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Abstract

POSITIVE SOLUTIONS TO SEMILINEAR ELLIPTIC EQUATIONS WITH
LOGISTIC-TYPE NONLINEARITIES AND HARVESTING
IN EXTERIOR DOMAINS
by
Eric Jameson

Dr. Hossein Tehrani, Examination Committee Chair
Professor of Mathematical Sciences
University of Nevada, Las Vegas, USA

Existing results provide the existence of positive solutions to a class of semilinear elliptic PDEs
with logistic-type nonlinearities and harvesting terms both in RY and in bounded domains U ¢ RV
with N > 3, when the carrying capacity of the environment is not constant. We consider these
same equations in the exterior domain €2, defined as the complement of the closed unit ball in R,
N > 3, now with a Dirichlet boundary condition. We first show that the existing techniques for
solving these equations in the whole space RY can be applied to the exterior domain with some
modifications. Then, as a second approach, we use the Kelvin transform to move the equation
inside the unit ball, solve it there, using the techniques for bounded domains, and then re-apply the
Kelvin transform to obtain a solution to the original equation. We are then confronted with the
natural question of whether the two different approaches provide a multiplicity result for positive
solutions in our exterior domain. As part of this work we prove a uniqueness result under further
assumptions on the data. Finally, we briefly show that the Kelvin transform method can also be
applied to the case of N = 2 with some slight adjustments, and that the solution obtained in this

case also satisfies a similar uniqueness property.
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Chapter 1

Introduction and Background

In this thesis we study the existence and uniqueness of positive solutions to the problem

—Au = Aa(x)u — b(z)g(u) — ch(z), =€,
(1.1)
u =0, x € 08,

where Q = RV \ B(0, 1) is the complement of the closed unit ball in R"Y. We will consider the cases
N > 3 and N = 2 separately, and take note of the key differences therein. Both the functions a, b, h
and the parameters A, ¢ are nonnegative, and we impose additional assumptions on these functions
and parameters in each of our different approaches, that will be stated as they are needed.

This problem can be thought of as the steady state of the reaction-diffusion equation

4 _ Aut Aala)u - b(e)g(u) - ch(x), @€,

ot
u(z,0) = up(x), x € ),
u(z,t) =0, (x,t) € O x [0, 00).

In this sense, we can interpret this equation as the evolution equation arising from the population
biology of one species, with the function u representing the population density of the species.

Throughout, we assume that

lim @ =0 and lim 9(s) = o0,

s—0 S s—00 8§

so that the nonlinearity Aa(x)u — b(x)g(u) represents a so-called logistic-type growth condition.
The coefficient functions a(x) and b(x) depend on the spatial variable, indicating variable linear
growth and competition rates in the environment. The function h(zx) is interpreted as the harvesting
distribution, and ch(x) is the harvesting rate. Such equations have been used to model fishery or

hunting management problems, see [17] for further historical background and references. Intuitively,



survival of a species, i.e. existence of a positive solution, is only expected for small values of c.
With the presence of the harvesting term, the right-hand side of the equation is negative at u = 0,
and therefore the problem belongs to the class of so-called semi-positone problems (see [8]). This
prevents a direct application of the maximum principle.

The main inspiration for our work here is [14]. There the authors consider problem (1.1) in RY,
as well as bounded domains U C R¥ for N > 3. The approach presented in [14] is to relate the

equation (1.1) to an auxiliary equation of the form

A= )\a(x)u[l - k<£d1(;)>] —chiz), z€, (1.2)
w0, r € 09,

where the term b(x)g(u) is replaced by a(x) multiplied by a power of u (see Section 2.2).

We have also benefited from the works of [5] and [9], in which the authors employ a variational
approach, again working in the whole space RV, n > 3. Equation (1.1) was also considered by Du
and Ma in [10] and [11] for g(u) = uP in the absence of the harvesting term.

The main reason for our choice of the exterior domain €2 is to make use of results related to
the Kelvin transform presented in [4] for the case N = 2. There the authors show that there is
a one-to-one correspondence between solutions of our problem in the exterior domain {2 and the
solutions of the associated transformed problem in the bounded domain B. We will extend this idea
to the case of N > 3 in Section 1.3 below.

In order to prove a relevant uniqueness result for the solution we obtain, we make use of the
work [19], where under certain stronger assumptions, the authors prove that equation (1.1) (with
g(u) = u? and in a bounded domain U) has a unique positive solution in the absence of harvesting,

i.e. when ¢ =0.

1.1 Outline

In the remainder of Chapter 1, we present some background material which will be used throughout

our work here and also extend some of the results of [4] to the case of N > 3. We show the



relationship between solutions of exterior domain problems such as (1.1) and a transformed problem
in the bounded domain B for N > 3 in Lemma 1.10. We additionally show that the Kelvin transform
is a still an order-preserving, isometric isomorphism between H}(B) and DM?(Q) in this case (cf.
Theorem 1.11). Finally, we derive the Green’s functions for B and € for both N =2 and N > 3 in
Section 1.4 for later use.

In Chapter 2, we show that the technique applied in [14] to show the existence of positive
solutions to (1.1) in the whole space RV, N > 3 can be adapted to our case to show existence of
positive solutions in the exterior domain € (still in the case of N > 3). This method will be referred
to as the direct approach. Using the assumptions presented in Section 2.1, we first relate (1.1) to
the auxiliary problem (1.2), and find a positive weak solution to this auxiliary problem via a basic
minimization argument. Then, on a set bounded below by the weak solution to (1.2), we minimize
the corresponding functional to (1.1) to obtain what we show is a positive weak solution to (1.1).
This result is summarized in Theorem 2.7.

In Chapter 3, we show the existence of positive solutions to (1.1) for N > 3 using what we call
the Kelvin transform approach. In this approach, we first transform (1.1) to the unit ball B, making
use of Lemma 1.10. Then, using the technique outlined in [14] for bounded domains (which requires
slightly different assumptions on the data), we find a positive weak solution to the transformed
equation in the ball. By Lemma 1.10, the Kelvin transform of this solution is then a positive weak
solution to (1.1). This result is summarized in Theorem 3.6.

The dual nature of our approaches to solve (1.1) for the case of N > 3 raises the question
of whether the two solutions obtained through the direct approach of Chapter 2 and the Kelvin
transform approach of Chapter 3 are in fact the same. To answer this question, in Chapter 4, we
define the notion of a stable solution and show, using existing results (cf. [10, 11, 19, 20]), that the
transformed equation in the ball has a unique positive stable solution under some slightly stronger
assumptions on the data. We then show that the Kelvin transforms of both the solutions obtained
in Chapters 2 and 3 are indeed stable in the ball. In this way, if we have a set of assumptions
on the data satisfying the requirements for the direct approach as well as the Kelvin approach

simultaneously, then the two solutions coincide. This result is summarized in Theorem 4.11.



In a short Chapter 5, we consider the same equation (1.1) now in the case of N = 2. Although
the direct approach is not suitable in R?, we show that the Kelvin transform approach can in fact
be applied with minimal changes. The existence of a positive solution is summarized in Theorem
5.2. We then prove stability in the same way as in Chapter 4, showing under some slightly stronger
assumption on the data that the Kelvin transform of the solution given in Theorem 5.2 is the unique
positive stable solution of the transformed equation in the ball.

