; x ay € [T] x [5].

Definition 1.31. Let ¢t € [T] and s € [S], where dom(t) = a and dom(s) = . Define the

concatenation r = t"s as:

t(i), if i € «
If i € a+ B, then z(i) =

s(j), fi=a+j, jep
Note that dom(t~s) = a + .

Remark 1.32. If 1 € a + 3, then 7 € a or there exists unique j € § such that i = a + j.

Definition 1.33.

feT, or
T«S=<q7Ff
Ja such that f [« € [T] and sy (f | [, dom(f)),a) € S

Remark 1.34. If we allowed for empty trees, then T S = T, where S = ().

Remark 1.35. If S is trivial (S = {0}), then T« S = T'U [T] and [T] = [T * S]. Further,

[T] and [T * S] have the same topology.

Remark 1.36. Let Tg denote the tree topology on [T .S]. We can express a basic open set

in T as B = {f e [T« S]| f 2 d}.



1.5 Preliminaries

We begin by proving the following lemmas. The first lemma describes that we can split
a path through a tree into two unique sequences, such that the concatenation of the two
sequences is the same as the original path. The second lemma shows that any path through
a concatenated tree can be split into two paths, one of which is a path through the first tree
and the other a path through the second tree. It is important to note that each of these

paths are also unique by Lemma 1.37.

Lemma 1.37. If f : v — X and o < 7, then there exist unique sequences fy and fy such

that f = f{ fo where dom(f;) = a.

Proof. Let f:v — X and a < .

If « = ~, then let f; = f and fo = (). Note that dom(f;) = a. Then, by definition
of concatenation f = f| fo. Also, note that f; and f, are unique, since f and ) are both
unique.

Assume o < v. Let fi = f | . Note that dom(f;) = a. Let fo = sL(f [ [a,’y),a).
Then, by definition of concatenation f = f fo.

To show that f; and f; are unique, consider a second concatenation, f = g; g2, where
dom(g1) = . So, g1 = f | a. Since f is a function, then f1(A\) = f(A) = ¢1(A) for all
A < a. Therefore, f; = g;. Since a < 7, there exists a unique § such that a + § = 7. By
definition of concatenation, if dom(f;) = «, then dom(f,) = (. Similarly, dom(g;) = a. So,
dom(gs) = . Hence, fo(n) = f(a+ p) = go(p) for all p such that p < B. Thus, fo = go.

We conclude that f; and f5 are unique. O]



Lemma 1.38. Assume T and S are non-trivial trees. Then f € [T x S| if and only if there

ezists a unique o < dom(f) such that f [ a € [T], and so sp(f | [o, dom(f)),a) € [S].
Remark 1.39. By Lemma 1.37 f [ a € [T] and s.(f [ [a, dom(f)),«) € [S] are unique.

Proof. (=) Assume f € [T x S].
Case 1: Let dom(f) = 7 for some limit ordinal . So, for all A <, f [ A € T'xS. Then,
f T A €T or there exists a < A such that f [ o € [T] and sp(f | [a, \), ) € S.

Suppose f [ A € T for all A\ < 7. By definition, f € [T, because «y is a limit ordinal.
Now, f € [T] and f € [T x S]. By Lemma 1.37, f = f{ fo where dom(f;) = . Since f; = f,
then fi € [T]. So, fo = 0 and dom(fy) = 0. Next, because f = f| fo € [T'* S| and f; € [T],
fo € S. So, for all h € S, dom(h) = 0 which implies S is a trivial tree. By assumption, S is
a non-trivial tree. Hence, there exists o < 7y such that for all A where o < A < v, [l a€elT]
and sp(f | [a,/):),a) €s.

Say f [ @ = fi. By Lemma 1.37, f = f{ fo, where dom(f;) = aand fo = s (f | [o,7), @).
Also, by Lemma 1.37, f; and f5 are unique. Last, since v — « is a limit ordinal,
sp(f I [a,7),a) € [S], by definition 1.19, as long as no proper extension of f5 is in S. Suppose
there is some proper extension of fy in S. Let go D fo in S. So, there exists g = f] g2. Since
f = fi{ f2 is unique and go D fo, g D f. But, f € [T« S]. Thus, no proper extension of f
exists. Hence, there is no proper extension of fo € S.

Case 2: Let dom(f) =  for some successor ordinal . By definition 1.19, f € T'x.S. Then,
f € T or there exists o« < y such that f [ « € [T] and sp(f | [a,7), ) € S. If f € T, then
f € [T], because 7 is a successor ordinal. Additionally, f € [T x S]. However, this would

imply that S is a trivial tree, as proven in Case 1. Hence, there exists a < v such that



flaelT])and si(f | [a,7), ) € S.

Say f [ @ = fi. By Lemma 1.37, f = f| fa, where dom(f;) = aand fo = s (f | [a,7), @).
Also, by Lemma 1.37, f; and f; are unique. Last, since v — « is a successor ordinal, then
sp(f 1 [o,7),a) € [S], by definition 1.19, as long as no proper extension of f; isin S. Suppose
there is some proper extension of f, in S. Let go D fo in S. So, there exists g = f] g2. Since
f = f{ f2 is unique and go D fo, g D f. But, f € [T % S]. Thus, no proper extension of f
exists. Hence, there is no proper extension of fo € S.

(<) Let f be a sequence such that f : v — X. Suppose there exists o < dom(f) =~
such that f [ a € [T] and s.(f | [a,7), ) € [5].

First, we wish to show that f has no proper extension in 7' S. Suppose not. Then, there
exists a sequence g, where ¢ O f. But, sp(f [ [, ), ) € [S]. So, sp(g | [o,dom(g)),a) & S,
because no proper extension of sy (f [ [a,7),a) isin S. Thus, g ¢ T * S.

Suppose A < a. Consider f [ A. Since f [ o« € [T], then f [ A€ T. Thus, f [ A €T« S.
Suppose a < A < . Consider f | A\. Since a < A, by Lemma 1.37, f [ A = f; fo where
dom(f1) = a. Then, by assumption f; € [T], since f; = f [ a. Next, fo = sp(f | [a, A), ).
If A = a, then f, = (. In either case, because A\ < ~y, then fy € S. Thus, f [ A€ T x S.

If 7 is a limit ordinal, then f € [T % S| and we are done.

Otherwise, let v be a successor ordinal. Consider f. Since a < 7, by Lemma 1.37,
f = f{ f2 where dom(f;) = . By assumption, we have f; € [T], because f; = f | a. Next,
fo=sc(f I [a,7), ) € [S]. Now, since A — « is successor and fo € [S], then f, € S. Thus,
feTxS. So, fe[Tx*S].

Last, we wish to show that « is unique. Suppose not. Then, there exist an f € [T x S|

and a < dom(f) such that f [ a € [T] and s.(f | [o,dom(f)), ) € [S]. Additionally, there

10



exists 8 < dom(f) such that f [ 8 € [T] and s(f | [5,dom(f)),B) € [S], where a # S.
Since o and  are ordinals, then either o < g or f < a.

Without loss of generality, assume that « < 5. Say f; = f [ a« and fo = f [ #. Since
a<pB, faD fi. Thus, fi=fo | a.
Case 1: Let 3 be a successor ordinal. Since f [ g € [T], f | f € T. Thus, f; has a proper
extension in 7', but f; € [T]. Contradiction.
Case 2: Let § be a limit ordinal. So, a+1 < . Since f [ 8 € [T], fo | (¢ +1) € T. Thus,
fo | (a+ 1) is a proper extension of f; in T, but f; € [T]. Contradiction.

In both cases, we get a contradiction. Therefore o = . So, « is unique. O

11



CHAPTER 2

THE CANONICAL FUNCTION
We begin this chapter with an example which shows that the product topology on the
trees T' = S = w<¥ is homeomorphic to the tree topology on the concatenated tree T * S.
This result shows that there are homeomorphisms that exist between the two topologies for

certain trees.

2.1 A Basic Homeomorphism

Theorem 2.1. Let T =S = w<¥. Then [T] x [S] = [T % 5].

Proof. Let T =5 = w=v.

Define f : [T] x [S] = [T x S]. Let a € [T] x [S] where a = a; X as, such that a; € [T
and ay € [S], then f(a) = aj as. We wish to show that f is a bijection.

In order to show that f is one-to-one, let @ = a; X ag,b = by X by € [T] x [S]. Assume
that f(a) = f(b). Then, by the definition of f, we have aj as = b bs, so that
(alas) [ w= (b]by) | w. Since ay € [T], a; has length w, so that (ajas2) [ w = a;. Similarly,
(b1by) | w = by. Since (ajaz) | w = (b1by) [ w, a; = by. Also, because ajas = bjbs,
(aias) | [w,w+w) = (b7'b2) | [w,w + w). Since as € [S], az has length w, so that
(alas) | |w,w + w) = sg(ag,w). Similarly, (b7b2) [ [w,w + w) = sgr(ba,w). So,

(alas) | [w,w+w) = (b7'b2) | [w,w + w) which implies sg(az,w) = sg(bs,w). Further,

12



sr(az,w) = Sgr(by,w) implies that as = by. So, a1 = by and ay = by. Thus, a; X ay = by X bs.
Consequently, a = b. Therefore, f is one-to-one.

Next, we show that f is onto. Let y € [T % S]. So, y = y; yo for some y; € [T] and
yo € [S] by Lemma 1.38. Next, z = y; X yo € [T] x [S], so f(x) = y; y» = y. Hence, for all
y € [T * S] there exists x € [T] x [S] such that f(z) =y. So, f is onto.

We conclude that f is a bijection.

Next, we show that f is continuous. Since f~! (UAZ> = Uf_l(Ai), it is enough to
show the pre-image of a basic open set is open. L;iIBLT*S} blzla basic open set in Tg.
So, BgT*S} = {t"s| t"s D d} where d = t* U sg(s*,w). Consider ffl(BLT*S]). Suppose
x € f‘l(BgT*S}). Then, f(x) € BC[ZT*S]. So, f(r) D d. Note that + = t x § for some
t € [T) and § € [S]. So, lth(f) = w. Since f(z) = t°§ D d, then f(z) | w = ¢ and
f(@) ] [w,w+w) = sp(3,w). Farther, d | w =t* and d | [w,w +w) = sp(s*,w). Thus, t D t*
and 5§ D s*.

Next, we find an open neighborhood in 7g containing x. Let

BBl = {te[T)|t Dt }x{s€[S]| s Ds*}. Sincex =tx5suchthatt D t* and 5 D s*,

S]

8*.

T € %E] X %&fl. Now, choose an arbitrary z € %E} x B, So, z =t x 5 for some £ D t*
and 8 D s*. Thus, f(z) = t°5. Since £ D t*, § D s*, and Ith(t) = w, t°5 D t* U sp(s*,w).
So, f(z) € B, Hence, z € (B so that B x B C f~1(BI*). Therefore, f is
continuous.

Last, we show that f is open. Since f(UAi> = Uf(AZ-), it is enough to show the image
of a basic open set is open. Let %,ET] X ‘B[j]ein Ts Wzlfére
BB = {1t [T]| t 2"} x {s € [5]| s D s*}. Now, we consider f(B) x BE]). Pick an
arbitrary y € f(%E] X %[S]). Then, y = f(y1 X y2) = y] y2 for some y; € %H} and y € SBL@.

s*
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So, y1 2 t* and y, 2O s*. Since lth(y;) = w, y 2 t* U sg(s*,w).

Next, we find an open neighborhood in 7Tg containing y. Consider
Bl = {ts € [T« S]| t°s D d}, where d = t* U sp(s*,w). Hence, y € B Next,
pick an arbitrary q € BgT*S]. So, ¢ 2 d. By Lemma 1.38, there exist unique ¢; and ¢
such that ¢ = ¢;'¢2 where ¢1 = ¢ | w € [T] and ¢ = s1(¢ | [w,w + w),w) € [S]. Next,
dlw=t"and s (d | [w,w+w),w) =s*. So, ¢ 2 t* and ¢o D s*. Let p € [T] x [S], where
p=qi X q. Thus, p e ‘B,[;r] X ‘B[j]. Further, f(p) = q. So, f(p) € f(‘BI[E] X ‘BE]). Therefore,
BLT*S] C f(‘Bg] X %Lf]). Thus, f is an open map.

We have shown that f: [T] x [S] — [T % S| is a bijection which is continuous and open.

Therefore [T'] x [S] = [T * S]. O

The function that is used in Theorem 2.1 is a natural choice. Throughout the rest of
this thesis, instead of finding any homeomorphism, we devote our studies to the use of this
natural function. We will refer to this function as the “Canonical Function.” Our next
step is to show that regardless of the two trees we use, the canonical function will produce

a bijection.