Finally, in Chapter 6, we give some concluding remarks and possible opportunities for future
work in this area. Specifically, some further applications of the Kelvin transform approach are
discussed, as well as other types of equations and some possible difficulties in dealing with those

equations.

1.2 Notation and Basic Results

We start by defining the spaces we will be working in throughout this thesis, in the whole space RY,
the unit ball B := B(0,1) and the exterior domain Q := RY \ B. Let C§°(U) denote the set of all
infinitely differentiable functions with compact support in the domain U, for any U € RY. For any

1 < p < oo, we use the notation W*P(U) to indicate the usual Sobolev space, i.e.
WHEP(U) := {u € LP(U) : D*u € LP(U) for all |a| < k}

where « is a multiindex, and the derivative D%u is understood weakly. We additionally define
Wé’p(U) as the closure of C5°(U) in W*P(U). In the case p = 2, we use the notation H*(U) (or
HE(U)) instead. DIP(U) is the Beppo-Levi space, defined as the completion of C§°(U) with respect

to the norm
e

Some key inequalities related to Sobolev embeddings and basic results in the theory of elliptic
partial differential equations are also recorded here for later reference. The first of these is the

so-called Hardy Inequality. Proofs of the following results may be found in the listed references.

Lemma 1.1 (Hardy Inequality (cf. [2, 15])). Let N > 3, and assume 1 < p < N. Then, if



(ii)/ [ul” dz < P P/ |VulP do, and
Ry (2P T AN =p/ Jry ’

(iii) The above constant is optimal.

In this thesis, we will be particularly interested in the case of p = 2, for which we have

u? 2 2 9
——de < [ ——— d
/RN a]? ””—<N—2> /RN'V“' v

for all w € HY(RY).
Since we will often be working in the bounded domain B, we also use a version of the Hardy

inequality shown to hold for arbitary convex domains in RY, N > 1 (cf. [16]):

Lemma 1.2 (Hardy Inequality for Bounded Domains (cf. [3, 16])). Let U be a convex domain in

RN, N > 1 with smooth boundary. Assume 1 < p < oo, then if u € Wol’p(U),

O St a0 ©

(ii) /|u|pdx< P P/ |VulP dz, and
v |dist(z, 0U)P — — \p—-1/ Jy ’

(iii) This constant is optimal.

LP(U), and

Again in the case of p=2,if U = B Cc RY, N > 2, then

/|u|2dx<4/]Vu\2dx
p(l=lz)* " =~ Jg

for all u € H(B).

We also have the following result for exterior domains in R where now N > 2:

Lemma 1.3 (Hardy-Type Inequalities for Exterior Domains (cf. [4, 5, 21])). Let N > 2, R > 0
and G := RN \ B(0,2R). Then for u € D'?(G),



|ul? » \ »
Gdeg N —p] Q|Vu| dz, forl<p<oo, p#N (1.3)

Fitugto=(570) fmutten o

For our exterior domain 2 C R?, we have that R = 5 and so (1.4) can be written as

’U‘Q / 2
——dz <4 Vul|“dz. 1.5
/Qrm\2<1n2\m|>2 oVl (1.5)

Next, we take a quick look at some key results from the theory of elliptic partial differential equations
(cf. [12]) to get a maximum principle related to the positive solutions of problems such as (1.1).

The first result is the Hopf lemma:

Lemma 1.4 (Hopf Lemma (cf. [12])). Let U be a bounded domain in RY and L be an elliptic

operator of the form

xzeU. (1.6)

N
Lu =~ Z az 83:@6333 ; bl

3,j=1

Assume u € C?(U) N CY(U) and ¢ = 0 in U. Suppose further that Lu < 0 in U and there exists a
point xg € AU such that
u(zg) > u(x) forall z € U.

Assume finally that there exists an open ball B, C U with xg € 0B,,. Then:
. Ou
(1) 7 —(x0) > 0, where v is the outward unit normal to B, at xg, and
(ii) If ¢ > 0 in U, the same conclusion holds provided u(zg) > 0.

The Hopf lemma is a key component of the proof of the so-called strong maximum principle:

Lemma 1.5 (Strong Maximum Principle (cf. [12])). Let L be as in (1.6) and suppose that U is a

connected, open and bounded domain in RY. Assume u € C?(U)NC(U) and ¢ =0 in U. Then:



(i) If Lu < 0 in U and u attains its maximum over U at an interior point, then u is constant

within U.

(ii) Similarly, if Lu > 0 in U and u attains its minimum over U at an interior point, then w is

constant within U.

1.3 Kelvin Transform in RV

The following results extend those from Carl et al. (cf. [4]) to the case N > 3. Let B c RV, N > 3.

The mapping x — % =: % is the inversion through the sphere 0B, which provides a bijection from
x

RN\ B onto B\ {0}, and vice versa, since # = 2. The Kelvin transform is based on the inversion

mapping and defined as follows:

Definition 1.6. Let u: B\ {0} — R. The Kelvin transform of u, denoted by (Ku)(x) = a(z), is
defined by

(Ku)(z) = Wu(éz)

We now state (with proofs provided for completeness) some calculus results related to the inversion

mapping.
Lemma 1.7. Let &(z) = — be the inversion mapping. Then the Fréchet derivative z — Dz (x) is
|z[?
x
given by
. 1 2

where I is the N x N identity matrix, T' is the matrix

I x% 12 xr1x3 o T1ITN
) ToT1 x% ToXsy -+ IT9TN
_ t__ _
T=zx" = xr1 T2 T3 -+ IN x3 | = | x3x1 X379 :17% ces XI3TN| (1-8)
TN TNT1 INT2 INTZ - x?\,



and the absolute value of the determinant of Dz, i.e. |det(Dz(z))l, is equal to

R 1
Moreover, for any &, € RN, we get
. . 1
(Di(a)6. Dire)n) = (€., (1.10)

where (-,-) is the standard inner product in RV,

Proof. Since the Fréchet derivative DZ(x) coincides with the Jacobian matrix, we need only compute

the partial derivatives of

A() x x1 €2 TN
i) = —
lz|2  |@f+ad 4 +a% i+ ad+ 2y 2+ a3+ +ak

When i # j, we have that

8fl B (.f% + .CL‘% + -+ $%V) -0 — ZL‘i(2$j) B _21'1'.@]'
Oz (2 + a3+ +a7)? x|t

Similarly, when i = j, we have

ofi  (@l+ad+---+a%) 1—220) |zfP—222 1 222

or; (x%+x§+'--+x?\,)2 - |[4 - 22 |z
Therefore
; Oy 2w A 1 2
[Dx(m)]ij = E T e and so Di(z) = WI ~ i

Note that D#(z) is a symmetric matrix, and so

1 4 4 1
Di(x)Di(z) I— —T+ —T"=—1,

et ST 2 el



since T? = |z|?T. Therefore we have that

[ det(Di(z)| = VAei(DF)DEa)) = et (57) = \/\xTN ot

(Di(x)€, Di(x)n) = (Di () Di(n)E, ) = ‘931|4<5,n>.