2.2 Results for the Canonical Function

Theorem 2.2. Let T and S be any non-trivial trees. Then there exists a bijection

f:T] x [S] = [T *S5], defined by f(a) = ajay for a =ay x ay € [T] x [S].

Proof. Let a € [T] x [S], where a = a; X ay such that a; € [T] and ay € [S]. Define
foT] > [S] = [T+ 5], by f(a) = ayaz.
We wish to show that f is one-to-one. Let a,b € [T x [S]. So, a = a1 X az and
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ax az
a; X as € [T] X [S]

[T x S|

aj as

ajas € [T * 5]

Figure 2.1: The path a; x ay € [T] x [S] and corresponding path ajas € [T % S].
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b = by X by for some a1,b; € [T] and as, by € [S]. Assume f(a) = f(b). By the definition
of f, f(a), f(b) € [T *S]. Since f(a) = ajay and f(b) = bjbe, ajas = by by. Suppose that
lth(a1) = «, for some ordinal «, and that {th(b;) = /3, for some ordinal 5. Since aq,b; € [T
and f(a) [ @ = a1, f(a) [ « € [T]. Similarly, f(b) [ 8 = b1. So, f(b) | f € [T]. By
assumption, f(a) = f(b). Thus, f(a) | 8 € [T]. However, by Lemma 1.38, there must be a
unique ordinal « such that f(a) [ a € [T]. We have f(a) [ « € [T] and f(a) | 8 € [T], where
« is unique, so o = . Hence, f(b) [ @ = b;. Thus, f(a) = f(b). So, f(a) | a = f(b) | «,
which implies a; = b;.

Since f(a) = f(b), then dom(f(a)) = dom(f(b)). Also, we have shown that a; = by,
where dom(a;) = « for some ordinal a. So, f(a) = ajay and f(a) = ajbs. However, by
Lemma 1.37, f(a) = a] ay is unique for dom(a;) = a. Hence, as = by.

Since a; = by and as = by, a1 X ag = by X by. Thus, a = b. Therefore, f is a one-to-one
function.

To show that f is onto, let y € [T * S]. By Lemma 1.38, y = y; y2 such that y; € [T
and y, € [S]. Now, suppose © = y; X yo. Then x € [T] x [S], because y; € [T] and y, € [5].
Thus, f(x) = y;y2 = y. So, [ is onto.

We have shown that f is one-to-one and onto. Therefore, f is a bijection. O

In order to show that two topological spaces are homeomorphic, we must show that there
exists a bijection between the two topological spaces that is both continuous and open. By
Theorem 2.2, we have shown that we always have a bijection between the product topology
and the tree topology. So, to prove a homeomorphism exists between [T] x [S] and [T * 5],

it is enough to show that for the given trees T and S, the canonical function is continuous
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and open.

Our next goal is to find conditions that imply the canonical function is continuous and
open. We have found sufficient conditions that prove the canonical function is continuous.
This result is stated in Lemma 2.3. Additionally, we have found necessary and sufficient

conditions that prove the canonical function is open. This result is stated in Lemma 2.9.

Lemma 2.3. Let T and S be any non-trivial trees. If for all p € [T] there exists d* € Pin(p)

such that for all q € %E}j, lth(q) = lth(p), then the canonical function is continuous.

Proof. Let T and S be any non-trivial trees. Assume for all p € [T] there exists d* € Py, (p)
such that for all ¢ € %5}, lth(q) = lth(p). Recall ‘ng = {t € [T]| t 2 d*}. Consider a
basic open set in Tg, say B([iT*S], where BEIT*S} ={y € [T * S]| y © d}. Consider f‘l(BgT*S}).
Suppose € f_l(BC[lT*S]). So, f(x) € BEZT*S}.

Next, we find an open neighborhood in 7g containing x. Note that z = p; x s for some
p1 € [T] and s € [S]. Suppose lth(p;) = « for some ordinal . Because f(x) € BLT*S],
f(z) = pi's 2 d. By Lemma 1.38, « is unique, since f(z) [ o = p; € [T]. Also,

s = SL (f(x) I [a,dom(f(x))),a) € [S]. By assumption, there exists d* € Py, (p1) such
that for all ¢, € B, Ith(q) = lth(p,). Define dy = (d | ) U d* and

dy = 3L<d i [a,dom(f(x))),a). So, d C dy U sg(ds, ). Then, p; O dy and s O dy. Thus,
‘B([iTl] X ‘BEZ] ={ue[T)|u2dd} x{velS]| v2dy} is aneighborhood of z. If d; = (), then
B« B = 1) x B 1f dy = 0, then B x B = 81 x [3).

Now, choose an arbitrary z € ‘Bg] X ‘BLZ]. So, z = z1 X z such that z; D dy and z5 O ds.
By assumption, since z; D dp, then z; D d*. So, z; € ‘ng. Hence, [th(z,) = lth(p) = .

Further, f(z) = 27 22. S0, 21 22 O dy U sg(da, ). Because d C dy U sg(da, @), f(2) 2 d. So,

17



f(z) € BC[ZT*S]. Thus, z € f_l(Bc[lT*S]). So, %EZ] X %z] - f‘l(B&T*S]). Since x was chosen
arbitrarily, we have shown for all z € f~1(BI*) there exists ‘Bg] X %[;z] € Tg such that

T € ‘Bg] X ‘Bg‘? - f‘l(B([iT*S]). Therefore, f is continuous. O

Remark 2.4. The converse of Lemma 2.3 does not hold. In the following example, we
provide a tree, T', that does not satisfy the conditions in Lemma 2.3; however, for a specific

tree, S, we see that the canonical function is continuous.

Figure 2.2: [T] defined in Example 2.5.

Example 2.5.

pew,  ifvYnew3Imew (m>n and p(m)#0) and p(w) =0
Let p € [T] iff

pE WY, ifIncwVmew (m>n = p(m) =0)

Let [S] = {0}*. Then, the canonical function is continuous.
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Remark 2.6. Let f be a sequence with ran(f) C w, then
(

Ith(f) < w, or

FeTif § ith(f) =wand Vn € w Im € w (m >n and f(m) £ 0), or

\ lth(f) =w+1and f(w) =0and Vn € w Im € w (m >n and (f [ w)(m) #0))
Proof. Let T and S be defined as above. First, note that for any ¢ € [T] with [th(t) = w,
for all d* € Pyin(t), there exists to € %5:] with [th(ty) = w + 1. See Figure 2.2. We wish to
show that for 7" and S, f : [T] x [S] — [T % S] is continuous.