Finally,

O]

Equation (1.9) will be used extensively in the change-of-variables between the exterior domain
2 and the ball B (or vice versa). In [4], for the case N = 2, there is shown to be a nice relationship
between |Vy| and |V¢| for ¢ € C5°(B). However, the relationship is not as straightforward for the
case of N > 3:

1

Lemma 1.8. Let ¢ € C§°(B), N > 2, and let ¢(z) = W@(%) be its Kelvin transform.
x x

Then the gradient of ¢(z) can be calculated by

Vo(x) = |1NVg0<|;|2) - |33|]2\[+2<Vg0(|§‘2),x>x - (A\]x|_N2)(p(|xm|2>x’ for all x € Q. (1.11)

z|

In particular,
1 x

V(@) = ’V@(W) +(N - 2)90(#)35 : (1.12)

Proof. Note that ¢ € C*°(2) and that ¢ = 0 in a neighborhood of 9B. Then, applying the product

rule for the gradient operator as well as the chain rule, we get

V(o) = ¥ (e (ile) = e Velae)Dite) - P et

. 1 2 N —2 .
— v Veli) (:42] - :U|4T> - Wm(m)x.




Note that

) -
7 1Ty XT3 - TITN

ol l‘% ToI3 e T2 N

2
xr3x 3T x
8%1 8952 83;N 371 3 3

+ XT3N

w(@(m))T:[a@(@(mD dpli(x) | ago(ae(a;))]

INT1 TNT2 TNT3 - 2

= lg1af + -+ onTNT 11N + -+ SONx%V]

= (901$1 +<P2332+"'+90N96N> [ml To - xN} = (Vo(2(x)), z)z,

where p; = %g@(ﬁu(x)), and so
i

Via) = i V(o)) ~ i (Vie(a(e).ale - " =2) ().

Therefore

IVa(2)]* = (Vi(a), Vi(z))

— <’;|Nv<p(@(a:)) - (V@) a)e - (Nx‘ 2) o)),
SRV - s Vet ot - Do)

= ’:E|12N<v¢(ff‘(l‘)), Vo(z(x))) — |$|;4N+2<Vs0(j($)),x>2

+ e (V). 02 ) - 222 V(). o)

B _9)\2
e (Tela(o),a) el n) + T pla(e oot

= ,$|12N (Ve(i(2)), Vo(@(w))) + W(Vw(i(x)), o(i(z)))
_ 2
N e, (e
= ,:,3|12N<W(ﬁr(x)) + (N = 2)p((x))z, Vo(i(z) + (N — 2)p(@(z))z)

10




and so (1.12) follows. O

Remark 1.9. As ¢ = ¢ € C3°(B), we also have:

wite) = e ¥a((5) ~ v )2~ )

for all z € B\ {0}.

Note that for N = 2, (1.12) simplifies to

1

Vo) = —5 |V

P (1.13)

This is used in [4] to prove that the Kelvin transform is an order-preserving isometric isomorphism
between the spaces H}(B) and DY2(Q). However, for N > 3, to deal with the term involving
N — 2 in (1.12), we need the following well-known result (whose proof is also provided here for
completeness of the presentation).

1

Lemma 1.10. Let 'U(I') = Hmu
xT

(%) be the Kelvin transform of w. Then
T

Av(z) = W(Au)(@).

Proof. From the product rule for the Laplacian operator, i.e.

A(fg) =Af-g+2(Vf,Vg) + [ Ag,

we have

= () o) {7 () 7 () et ()

11



Now

i 1 . (2—]\7)1‘@
O \|2|N=2) =V

82< 1 ):(2—1\7) (2N — N?)z?

92 \ |2V -2 N [N

and so

Summing over all 1 < ¢ < N gives

1 N 2-N) (2N -N222 N(E2-N) (2N — N?)[z?
< >—Z( ) ( )z; ( ) )|]

_ — — =0. 1.14
2]V Bl 2V 2™ EhEe (114)

i=1

Next, by the same calculation as in Lemma 1.8, we have

w(e50) =) (- )~ )~ ()
<V<:~1“>’V<“<;)>><(2xf) o V“( ) - 12T4<V“(rf\2)””>>
- T (o vl ) - e (V) ) e
_ (’23:|—N+2< ( )> (1.15)

x
Next, we must compute A <u<‘|2>> Using the formula for the Laplacian of a composition, i.e.
T

A(fog) :Vf-Ag—i-trace[Vgt'Af-Vg ,

we have, using the notation of Lemma 1.8,

A(u(‘;z)) = vu( ) A( ) + wace {v(&)uu(m .v(,;)]

:w(iz) - D(D#(x)) + Di(z) Di(x )AU(|;,2)

E

:Vu<#>-D(D:E(x)) ‘x|4Au<‘ |2>
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Now,

2 [D#(z)],. = O (0 Zmixi) —2(8ijx + Ok + 0,x;) 8$i$jxk,
oz 9 Om\eP fal! af* 2If
and so
N N 9
5 9 A —46;;x; — 2wy Bwix;
[D(Di2))]; = Z o —[Di(@)];; = Z P S TS
= =t M
_ —dm; 2nm; | 8mlz? 2(2— N)zy
I N P N T O,
Therefore

A(u(Z2)) = (Tul(iZ) 22 ) + o). (1.16)
We then have
auta) =0~ 205 < (7))
e << () )x>+|xlr4A“(|xxP)>
- -2 o vulg) )+ e (V) o) + ()
- e ()

as desired. O

Finally, we are ready to generalize the result in [4] and prove that for N > 3 the Kelvin transform

does define an isometric isomorphism between the spaces Hg(B) and DY2(Q). Explicitly:

Theorem 1.11. The Kelvin transform K defined by

i(x) = (Ku)(x) = W%m“(\;z)

provides an order-preserving, isometric isomorphism from H}(B) to D12(2), and K~! = K.

13



Proof. Suppose ¢, € C§°(B). Then their respective Kelvin transforms ¢(x), () belong to C> (1)
with ¢ = 1) = 0 in a neighborhood of dB. Let Br = B(0, R), R > 1. We then have

. 1 y | N—2 9 1
$ y)Qdy:/ — 90(7) dy:/ 2|V 2 (@) P do
[y orar=[ sl ongap sy PO R

1
- o(@)? - dx < RN*? / ()| de, (1.17)
/Bﬂ{x|>11%} ||V 2 B

Next, using Green’s first identity, we have that

/ V(@) Vib(a / (Ap(@))v(e) de.

Making the change of variables x — %, we then have

[ ve@vi@ar = - [ ao)(ts)e(2s) |y|12N dy

N /Q Iylif“ (A@)(ﬁ) ly|N— 2¢<‘y|2> dy = _/Q (ASZ’(?J))Q;(?J) dy.

Here we use Lemma 1.10 and the definition of the Kelvin transform. Now, however, we cannot
directly apply Green’s first identity as {2 is an unbounded domain. Therefore we write:

—/ (Ag(y)¥(y)dy = lim —/ (Ag(y))¥(y) dy
ly[>1 1<|y|<R

R—o00
o
| R 8y

— lim V(y) Vi(y) dy — / % (b)dSw).  (118)

R—oo J1<ly|<R

Here 0¢/0v is the normal derivative of ¢ in the direction of the outward normal at |y| = R and
S(y) is the surface element. We now show that the second integral vanishes as R — oo.
First we transition to spherical coordinates and let r = |z| and w = (w1,wa,...,wn—_1) be the

angular components of the point . Then for ¢(z) = ¢(r,w) and ¥ (z) = ¥(r,w), we have

r

o) = oovege() =1 V() and ) =2 Vo)

14



and so

%(x) = %@(T,w) = % [TQ_NSOC’W)]

o) (L ()

Therefore, the second integral in (1.18) can be written as

/lel [(2 - N)Rl—z\qp(%,w) I RZ_N%<%,w) ( _ };)]Rz—Nw(ll%’w)RN_l o
¥
r

:(2—N)R2_N/|w|1¢<;,w>w<;,w) dw—Rl_N/llg(ll%,w>w<}lz,w) dw.

1 1 0 1
Now, since ¢, € C§°(B), we have that, as R — oo, @(E,w>, w(ﬁ,w>, and a—f (E,w) all remain

bounded, and so as R — oo, both of those integrals will go to zero. Explicitly,

9%
=R 8y

lim Vo(y) Vi(y) dy - /

R=o0 J1<ly|<R Iyl

= i Vo(y) Vi (y)dy — (2 — NYR*N
[ Vi@ - e-nr [

er [ F )

- / V(y) Vi (y) dy.
ly[>1

(y)#(y) dS(y)

ool e

Therefore

/ V(@) Vip(a) de = / Vo (y) Viy) dy, (1.19)
B Q

for all p,¢ € C§°(B). In particular, if ¢ = 1, we have

[ 1Vet@Pde = [ Vi) ay (1.20)
B Q
for all ¢ € C§°(B). From (1.17) and (1.20), we see that ¢ € X, where X is the space

X={u:Q=R:ucLl. (Q),VucL?Q))}

15



Note that D2(Q) € X. By Simader and Sohr (cf. [21, Theorem 2.8]), we have that for u € X,
u € DY2(Q) if and only if u € L?"(Q), where 2* is the Sobolev conjugate 2N/(N — 2). We therefore

claim that ¢ € L? (Q). Indeed, we have

1 2N/(N—2) 1
() 2N/ (N=2) ¢,y — / v dy = / ' v
/g'”y)’ v= [ [+ (ip) v= [ el (p)

= [ 1P le@PY YD e = [ ()P da,
B ] B

2N/(N-2)
dy

Since ¢ € C$°(B) C Hi(B), we have by Sobolev embedding that ¢ € L2"(B), and so ¢ € L2 (Q).
Next, if p,¢ € C§°(B) and o, f € R, we have

1 B
Kap+00) =t (00 +80)(115) = s (p) + pivat () = oK e+ 8K Y.

Thus K : C§°(B) — DY2(9) is a linear isometry.

K therefore has a unique extension to H{(B) due to the density of C§°(B) in H}(B), which
is denoted by K. Moreover, by (1.20), we get ||K| = ||K|| = 1, which shows that the extension
K : H}(B) — D"“2(Q) is an isometric, linear operator. Next we must show that the extension allows
for the same characterization as K, i.e. that the following holds true:

(Ru)(z) = i) = M}HU(J‘Q) for all u € H1(B). (1.21)

The proof is by approximation. To this end let {¢,} C C§°(B) and ¢, — u in H}(B). Since {p,}
is a Cauchy sequence in H}(B), from (1.20), it follows that the sequence of Kelvin transforms

¢n = K, = Ky, is a Cauchy sequence in X, and thus
¢n —v=Ku in D"(Q),
which in particular yields

1im/yV(¢n—v)|2dy=0, lim |¢n —v[*dy =0 for all R > 1.
Q

n—oo n—oQ QﬂBR

16



From (1.17) with ¢ replaced by ¢,, —u and ¢, replaced by ¢,, — 4, respectively, we deduce for any
R>1,

1

~ ~ 2 2

Pnly) —uly dyz/ on(z) —u(x)|" =7 dz
L 1600~ i) oy #28) ~ 8

< RN*2 /B on() — (o) de,

which implies

lim |Gn(y) — a(y)*dy =0 forall R > 1.

n= JONBg
So, we have that @(y) = v(y) for almost every y € €, which proves (1.21). Therefore Ku = Ku = 1.
So far, we have shown that K : H}(B) — DY2(Q) is a linear, bounded, isometric and injective
operator. We now show that K is surjective, i.e. K(H}(B))=DY%(Q). Let v € DY2(Q), then there
is a sequence 1, € C§°(£2) such that ¥, — v in DV?(Q), that is,

lim / IV (n(y) — v(y))Fdy = 0 (1.22)
Q

n—oo

Since ¥, € Cs°(B), we have that {¢,,} is a Cauchy sequence in H}(B), and thus Yp — u in

H}(B) for some u € H}(B). From this, it follows that for the corresponding Kelvin transforms

A~

K, — Ku = 1, — 4 we have using (1.20) that

lim / 19 (n(y) — ()| dy = 0. (1.23)
Q

n—o0

Therefore 4 = v in DV2(Q2). Finally, we readily verify that K(Ku) = u for all u € H3(Q2), and thus

K = K~!. This completes the proof of the theorem. O

Using the results we have established thus far, namely Lemma 1.7 and Theorem 1.11, we are able
manipulate the Hardy inequalities for exterior domains (cf. Lemma 1.3) to introduce the following

Hardy-type inequalities for the unit ball B for specific values of N and p:

Lemma 1.12 (Hardy-Type Inequalities for B). Let B = B(0,1) C RY. Then for u € H}(B),

17



(i) If N >3, then
2
g }x:2d ( _2> / |Vu|? dz (1.24)

2
B de <4 [ |Vul*d. (1.25)
B [z|?(In Z))? B

Proof. Note that since u € H}(B), we have @ € D?(2), and so we can apply Lemma 1.3 for both

(i) If N =2, then

cases:

(i) Considering (1.3), note that

[af? / o\t 1 / 1 /=
oe= f G50 o= s
o2 T o |"\aP )| 2P N T (a2 e

Also, by (1.20), we have that [, |[Vi|? = [, |Vu[*dz, and so (1.3) with p = 2 gives (1.24).

(e

dzx.
|z[2 B |z?

(ii) Considering (1.5), note that

a2 / :
— 1 dr = .
Kﬂﬂ%mMMv ! B“(mv>

Now by the corresponding result to (1.20) in [4], we have that [ |Vul*dz = [, |Va|* dz in

et / I
[&[2(In 2/]z[)? |2 (In [ /2)?

the case of N = 2 as well, and (1.25) follows.

1.4 Green’s Functions

We now compute the Green’s functions of = R™ \ B in the case that N = 2 as well as N > 3. We

recall the fundamental solution ®(x) for the Laplace equation Au = 0:

O(z) = (1.26)

18



where wy is the surface area of the unit ball in RY. Recall that a function ég(m, y) is called a

Green’s function for a domain 2 if for y € €Q,

_AxéQ(x7y) = 5(1: - y)7 HAS Qa

(1.27)
ég(m, y) =0, x € 0f).
We know that Go(z,y) = ®(z — y) — ¢y (), where ¢y (x) solves the Dirichlet problem
—Azoy(z) =0, x €,
! (1.28)

dy(x) = P(x —y), = e

1.4.1 Green’s Function of B

We first recall the derivation of the Green’s function of B. Consider the mapping y — y/|y|> =: 9, i.e.
the inversion through the unit sphere in RY. First, we assume N > 3. The mapping z +— ®(z — )

is harmonic for x # §. Thus z + |y|>~N®(z — §) is harmonic for = # §, and so for y € B,

¢y(x) = @(lyl(z — 7))

is harmonic in B. Furthermore, if x € 0B and y # 0,

2z -y 1

lyl2le — 312 = |y12<|x|2 Ly, 1
lyl2  |yl?