Let BL[iT*S] = {t"s € [T xS]| t"s D d} be any basic open neighborhood of Tg. Suppose
T € f‘l(BLT*S]). So, f(x1) € BC[IT*S}. Then, f(z1) 2 d. Let x; = p x s € [T] x [S].
Case 1: Assume lth(p) = w + 1. By the definition of [T7], for all n € w there exists m € w
such that m > n and p(m) # 0 and p(w) = 0. Now, since p~s 2 d, define d; = d [ w+1 and
dy = s, (d I [w+1,w—|—w),w+1). So, p 2 dy and s D dy. Note that s = 0, so ran(dy) C {0}.
Since p(w) = 0, p 2 {(w,0)}. Let d* = d; U {(w,0)}. Note that either w € dom(d;) and
di(w) = 0, in which case {(w,0)} C dy, or w ¢ dom(d;) and d; C d*. So, %5:] X ‘BE}? is an
open neighborhood of x1. Suppose x5 € ‘B([}:] X %1[132] where x9 = ¢ X s, for some ¢ € ‘B([};]
and s € %g. Then, ¢ 2O d*. Since q(w) = 0, lth(q) = w+ 1. So, lth(q) = lth(p). Thus,
f(z2) = ¢~s 2 d*Usg(dy,w+1). Further, d; C d*, sod = diUsg(d2,w+1) C d*Usg(ds,w+1).
Hence, f(z5) D d. Therefore, f(z5) € B **). Thus, B! x ’B&i] c 1B,
Case 2: Assume [th(p) = w. So, by the definition of [T, there exists n € w for all
m € w such that m > n = p(m) = 0. Now, since p~s D d, define d; = d [ w and
dy = sL<d I w,w —i—w),w). So, p D dy and s D dy. Note that s = 0, so ran(dy) C {0}.

So, %&Tl} X %Ez] is an open neighborhood of x1. Suppose z, € ’Bg] X ‘BEZ] where x5 = ¢ X s.

Since q € %g], q D d.
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If lth(q) = w, then f(z3) = ¢"s 2 dy U sg(ds,w). Thus, f(z) 2 d. So, f(z2) € B&T*S].

Next, if lth(q) = w + 1, then ¢(w) = 0. Since ¢(w) = 0,
flx2) 2 dy U{(w,0)} Usg(da,w) = d. If w € dom(sg(dy,w)), then {(w,0)} C sg(ds,w). So,
d = d. Thus, d C d. Otherwise, w ¢ dom(sgr(ds,w)). So, d C d. Either way, since d C d,
f(z2) 2 d. So, f(z2) € BLT*S]. Therefore, ’Bz] X ’BEZ] C ffl(BgT*S]).

Using both cases, we have shown that for all x € f _I(BC[IT*S]) there exists %g] X %E €Ts
such that z € %&Tl} X ‘Bg} c (BN, Hence, f~1(B*) is open. Therefore, f is

continuous. O

Remark 2.7. If we define T, as in Example 2.5, and let S = w<%, then the canonical

function is not continuous.

Conjecture 2.8. Let T be any non-trivial tree. Assume for all non-trivial trees, S, the
canonical function is continuous. Then for all p € [T there exists d* € Prin(p) such that for

all g € B 1th(q) = Ith(p).

Lemma 2.9. Let T and S be any non-trivial trees. The canonical function is an open map
if and only if given any h, € ‘Bg] and hy € ’BEZ] there exists d such that hi hy € BC[IT*S] and

for all g = g1 g2 € B(ET*S} (where g1 € [T] and g2 € [S]), ¢1 € SBEZ} and go € %([Z].

Proof. Let T and S be any non-trivial trees.

(=) Assume that f is an open map. Recall %&TJ ={te[T]|t2>d} and
‘BEZ] = {s € [5]| s D ds}. Note that ‘BZ’] X %Ei] is a basic open set in Tg. Let hy € ‘Bg]
and hy € ‘BEISZ]. So, © = hy X hy € [T] x [S]. Then, f(z) = hihy € [T *xS]. Note that
f(z) € f(%([iTl} X %g]). Since f is open, there exists BC[lT*S} € T such that
f(z) € BC[lT*S} - f(’BEZ] X %LZ]), where BLT*S] ={t"s € [T+ S]| t°s D d}. Thus, there exists
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d such that f(z) = hihy € B C (B} x 85,

Suppose g € BLT*S]. So, g € f(%g} X %g). Then, there exists z € %EZ} X %EZ] such
that f(z) = g. Because z € %&Tﬂ X ‘BE{?, Z = g1 X g9, for some g; € %[[iTl] and for some
g2 € %g. Note that f(z) = g7 g2 = g. Last, g was arbitrary, so for all ¢ = g; g2 € BLT*S]
(where g1 € [T] and g € [S]), g1 € %EZ] and gy € %EZ].

(<) Let B = {t € [T]|t 2 d1} and B = {s € [S]| s 2 d»}. Assume for any h; € Bl
and hy € %i], there exists d such that hi hy € BLT*S], where BET*S} ={t"se[Tx*S]| t"s D d},
and for all g = ¢ g2 € BLT*S] (where g, € [T] and g5 € [S5]), ¢1 € ‘Bg] and go € ‘Bg]. Now,
‘BEZ] X ‘B([j‘z] is a basic open set in 7g. Consider f(%g] X ‘BEZ]). Let y € f(‘B([Z] X %g).
Then, there exists ¢ =t x 3, for some t € ‘BEZ] and for some 5 € ‘BEZ}, such that f(q) = v.
Then, f(q) = t°5 = y. Since t € ‘Bg] and § € %f, by assumption, there exists d such
that y = 75 € BLT*S}. Further, BLT*S] is an open neighborhood of y in Tg. Choose an
arbitrary z € BgT*S]. By Lemma 1.38, there exist unique z; and z5 such that z = 2] 2, where
z1 € [T] and z9 € [S]. Next, by assumption since z € BLT*S], 27 € ‘B([iTl] and zo € ‘BEISQ}. Let
x = 2z X z3. Note that x € [T] x [S]. So, f(x) = 2z 20 = z. Then, f(z) =z € f(‘Bg] X ‘Bg).
Therefore, BLT*S} cf (%5} X ‘B([f;]). Since y was chosen arbitrarily we have shown for all

Yy € f(‘Bg] X ‘B([fj) there exists BLT*S] € Tg such that y € B&T*S} - f(%([jTl] X ‘BEZ]). Hence,

f(%g X ‘Bg) is open. So, f is an open map. O

Below is a simple example to show the usefulness of Theorem 2.2, Lemma 2.3, and Lemma
2.9. In this example, we use a well-founded tree, that we call “R” throughout the rest of

this thesis. See Figure 2.3.
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Figure 2.3: Well-founded Tree R.