) =y’ -2y -z +1=|y—af.
Thus (Jy||z — §])~ V=2 = |y — 2|~ ™=2). Consequently,
dy(z) = ®(x —y) for z € OB,

as required. Therefore Green’s function for the unit ball is

Gplz,y) =0z —y) - (lyl(x —9)), zyeB,a#y (1.29)
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The same formula is valid for N = 2 as well (cf. [12]). Explicitly, we have

~ 1 1 Y
GB(x,y):—%ln]:U—y]nL%ln <y|‘x|y|2‘> (1.30)

for B ¢ R? and

[y[?

~ 1 1 1
G = — 1.31
for BC RN, N > 3.

1.4.2 A Derivation of the Green’s Function of Q =RV \ B

The motivation for our approach to derivation of the Green’s function ég (z,y) of  is the fact that

it will provide a representation formula for solutions to the Poisson equation

—Au = f(z), x €,
(1.32)

u =0, x € 011,

of the form

u(z) = /Q Golr.y)f () dy (1.33)

(intormatty — Aute) = [ (~AsGate.) £ dy = [ 80~ 2)1(0) dy = 1(0) )
But 4, the Kelvin transform of the solution of (1.32), will then solve:

R 1

Therefore

. _ 1 T\ ~ 1 Y
it0) = (i) = |, Geten gt () e o<

20



and so
1 ~ x
_ Q.
u®) /BmwG 5(5pv) ry\N+2f () e

Next, using the change of variables y +— % gives

|y

1
N+2 . d
0= [ o mN Gn (G 7))

1 < r Yy
= Gpl—5, == d Q.
/ N2 [y[N -2 <\x|2’ry\2>f () dy, @€

So, we claim that

1 1 = T y
Ga(z,y : GB (7, 7>7
)= = =P\
where Gp given in (1.30) for N = 2 or (1.31) for N > 3 is the Green’s function for the unit ball in

RV:

Lemma 1.13. The Green’s function for Q = B¢ ¢ R? is

T Y 1 1
— — 2|+ 71 (
lz[> [yf? |y

Lemma 1.14. The Green’s function for Q@ = B ¢ RV, N > 3 is

X

Galz,y) ICNYYB(i L) = —iln EE

2" [y[> 2m

— yD, x,y € €. (1.34)

1 1 = r oy
Gole = s (g )

L < ! y ™ ) cQ.  (1.35)
= — — —5 — , L, Y . .
N(N — 2)WN|x|N 2|y’N 2 ‘ﬁ - %VV 2 ’mz - y‘N 2

It can now be shown using simple calculations that equations (1.34) and (1.35) can be reduced
to the same formulas as (1.30) and (1.31), respectively. In other words, formulas (1.30) and
(1.31) provide Green’s functions of the unit ball B (if (x,y) € B x B) as well as Q = RV \ B (if
(z,y) € 2 x Q).
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Chapter 2

Solution in Q c RY, N > 3, by Direct Approach

In this chapter, we show the existence of a positive weak solution to the problem

—Au = Aa(x)u — b(z)g(u) — ch(z), =€,
(2.1)

u =0, x € 002 = 0B,

for @ = RN\ B(0,1), N > 3. We show the existence of a solution by adapting a direct approach,
employed in [14], where the authors consider such an equation in the whole space RY. The main

steps are as follows:

1. After stating the needed assumptions on the functions a(x),b(x), h(z) and g(u), we derive a

related problem, (cf. (2.12)), to problem (2.1).

2. We show the existence of a positive weak solution u, (cf. Theorem 2.2) for the related problem

using a minimization argument. This solution u, is then shown to be a subsolution to problem

(2.1).

3. Using this subsolution u,, we minimize the corresponding functional to problem (2.1) on a set
of the form M = {u, < w a.e. in Q}. Then, showing that the functional is differentiable in

certain directions, we conclude that the minimizer is in fact a solution to (2.1).

Although many proofs are unchanged from [14], there are several new contributions here, as will be

pointed out below.

2.1 Assumptions

We start by considering D%2(€2), the completion of C§°(€2) with respect to the norm
1/2
lul) = (/ Vuf? dx) .
Q
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A weak solution of (2.1) is defined as a function u € D1?() satisfying

/Q Vu- Vodz = A /Q a(z)uw da — /Q b(z)g(w)vdz — ¢ / h(z)v da (2.2)

Q

for all v € C§°(9). The following assumptions are similar to those given in [14] with RY replaced
by the exterior domain 2. We will show below that they are indeed sufficient to prove the existence

of a positive solution to our exterior domain problem.
(Ha) The function a : © — R is positive and belongs to LY/2(Q) N L>=(Q).

We call
[Jul|?

A\ =
LT uept2 )\ o) [ au?

(Hg) The function g : R — R{ is continuous, with g(s) = 0 for s < 0. Furthermore, it satisfies

9(s) o 90)
EvNS and Slggo = = (2.3)

lim sup
s—0

where 0 < 8 <1 is a fixed constant.

(Hb) The measurable function b : 2 — R is non-negative, not identically equal to zero, and satisfies
b(z) < Cra(z)d(z)™? (2.4)

for some C > 0 and = € €2, where d : RV — R is the Aubin-Talenti instanton defined by
() = (1+ )~ V-2r2 (25)

Let Qg = {z € Q: b(x) = 0}. We assume either )y has measure zero or {2y = int Qg (closure
in Q) with 099 Lipschitz.

In the former case we set A, = +00, and in the latter case

Jo IVull®

A = 201 L
ueDlﬂ(lifntho)\{o} fQO au?
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By the unique continuation principle (cf. [22]), we have A\; < A,.
(HX) The value A is such that A\ < A < A,.

(Hh) The non-negative and not identically equal to zero function h(z) belongs to the space
h € LY(2) N L(Q) for some s > N, and there exists a constant Cy > 0 such that for some

q> N/2,
RN/|h)| o\ Broy < C2  for all R € RT, (2.6)

with % + 1 =1. Here Bg(0) denotes the ball centered at zero with radius R.
(Hc) The parameter ¢ is nonnegative.

We note that any function h(z) = 1/|z|™ for |z| large, where m > N, satisfies the hypothesis (Hh)
(see [6, 7] for details).

Remark 2.1. Under the above hypotheses, any positive weak solution v of (2.1) belongs to Cl2%(€).

loc

Furthermore, lim|;|_,o u(x) = 0.

Indeed, u satisfies

—Au — Aa(z)u <0

Therefore, by [13, Theorem 8.17], for any = € Q such that |z| > 3, we have for some C} =

Ci(llall Lo (), A)s

up < Cu(|ul 2x/v-2) ey + 1) < Cllul] < Cr.

Bi(xz
Next, on the bounded domain S = {z : 1 < |z[ < 4}, let M = supj,>3u (which is finite by above)

and v =u — M. Then v < 0 on 95 and v satisfies
—Av — da(z)v < Aa(x)M

So, by [13, Theorem 8.15], we have for some Cy = Ca(M, ||al| o), M),

Sl;pv < Co(|[vllp2(s) + 1) = Co
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Therefore v < max{Cy,Cy + M} on Q, i.e. u € L®(Q), and lim, o u(x) = 0. From elliptic

regularity theory, it follows u € C’l’a(ﬁ).

loc

2.2 Related Problem

Following the approach of [14], we first introduce the auxiliary problem (2.12) below. By assumption

(Hg), there exist 0 < so <1 and C3 > 1 such that

Y < )\as for s < sg
We may assume C3 > 1/ sg . We take
1 1/8
(= —
<03>
so that
4 S S0
Using (2.4),
b(x)ﬁ < Aa(z) s )" for s <s
s = ld(x) =00
where d is as in (2.5). We define
k(s) = s”

for s > 0, k(s) =0 for s < 0. Then

We consider the equation

—Au= Aa(m)u{l - k(&;&))] —ch(z), z€Q

u =0, x € 0N.

Now, instead of (H\), we assume
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(HA)" The value A is such that A > A;.

Theorem 2.2. Under (Ha), (H))', and (HhA), there exists ¢y > 0 such that for all 0 < ¢ < ¢y,

equation (2.12) has a positive weak solution u, € DV2(Q2) N Cllof(ﬁ) Furthermore, there exists

Cy > 0 such that for all 0 < ¢ < ¢g, this weak solution u, satisfies

for large |x|. (2.13)

In this section, by adapting the arguments used in [14] to our present case, we first prove existence
of a solution to (2.16) below. This solution will be used in the next section to establish Theorem
2.2. First, observe that the function ¢d(x) is a super solution of (2.12). Indeed, this easily follows
from —Ad = N(N —2)d> ! >0 (2* = 2N/(N —2)), and d > 0 on 9. Consider G : RN x R — R

with G(z,u) := Aa(z) [ sk(%) ds and the functional I, : DV2(Q) — RU {+oc} defined by

I(u) = ;HUHQ—;\/ﬂa(:c)(qu)de—l—/QG(x,u) dx—i—c/ﬂh(x)udx (2.14)

if [,G(z,u)dz < oo and I.(u) = +oo otherwise. We have used the standard notation u* =

max{0, u}.

We define the set
Ny = {u € D"3(Q) : u < ld(z) a.e. in Q}, (2.15)

which is weakly closed in DV2(2). The following results are proved in [14] for Q = RY | but their

proofs carry over to our case with minimal change.

Lemma 2.3. Let L > 0. The functional I, is coercive on Ny, uniformly in ¢ with 0 < ¢ < L, i.e. for

each C' > 0, there exists R > 0 such that for all 0 < ¢ < L and u € Ny, if ||u| > R then I.(u) > C.

Since the functional I, is weakly lower-semicontinuous and coercive on Ny, it admits a minimizer
il in N, for each ¢ > 0. It is not difficult to see that the derivative I’(i. )¢ is well defined for any
© € DL2(Q) N L°(Q) with compact support, as sup @, is uniformly bounded by ¢d (look to Lemma

2.10 below, where a similar result is proved). We therefore have:

26



Lemma 2.4. The function . is a solution to the equation

—Au = da(z)u’ — Aa(x)uk(Zl) — ch(z) (2.16)

We finish this section by stating the following simple but useful result.
Lemma 2.5. There exists ci,C5 > 0 such that for 0 < ¢ < ¢y, infy, fc < —(5 < 0, which implies
that there exist 0 < rg < Ry such that

0<c< g — ro < HﬁCH < R() (2.17)

Proof. The fact that infy, fc < —C5 <0 for 0 < c< e for 0 < ¢ sufficiently small is easily seen.

Now (2.17) follows from Lemma 2.3 and by observing that since
Ie(u) > —C|lulf? +/QG(-,U) = Cllull = =Cllul® = Cllul,

we have

lim iglf I.(u) > 0.

u—r

2.3 A Positive Solution for the Related Problem

The minimizers @, of I, obtained above, and Lemmas 2.3 and 2.5 and (2.17) are now used to
complete the proof of Theorem 2.2 as in [14]. The first step is to consider the behavior of w, the
unique solution to —Aw = h(z) in DV2() as |z| — co. As we are now in an exterior domain and
not the whole space RY | the proof of [14, Lemma 4.1] (which is [1, Lemma 4]) has to be adopted to

our present case. We have:

Lemma 2.6. Let h € L'(Q) and suppose (2.6) holds. Then the equation —Aw = h(z), w € DH?()
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has a unique solution, and there exists ¢ > 0 such that

for all x € Q.

Proof. If —Aw = h(x), by the Green’s formula in Section 1.4, we have that

1 1
ww) = Ox [ (ot ‘MNZW_ZWNQ)de%

I 2

where Cl is a constant depending only on N. We first write

1 1
x:C/_hydy—C'/ —h(y)dy = J; — Jo.
) N Q|x—y\N 2 (y) N Q\y|N 2|x L"N 2 (y) 1 2

We have that

& 1 (N—-2) |7 1
(N_Q)/ gt = o =T N
l—y| tN-1 (2 _ N)tN 2 o—y| |l‘ _ y|N 2
and so, using Fubini’s Theorem, and letting
. h(z), x€Q,
h(z) =
0, x ¢ Q,

we have

1 -
J1 = C'/ </ dt> dy—C/ (/ ——h(y) dy> dt
\x s flo—yl<ey 1V
= C/ ththHLl(Bt(x)) dt
0

Using the fact that h is nonnegative, we may write

1 oo 1 lzl/2 1 .
[ mendt= [ sl dt+ [ gl e = K+ K

z|/2

28



Note first that

< 1 1 C

0o 1 B
K:/ Bl dE < ([ / L dt =l - ,
1 12l2 tN-1 || ||L (Bt) ” ”L (%) 2l/2 (N-1 H HL () |ZL"N72 ‘.fL'|N72

while

lzl/2 1 ll/2 1-N+N/r 7,
Ky = /0 t]\rﬁHhHLl(Bt(x)) dt < C/O t 12]] La(By()) At

)2—N+N/’“ m)m wp¥ < C

" -
u < C”hHLQ(RN\B|I|/2(0)) (2 o W

< C||il||Lq(B|gc|/2(x)) ( 2

by (2.6) and so

J1 <

|x‘N—2'

2-N
Next, note that f(z,y) = |y\2_N’m - i’

ME is a continuous function in £ x §2, since for z,y € €,
Yy

y#Oand%eB,SO ‘:1:—y|2‘750. Thus for |z| > 2,
Yy Yy
‘x—%‘ZM!—lZm,
|yl 2

and therefore

C h(y) C
< dy <
RS /Q V-2 W = e

since h € L1(2). Therefore

w(z) < |$|§2 for all x € Q.
The proof is complete. O
Now we can rewrite (2.16) as:
— Al + cw) = \aii) [1 .y (&?&)ﬂ . (2.18)

The remaining steps are as follows:
1. Observing that i, is a sub solution of (2.16) for 0 < ¢ < ¢;, we minimize the functional I,
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over the set

M = {ueD"(Q) : ., <u</ld(x)a.e. in Q} (2.19)

to obtain a new solution u, of (2.18) for 0 < ¢ < ¢; with u, > @,,, i.e.