Example 2.10. Let T = w<* and R = {a € w=*| Vi < j <lth(a), a; > a;}. Then

T] % [R] = [T * R].

Proof. Let T'= w<¥ and R = {a € w<¥| Vi < j < lth(a), a; > a;}. Since T and R are
non-trivial trees, by Theorem 2.2, the canonical function is a bijection.

Next, we use Lemma 2.3 to show that f is continuous. Let p € [T]. Then, lth(p) = w.
Suppose p* € Prin(p). Let %E:] = {t € [T]| t 2 p*}. Now, suppose ¢ € %L’J. Then, ¢ € [T).
So, lth(q) = w. Hence, lth(q) = lth(p). Thus, for all ¢ € [T] there exists d* € Py;,(t) such
that for all ¢ € %g], lth(q) = lth(t). By Lemma 2.3, f is continuous.

Next, we use Lemma 2.9 to show that f is an open map. Let h; € Bg] and hy € B([fj.
So, hy 2 dy and hy O dy. Since hy € [T], dom(hy) = w. Let d = dy U sg(da,w). Let
x = hy X hy € [T]| X [R]. So, f(z) = h] hy. Since hy 2 dy and hy O ds, hihy 2 dy Usg(dy,w).
Therefore, hihy O d. Let BEIT*R] ={ye[TxR]|y2d}. So, hihy € BEIT*R}.

(TR

Now, suppose that g € B; ~". So, g € [T« R] and g O d. Since f is onto there exists

an s € [T] x [R] such that f(s) = g. Say s = g1 X g2, where g; € [T] and go € [R]. Thus,

22



f(s) =gy g2 = g. Since g; € [T], dom(g1) = w. Thus, g; = g [ w. Recall d = d; U sg(da,w).
So, di = d | w. Thus, g 2 dy. So, g1 € Bg]. Also, g0 = 3L<g I [w,dom(g)),w) and
dy = sp, (d I [w,dom(g)),w). Thus, g 2 dy. So, gs € Bc[l};]' By Lemma 2.9, f is open.

We have shown that f is a bijection which is continuous and open. Therefore,

T] % [R] = [T % R]. O
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CHAPTER 3

EXAMPLES OF HOMEOMORPHISMS
In this chapter, we use the results from Chapter 2 to show that a homeomorphism exists
between Tg and Tg for trees that are defined in a more general manner. In fact, as shown in
Theorem 3.1, we can show that the existence of a homeomorphism sometimes only depends

on the first tree. The second tree can be any non-trivial tree.

3.1 T has uniform length
Theorem 3.1. Let T be any non-trivial tree such that there exists v € ord, for all

p € [T], dom(p) =, and let S be any non-trivial tree. Then [T] x [S] = [T * S].

Proof. Let T be any non-trivial tree such that 3 € ord, ¥V p € [T], dom(p) = v and let S
be any nontrivial tree. By Theorem 2.2, the canonical function is a bijection.

We wish to show that f is continuous, using Lemma 2.3. Consider p; € [T]. Then,
lth(p1) = 7. Suppose p; 2 p* for some p* € Prin(p1). Let %El] ={t € [T]| t 2 p*}. Now,
suppose ¢; € SB]E]. Then, ¢; € [T]. So, lth(q:) = . Hence, lth(q) = lth(p;). Thus, for all
p € [T] there exists d* € Py (p) such that for all ¢ € %f}j], lth(q) = lth(p). So, by Lemma
2.3, f is continuous.

Next, we wish to show that f is an open map, using Lemma 2.9. Recall

‘Bg] ={te[T]|tDd} and ‘Bg ={s € [9]] s Ddo}. Let hy € ‘Bg] and hy € ‘Bg. Since
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hy € %EZ], hy € [T]. So, dom(hy) = v = lth(hy). Consider x = hy X hy € [T] x [S]. Then,
f(z) = hihy € [T % S]. Since hy 2 dy, hy D ds, and lth(hy) = =y, then hihs O di U sg(ds, 7).
Define d = dy U sg(day, ). Let BgT*S} ={t"se[T*S5]|t"s Dd}, so f(x) = hlhs € BEIT*S].
Since h; and hs are arbitrary, for any h; € ‘BEZ] and he € %g there exists d such that
F(x) = B hy € BIS1,

Suppose g € BLT*S]. Then, g € [T % S] and g O d. By Lemma 1.38, there exist unique ¢
and g such that g = g; go, where gy = g [ v € [T] and g2 = s, (g I [v,dom(g)),v) € [9].
Next, d [ v =d; and dy = s, (d I [%dom(g)),v). So, g1 2 dy and go O dy. Thus, g; € ‘BEZ]
and gy € %EZ]. Last, g was arbitrary, so for all g = g7 g2 € BLT*S] (where ¢; € [T] and
g2 €19)), g1 € ’Bg‘? and g9 € %gl. So, by Lemma 2.9, f is an open map.

We have shown that f : [T] x [S] — [T % S] is a bijection which is continuous and open.

Therefore, [T] x [S] 2= [T * S]. O

In Theorem 3.1 above, we were able to prove a homeomorphism exists between the two
topological spaces if the paths through the first tree 7" have the same length. As stated
before, the second tree can be any non-trivial tree S. After proving this result, we wish to
find examples of trees which have varying path lengths to use as our first tree. For our next

example, we use the same well-founded tree R that was used in Example 2.10.

3.2 Interesting Examples
Example 3.2. Let R = {a € w<| Vi < j < lth(a), a; > a;} and let S be any non-trivial

tree. Then [R] x [S] = [R * S].
Proof. Since R and S are non-trivial trees, by Theorem 2.2, the canonical function is a
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bijection.

Next, we use Lemma 2.3 to show that f is continuous. Let p € [R]. Then, there is a
k € w such that p(k) = 0. By definition of R, lth(p) = k + 1. Consider p* = {(k,0)}, where
p* € Prin(p). So, BZ[,IE] = {r € [R]| r 2 p*}. Suppose ¢ € Bgf]. So, ¢ 2 p*. Then, q(k) = 0.
Again, by definition of R, lth(q) = k + 1. Therefore, l[th(p) = [th(q). Thus, for all r € [R]
there exists d* € Py, (r) such that for all 7 € Bgf], lth(t) = lth(r). So, by Lemma 2.3, f is
continuous.