—Au, = Ma(z)ul — Aa(:r)uck(ej(;)) — ch(x). (2.20)

Note that as uf < ¢d(x), k(s) =0 for s <0 and (Hh), standard elliptic regularity theory (see

the argument in Remark 2.1 above) implies that u, € C*(Q).

loc

. Using Lemma 2.5 and (2.17), we have that I.(u.) < 0 for 0 < ¢ < ¢;. This in particular

implies that u., = ., cannot be nonpositive in (2, and therefore there exists z9 = zg(c1) and

p > 0 such that B,(zg) C Q and

inf ., > 0.
By(z0)

We then fix ¢y sufficiently small satisfying
Ggég(x,x()) < ey (x) S ue(z)  if 2 € 0By(x0), and 0 < ¢ < ¢y,

where Go(x, o) is the Green’s function for Q (cf. Section 1.4).

. Using (2.19) and (2.20), we get

/QV(uc—f—cw)-V(pdaﬁ—AAa(m)uj[l—k(eczz))]apdm for all p € D12(Q)

and

/QV(G@Q(ZL‘,IEO)) -Vedz = 0.

for all ¢ € DH2(Q) such that ¢(z) = 0 on B,(zp). Subtracting these two equations yields

/ V(gc + cw — eoég(x,xo)) -Veodr = /
0 0

Aa(z)u) [1 - k(&%)} o da (2.21)

for all ¢ € DV2(Q) such that ¢(z) = 0 on B,(xp).
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4. Considering the set
Se={z € Q\ By(x0) : c0Galz, z0) > (u, + cw)(z)},

we let o = (u, + cw — eoég(a:,:co))XSc € D2(Q). Note that S, NI = 0 since Ga(z, zg) = 0
for x € 09, and so ¢ is less than or equal to zero and has support in Q \ B,(zg). Using this

function ¢ in (2.21) gives

; |V (u, + cw — eoGalz,z0))|* <0,

meaning that S, = 0 and so eoGq(z, 7o) < (u, + cw)(x) for all z € Q\ By(xo).

By the Hopf lemma (cf. Lemma 1.4), inf 50 %ég(:ﬂ,mg) > 0. Additionally, since éQ(ZB,SL‘Q) >
C/|z|N=2 for |x| large, we can combine these steps with Lemma 2.6 to conclude that here exists
0 < o < ¢1 such that for all 0 < ¢ < ¢y the function u, is positive and u.(x) > C3/|z|V~2 for all

x € ) large. This completes the proof of Theorem 2.2.

2.4 Positive Solution for (2

We now turn to equation (3.1). The outline of the proof is similar to that of the proof of [14,
Theorem 5.1], but with one key difference. In [14], the nonlinearity g(u) is approximated by a series
of cutoff functions, defined as polynomials of the form j(s) = sP for some 1 < p < (N +2)/(N — 2).
This is used to show that the corresponding functionals to the original problem with g(u) replaced
with j(u) are coercive and differentiable in the direction of functions v € D%2(RY) with compact
support.

The approach we take here shows that this is not needed. We instead work with the original
nonlinearity ¢g(u) and show that the corresponding functional 1. (see (2.24) below) is coercive and
differentiable in slightly different directions, as shown in Lemmas 2.8 and 2.10. Our results are

summarized as:

Theorem 2.7. Under (Ha), (Hb), (Hg), (HX) and (Hh), there exists ¢p > 0 such that for all

0 < ¢ < ¢, equation (2.1) has a positive weak solution u. € D2(Q) N CL%(Q). Furthermore, there

loc
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exists Cg > 0 such that for all 0 < ¢ < ¢ this weak solution satisfies

Cs
ue(x) > |z[N-2

for large |x|.

(2.22)

Proof. We take the function & as in (2.10) and apply Theorem 2.2 to obtain a positive solution u,

of (2.12) for 0 < ¢ < ¢p. Using (2.11) and

<ld(x) <1 < s

IS

C

(see (2.8)), the function w, therefore satisfies
—Au, < Aa(z)u, — b(z)g(u,) — ch(z),

and so is a sub solution to (2.1). For each 0 < ¢ < ¢y we define the weakly closed set
M, = {u € D"*(Q) : u. < u ae. in Q}.

Let G(u) := [;' g(s) ds and define the functional I. : M, — RU {400} by

A

L(u) = ;||u||2—2/Qa(x)qux+/Qb(a:)G(u)dx—l—c/Qh(x)udm

(2.23)

(2.24)

if [, b(x)G(u)dr < co and I.(u) = 400 otherwise. Again, one can easily see (look at the proof of

Theorem 6 in [11]) that:

Lemma 2.8. The functional I. is coercive on M., uniformly in ¢ with 0 < ¢ < ¢y, i.e. for each

L > 0, there exists R > 0 such that for all 0 < ¢ < ¢p and u € M,, if |u|| > R, then I.(u) > L.

As I. is weakly lower semi-continuous on the weakly closed set M., inf{l.(u)

cu € M} is

achieved as some u, € M, with u. > u.. To show that u. is a weak solution of our problem, we

need the differentiability of
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in certain directions. First we show:

Lemma 2.9. The minimizer u, of I. on M, is in L*>°(Q).

Proof. Let ¢ € C§°(£2) such that ¢ < 0. Motivated by the proof of [23, Theorem 2.4], let € > 0, and
define ve = max{u,, u.+€ep}. Note that ve can be written as u.+ep+, where ¢ = [gc—(uc—i—ecp)] .
Therefore v, € M., and so I.(ve) > I.(uc), since u, is the minimizer of I. on M..
Since the set M, is convex, for all 0 < ¢ < 1, the function (1 — t)u. + tve = ue + t(ve — uc) is also
in M., and I.(uc + t(ve — ue)) > Io(u.) for all 0 < ¢t < 1. Let we = ve — ue.. We then have that
1 2 A 2
I(ue + twe) = 5 |V (ue + twe)|* do — B a(x)(ue + twe)*de + | b(z)G(ue + twe) do
0 0 Q
+ c/ h(a) (ue + twe) da
Q

1 t2 A
—/ ]VuCIde—i—t/ Vucheda:—i—/ |Vw€2dx—/a(a:)u2d:c
2 Jo Q 2 Ja 2 Jo

2
- )\t/ a(x)ucwe — M a(z)w? dz +/ b(x)G(ue + twe) dz
0 2 Ja 0

+c/ h(a:)ucdx+ct/ h(z)we dz
Q Q

> ;/ﬂyvucy?— ;\/Qa(x)ug dx—i—/ﬂb(m)G(uc) dx—i—c/ﬂh(m)ucdx—l(uc)