Last, we use Lemma 2.9 to show that f is open. Let hy € Bgf] and hs € Bz]. So, h1 O d;
and hy O dy. Since hy € [R], hi(k) = 0 for some k € w. So, dom(hy) = k + 1. Because
dom(hy) is finite, hy € Pyin(h1). Define d = hy U sg(da, k + 1). Since hy 2 dy, d O dy. Let
x = hy xXhy € [R]X[S], so f(x) = hi hy. Since hy D hy and hy D dy, hihy D hiUsg(dy, k+1).
So, hihy D d. Let B = {y € [R+ S]| y D d}. So, hihy € B

Now, suppose that g € BLR*S]. So, g € [R* S] and g O d. Further, ¢ O hy. Thus,
g(k) = 0. Recall hy € [R] with dom(hy) = k+ 1. So, hi(n) # 0 for all n < k. Hence,
g(n) # 0 for all n < k. By Lemma 1.38, there exist unique g; and g, such that g = g; g,
where g | (k+1) = g € [R] and 5L<g | [k + 1,dom(g)). k + 1) = g, €[] Recall
d = hyUsp(da,k +1). So, d | (k+1) = hy. Thus, ¢i 2 hi. So, ¢ € By). Also,
S, <d i [k + 1,d0m(g)),k + 1) = dy. Thus, g5 O ds. So, g5 € Bg. Therefore, by Lemma
2.9, f is an open map.

We have shown that f is a bijection which is continuous and open. Therefore,

(R] x [S] = [R * S. O

In the next example, we define a tree which has varying path lengths. In this case, we
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want a tree that has paths that are of length w or greater. To construct this tree, the domain

of each path is based on the move in the first position, and defined by w - (£(0) + 1). This
yields paths that have lengths which are multiples of w. See Figure 3.1.

Figure 3.1: [T] ={t | dom(t) =w -k, k =t(0) + 1, ran(t) C w}

Example 3.3. Let [T] = {t | dom(t) = w -k, k = t(0) + 1, ran(t) C w}. Let S be any
non-trivial trivial tree. Then [T'] x [S] = [T S].
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Proof. Since T" and S are non-trivial trees, by Theorem 2.2, the canonical function is a
bijection.

Next, we use Lemma 2.3 to show that f is continuous. Let p € [T]. Then p(0) = n,
for some n € w. Consider p* = {(0,n)}, where p* € Pp;(p). So, B][;f} ={te[T]|t 2p}.
Suppose q € BIE]. So, ¢ 2 p*. Then, ¢(0) = n. So, ¢(0) +1 = n+ 1 = k. Hence,
dom(q) = w - k = lth(p) = lth(q). Therefore, for all ¢ € [T] there exists d* € Py, (t) such
that for all £ € Bg], Ith(t) = Ith(t). So, by Lemma 2.3 f is continuous.

Last, we use Lemma 2.9 to show that f is open. Let h; € BC[Z} and hy € Bg]. So, hy D d;
and he O dy. Also, hy(0) = n for some n € w. Next, h1(0) +1=n+1= k. Since hy € [T],
dom(hy) = w -k = lth(hy). Let d = {(0,n)} Ud; U sg(ds,w - k). Because hy 2 {(0,n)} and
hy 2 dy, either d1(0) = n or 0 ¢ dom(dy). Let © = hy x hy € [T] x [S]. So, f(x) = h] hs.
Since hy 2 {(0,n)} Udy and he D dg, hihe 2 {(0,n)} Udy Usg(da,w - k). So, hihy O d. Let
B = {y € [T 8] y D d}. So, hyhy € B,

Now, suppose that g € BEIT*S]. So, g € [T« S] and g O d. Since f is onto there exists an
r € [T] x [S] such that f(r) =g. Say r = g1 X g2, where ¢g; € [T] and g € [S]. Thus,

f(r) = ¢7g2 = g. Next, since g 2 d, g(0) = n. So, ¢1(0) = n. Thus, dom(g1) = w - k.
Therefore, g | (w-k) = g1. Recall d = {(0,n)} UdyUsg(da,w-k),sod | (w-k) ={(0,n)}Ud,.
Thus, g1 2 {(0,n)} Ud;. So, g1 2 dy. Therefore, g; € B([Z]. Also,

St <g i [w . k,dom(g)),w . k:) = ¢ and SL(d | [w . k,dom(g)),w . k) = dy. Thus, g D do,
because g O d. So, gs € Bg]. Therefore, by Lemma 2.9, f is open.

Therefore, [T] x [S] = [T * S5]. O

Prior to the example below, all of the trees we have used either have paths which are
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limit length or finite length. In the following example, we define a tree T" where paths have
two possible lengths: limit length w or successor length w + 1. In this tree, notice that each
path’s length is determined by the path restricted to w being in a clopen set, or by being in

the clopen complement.

Figure 3.2: [T] defined in Example 3.4.

pew dfplweA
Example 3.4. Let p € [T] iff ;

pEw”, if p € A°

where A C w* is any (fized) clopen set. Let S be any non-trivial trivial tree. Then

T] % [S] 2 [T # 5.

Proof. First, note that because A is a clopen set, A® is a clopen set. Since 7' and S are
non-trivial trees, by Theorem 2.2, the canonical function is a bijection.

Next, we use Lemma 2.3 to show that f is continuous. Let p € [T].
Case 1: Assume that p [ w € A. Then, Ith(p) = w + 1. So, for some k € w, p(w) = k. Let
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d* = {(w,k)} € Prin(p). Suppose that ¢ € ‘ng. Then, ¢ D d*. Thus, Ith(q) = w+ 1. Hence,
Ith(q) = lth(p).
Case 2: Assume that p | w € A®. Then, Ith(p) = w and p = p | w. Since AY is open, A
can be written as a countable union of basic open sets. Say A¢ = U‘BET]. Since p € A°,
there exists n € w such that p € Bl Recall, by definition of a ba;i: open set in the tree
topology, B = {t € [T||t 2 &} where d} € fin(w”). Thus, p O d). Now, suppose
g € B, Then, ¢ | w € AC. So, Ith(q) = w. Hence, Ith(q) = Ith(p).

In both cases, we have met the conditions of Lemma 2.3. Thus, f is continuous.

Next, we use Lemma 2.9 to show that f is an open map.
Case 1: Let hy | w € A. Then, for some n € w, hy € BY = {t € [T]|t © d} where
d € fin(w*th). So, hy 2 d. Let hy € BY). So, hy D dy. Since hy | w € A, dom(hy) = w+1.
Define d = dX Usg(dy,w+1). Suppose & = hy X hy € [T| x [S]. Then, f(x) = hihy € [T *S].
Since hy D df, he O do, and lth(hy) = w + 1, we have h] hy O d. Recall
BT — {t~s € [T % S]] t"s D d}. So, f(z) = h{hy € BI). Next, suppose g € B,
Then, g € [T *S] and g O d. By Lemma 1.38, there exist unique g; and gy such that
g = 9192, where gy =g Jw+ 1€ [T] and g, = 5L<g I [w—i— 1,d0m(g)),w+ 1> € [9]. Next,
dlwt1=d and dy = 5L<d | w+ 1, dom(g)),w + 1). So, g1 D d% and gs D ds. Thus,
g1 € 93LT] and g, € %Ei].
Case 2: Let hy € AC. Then, for some n € w, h; € BY = {t € [T]|t © d} where
dr € fin(w*). So, hy D df. Let hy € %g. So, hy D dy. Since hy € AY, dom(hy) = w.
Define d = d;Usg(dy,w). Suppose & = hyxhy € [T]|x[S]. Then, f(z) = hihs € [T*S]. Since
hy D df, hy D dy, and Ith(hy) = w, we have kT hy D d. Let BY ™1 = {t~s € [T % S]| t"s D d}.
So, f(x) = hihy € BEIT*S}. Next, suppose g € BLT*S]. Then, g € [T * S| and g O d. By
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Lemma 1.38, there exist unique g; and g, such that g = g7 g2, where g = g [ w € [T] and
g2 = S, (g I [w,dom(g)),w) € [S]. Next, df =d [ wand dy = s, <d I [w,dom(g)),w). So,
g1 2 d and g, D dy. Thus, g € Bl and g, € Bl

In both cases, we have met the conditions of Lemma 2.9. Hence, f is an open map.

We have shown that f : [T] x [S] — [T S] is a bijection which is continuous and open.

Therefore, [T] x [S] = [T * S]. O
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CHAPTER 4

COUNTEREXAMPLES
In this chapter, we show that the canonical function does not always produce a
homeomorphism. In both of the counterexamples below, the canonical function is not
continuous and not open. In both of these counterexamples, we use a construction for the
first tree that is similar to the construction of the first tree used in Example 3.4. However,

path lengths of the first tree in our counterexamples are defined by sets that are not clopen.

Theorem 4.1. There exist trees for which the canonical function is not a homeomorphism.

Proof. See counterexamples below. O

Figure 4.1: [T'] defined in Counterexample 4.2.
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Counterexample 4.2. This is an example of a tree, T', that has lengths of paths defined
by sets that are both not open and not closed. In this case, the canonical function is not
continuous and not open.

First define the tree T.

pewt  ifVYnewImew (m>n and p(m) #0)
Let p € [T iff

D E W, ifnewVmew (m>n = p(m) =0)

Let [S] = w¥.

Proof. Let T and S be defined as above. Suppose BLT*S} ={p qe[T«S]|pq2d} € Te,
where d = {(w,0)}. We show f~1(B7")) is not an open set. Let p = 0 and ¢ = 0.
Then, let x = p x ¢ € [T] x [S]. So, lth(p) = w. Thus, f(z) = p~q = 0. So, f(z) D d.
Hence, f(z) € B Thus, z € f~1(BI*). Let p* € Pyin(p) and ¢* € Pjinl(q). Consider
%1[,7:] X %[ﬁ], where %gj = {t € [T]|t 2 p*} and ‘B,[ﬁ] ={s e [S9]]s D ¢} %1[,7:] X %[q‘?:] is an
arbitrary basic open neighborhood in 7g containing x. We show %L@ X %Eﬁ] < f _I(BC[IT*S]).

Consider z € ‘BE:] X ‘B([ﬁ]. Let z = p x ¢ such that § = ¢ and p = p{py{1}. Define
p1 = 0, so that p; D p* and py = (ﬁ So, p € [T] and [th(p) = w + 1. Note p(w) = 1. So,
f(z) = 5°G 2 d. Thus, f(2) ¢ B So, BI x 8l ¢ 1B Since BT x B i
arbitrary, f *1(B£lT*S}) is not open. Therefore, f is not continuous.

Suppose [T] x B = 7] x {q € [5]] ¢ 2 2} € Tg, where co = {(0,0)}. We show
fT] x ‘Bg}) is not an open set. Suppose p = 0 and ¢ = {0}"1. Let = = p x g € [T] x [S].
Hence, lth(p) = w. Also, ¢ D ¢y, because ¢(0) = 0. So, x € [T] x B Then,

f(x) =p~q € f([T] x %[{Z]). Let p* € Pjin(p). Consider B+l = {t"s e [TxS]|t"s D c},
where ¢ D p* U sg(cg,w). Since p D p*, ¢ 2 ¢o, and lth(p) = w, then f(x) D ¢. Thus, Bl

is an arbitrary basic open neighborhood in Tg containing f(z).
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T*S]

Now, consider v € BY**!. Let v = 5°¢. Define § = 1. Further, let p = p1ps {0}, where

p1 = 0 so that p; D p* and p, = (ﬁ So, p € [T] and lth(p) = w + 1. Because p O p* and
p(w) =0, v D ¢. However, consider f~'(v) = p x §. Since § =1, § 2 ¢5. So, § ¢ B.,. Thus,
v ¢ f(IT] x BEY. So, BT ¢ f(1T] x BY). Since B is arbitrary, f([T] x BE)) is not

open. Therefore, f is not an open map. O

Figure 4.2: [T] defined in Counterexample 4.3.

Counterexample 4.3. This is an example of a tree, T, that has two possible path lengths.
If the sequence has length w + 1, then the sequence restricted to w is in the open set A
(defined below). If the sequence has length w, then the sequence is not in A. Instead, the
sequence s in the complement of A which is closed. In this case, the canonical function,
f [T x [S] = [T * 5] is not continuous and not open.

Let A C w”, where A = UO" such that O,, = {t € w*| t(n) = n}.

new

pewt, ifplweA
Let p € [T] iff

pE WY, ifpg A
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Let [S] = w”.

Proof. Let T and S be defined as above. Suppose BEIT*S} ={p qe[T«*S]|pqg2d} € Te,
where d = {(w, 0)}. We wish to find an element of f‘l(BLIT*S]). Let p = {1}~0 and ¢ = 0. So,
p(0) =1 and for all m € w, p(m +1) =0. Thus, p | w ¢ A. So, lth(p) = w. Let z = p X q.
Note that f(z) = p~q = {1}°0, so f(z) D d. Hence, f(z) € BLT*S]. Thus, = € fﬁl(BL[iT*S}).
Let p* € Prin(p) and ¢* € Prin(q). Consider %LT*] X ‘Bt[ﬁ], where %g{] = {t € [T]|t 2 p*}
and %([ﬁ] = {s e [9]|s 2 ¢*}. So, ‘Bg] X ‘Bg‘il is an arbitrary basic open neighborhood in g
containing x.

Since p* is a finite set, there exists k € w, k # 0 such that k ¢ dom(p*). Now, consider
2 = p x q where p = {1}°0"{k}"0~{1}. So, p(k) = k. Thus, p € A. So, Ith(p) = w + 1.
Notice for all 5 € dom(p*), j > 0, p(j) = 0 and p(0) = 1 = p(0). So, p D p*. Hence,
2 e B x 8L However, since Ith(p) = w + 1 and p = {1}°0~{k}~0"{1}, f(w) = 1. So,
f(z) =p~q 2 d. Thus, f(z) ¢ BEZT*S]. So, %][D:C] X %Eﬁ} ¢ fﬁl(BgT*S]). Since %}[71;] X %[jﬂ is
arbitrary, f _I(BC[IT*S]) is not open. Therefore, f is not continuous.

Suppose [T] x B = [T] x {q € [5]] ¢ 2 2} € Tg, where c; = {(0,0)}. We wish to find
an element of f([7] x BL). Suppose p = {1}"0 and g = {0}"1. So, p € [T] and ¢ € [S]. Let
x = pxgq. Since p(0) =1 and for all m € w, p(m—+1) =0, then p ¢ A. So, Ith(p) = w. Next,
q 2 ¢o, because ¢(0) = 0. So, z € [T]x%gl. Hence, f(z) =p~q € f([T]X%[cg]). Next, we find
an open neighborhood of f(z). Let p* € P (p). Consider Bl = {t~se[TxS]|t"s D¢},
where ¢ D p* U sg(cg,w). Since p D p*, ¢ D ¢o, and lth(p) = w, then f(x) D ¢. Thus, Bl
is an arbitrary basic open neighborhood in Tg containing f(z).

Since p* is a finite set, there exists k € w, k # 0 such that £ ¢ dom(p*). Define
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p = {1}°07{k}"0. So, p(k) = k. Thus, p € A. So, lth(p) = w + 1. Define § = 1. Let

v = p~q. Notice for all j € dom(p*), 7 > 0, p(j) = 0 and p(0) = 1 = p(0). So, p 2 p*.
Because p 2 p* and p(w) = 0, v 2 ¢. Therefore, v € B! However, f~Yv) = p x ¢. Since
G=1,G2 cs. So,G¢ B Thus, v ¢ f([T] x BS). So, BV ¢ f([T] x BY). Since B!

is arbitrary, f([T] x %L?) is not open. Therefore, f is not an open map. H
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CHAPTER 5

CONCLUSION

In this thesis we provided some basic results as to how the product topology on two trees
behaves in comparison to the tree topology for longer trees.

In Chapter 2, we were able to show that the canonical function is always a bijection
between the product topology of two trees and the tree topology of the long concatenated
tree. We were also able to state results that more easily allow us to prove a homeomorphism
exists between the two topological spaces, the product topology for [T] x [S] and the tree
topology for [T" x S], given trees 7" and S. We explored conditions that we must require
of the trees T and S to guarantee that the canonical function produces a homeomorphism.
We gave sufficient conditions to show that the canonical function is a continuous map.
Additionally, we gave a conjecture that states that if the canonical function is continuous for
all non-trivial trees S, then T satisfies the condition that every path in [T is contained in an
open neighborhood such that all paths in that neighborhood have the same length. We were
successful in finding necessary and sufficient conditions for 7' to prove that the canonical
function is open.

In Chapter 3, we used our proven lemmas to present several examples of trees T" and
S for which the canonical function is a homeomorphism. Lastly, in Chapter 4 we gave
counterexamples that show the canonical function does not always produce a homeomorphism.

In our counterexamples, we show that the canonical function is both not continuous and not
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open.

The original purpose of this study was to show that for some trees 7" and S, the two
topological spaces are homeomorphic, and to find trees T" and .S for which the two topological
spaces are not homeomorphic. We were able to complete our first goal. However, we were
only able to prove that the canonical function is not a homeomorphism for certain trees T
and S. This does not prove that there is not a homeomorphism between the two topological
spaces for those given trees. Future work may include finding other functions which produce
a homeomorphism for these more complicated trees, or it may be possible to show that no

such function exists.
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RESULTS

Lemma 1.37: If f : v — X and a < ~, then there exist unique sequences f; and fy such
that f = f{ fo where dom(f1) = a.

Lemma 1.38: Assume 7" and S are non-trivial trees. Then f € [T % S| if and only if there
exists a unique o < dom(f) such that f | a € [T] and so s.(f | [o,dom(f)),a) € [S].
Theorem 2.1: Let T'= S = w<¥. Then [T] x [S] = [T x 5].

Theorem 2.2: Let 7" and S be any non-trivial trees. Then there exists a bijection

f:[T) x [S] = [T % S], defined by f(a) = aj as, for a = ay x ag € [T] x [5].

Lemma 2.3: Let T and S be any non-trivial trees. If for all p € [T there exists d* € Pyin(p)
such that for all g € %L}l Ith(q) = lth(p), then the canonical function is continuous.
Lemma 2.9: Let T and S be any non-trivial trees. The canonical function is an open map
if and only if given any h; € %E} and hy € ‘BEZ] there exists d such that hl hy € BC[lT*S} and
for all g = g7 g2 € BLT*S} (where ¢; € [T] and g € [5]), 51 € ’BEZ] and g, € ’BEZ].

Theorem 3.1: Let T be any non-trivial tree such that there exists v € ord, for all

p € [T], dom(p) =, and let S be any non-trivial tree. Then [T] x [S] = [T * S].

Theorem 4.1: There exist trees for which the canonical function is not a homeomorphism.
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