Canceling out the identical terms from both sides and rearranging, we have that

t/ VueVwe dz:)\t/ a(z)ucwe dx
Q Q

zmﬂ+/

b(z) [G(uc) — Guc + twe)] dz — ct/ h(z)we dz. (2.25)
Q

Q

Here E(t?) represents all terms with a ¢? in front. Note that G(u.) — G(u. + tw,) is nonnegative.
Indeed, we = ve — u. < 0 (because ¢ < 0), and so u. + tw, < ug, and G is increasing since g > 0.
Similarly, —ct [, h(x)we > 0. Dividing both sides of (2.25) by t and taking the limit as t — 0, we

then have

/ Vu.Vw.dz — )\/ a(x)ucwe dz
Q Q
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2 —_—
> tim ZE) 4 i Jo () [G(ue) — G(ue + twe)] dz
t—0 t t—0 t

— c/ h(z)wedz >0
Q
for all € > 0. Writing w. = ep + ¢, we get
/ Vue(eVe + V) dz — )\/ a(x)uc(ep + ¢°) > 0,
Q Q
or, equivalently,
6/ Vu.Veodr — 6)\/ a(x)ucpdr > —/ Vu.Vtdr + )\/ a(x)ucp® dx (2.26)
Q Q Q Q

Dividing both sides of (2.26) by €, we obtain

1
/ VuVpdr — )\/ a(x)ucpdr > — | — / VuVp* dx—l—)\/ a(z)ucpdex|. (2.27)
Q Q € Q Q
Since u,, is a sub solution to (2.1), we have (using ¢° = [u, — (uc + ecp)]+ >0):
/ Vu, Ve©dr — /\/ a(x)up° dx + / b(x)g(u,) e do + c/ h(z)pdz <0,
Q Q Q Q
and since the last two terms are positive, this implies that

/ Vu Ve©dr — )\/ a(x)u.pdr < 0. (2.28)
Q Q

Dividing the left side of (2.28) by € and adding it to the right side of (2.27) yields

1
/ VuVedr — )\/ a(x)ucpdr > —
) Q

€

—/VuCng dx—i—)\/ a(x)ucp® dx
Q Q

+/ Vu, Ve© dm—)\/ a(x)up° dx]
Q Q

1
€

/ V(u, —uc)Vedr — )\/ a(x)(u, — ue)p® dx] . (2.29)
Q Q
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Now, since ¢° = [gc —(u+ 690)]+7
Ve = V[u, — (u+ep)] " = [V(u, —u) — eV xa,,
where Q. = {z € Q : uc(x) + ep(z) < uc(x) < uc(x)}. Therefore (2.29) can be written as

1 A N
o v [ - wedr = 2 [ o, -l - (o)) da. 230

€

Both the first and third terms of (2.30) are positive, so subtracting them from the above inequality
gives

/ Vu.Veodr — /\/ a(x)ucpdr > —/ V(u, —u.)Vede.
Q Q Qe

Note that |Q2¢| — 0 as € — 0. Hence by absolute continuity of the Lebesgue integral we finally obtain

/ VuVedr — /\/ a(x)ucpdr >0
Q Q

for ¢ < 0. Then replacing ¢ with ¢ = —¢, we have that

/ Vu.Viydr — )\/ a(x)ucpdr <0
Q Q
for all ¢ € C§°(2), ¥ > 0, i.e.
—Aue — Aa(x)u, < 0.
Then, by the same argument as immediately following Remark 2.1, we have that u, € L>®(Q2). O

Lemma 2.10. Suppose v € DH2(Q) N L°°(2) with compact support, and let u, be the minimizer

of the functional I, on the set M.. Then I. is differentiable at u. in the direction v as

d

@/, b(z)G(uc + tv) do

Proof. By Lemma 2.9, we have that u. € L>(€2). We must first show that J(u. + tv) =
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Jo b(2)G(ue + tv) da is defined for |t| < § with § sufficiently small. Now we see that
G(ue +tv) — G(ue) = g(uc + stv)tv (0<s=s(t,z) <1)

and

/ b(z)g(uc + stv)|v|de < / Chra(x)d(x) P g(ue + stv)|v| dz
Q Q

using (2.4) and d as in (2.5). Since u.,v € L*°(f2) and g is continuous, we have that g(u.+ stv) < oo,

say g(uc + stv) < M = M(|[ul| Lo (), [|V][ Lo (0))- So
/ b(@)g (e + t0)[v] dz < MCh / a(z)d(x)~P|v| dz. (2.31)
Q Q

Since v has compact support, say v # 0 on €, C £, we can then use that a(z) € L*°(2) and d(z) is

continuous (and nonzero) to get

/a(x)(1+ o)D) da = HallLoo(Q)/ d(z)~"Jv| dz
Q

v

< € = (B, llall (@ 1, 0] e (2:32)

Combining (2.31) and (2.32), we have that J(u. + tv) is well-defined for any |t| < ¢ for ¢ sufficiently

small. Now, for the differentiability of J at u. in the direction of v, we have

o J(ue+tv) = J(ue) L1 L
%E}I(l) ; = %1_1}(1) i) b(z)g(uc + stv)tvdx = %E}% ; b(z)g(uc + stv)vda.

We need to show that b(x)g(u. + stv)v(z) < k(z) € L' (). As shown above,

|b(2)g(uc + to)v(z)| < Cd(z)~Plu(z)]

where C' depends on |[ul| Leo (), [|v]| oo (), and [|a|[ (o). Since v has compact support, d(z) Pu(x) €
LY(9). So, Lebesgue’s Dominated Convergence Theorem implies that .J is differentiable at u. in the

direction of v € DV2(Q) N L*>°() with compact support, and the lemma is proved. O
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Combining Lemmas 2.9 and 2.10, we can now argue as in the proof of [23, Theorem 2.4] to see

that u, is a critical point of the functional I, and so is a weak solution to (2.1). O
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Chapter 3

Solution in Q c RY, N > 3, by Kelvin Transform

In this chapter, we prove the existence of a positive solution to equation (2.1) in @ = RN \ B(0,1)
for N > 3 using a different approach than the one employed in Chapter 2. Our approach in this
chapter is to transform the equation from the exterior domain to the unit ball B = B(0, 1) using
the Kelvin transform with Lemma 1.10 in mind, and solve the equation there. The technique for
solving the transformed equation (3.4) below in B is adapted from [14], with one major difference,

which will be expanded on below.

3.1 Application of the Kelvin Transform

Again let B = B(0, 1) be the unit ball in RY, N > 3, and let Q = RY \ B. We seek conditions to

prove the existence of positive solutions of the problem

—Au = Aa(x)u — b(x)g(u) — ch(zx), =€ Q
(3.1)

u =0, x € 00) =08,

where, as in Chapter 2, the nonlinearity g(s) satisfies:

(Hg) The function g : R — R{ is continuous, with g(s) = 0 for s < 0. Furthermore, it satisfies

: 9(s) L9(s) _
hrilj(l)lp R <oo and Sl;rgo = = (3.2)

where 0 < 8 < 1 is a fixed constant.

By Lemma 1.10, If u is a weak D12(Q) solution of (3.1), then its Kelvin transform 4 is a weak

H{(B) solution to the boundary value problem
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. A Yy Yy 1 Yy y c Yy

-3 e (a)() - e (e (o)) - (). ver
ly[NF2 N y2 ) Nyl [y T2y |y|? ly|N 2\ y|?

u =0, y € 0B,

or

(3.3)
a=0, y € 9B,
where a(y) = [y|*a (i), b(y) = lyI 7V 2b(;), and h(y) = |y~ "2h(p)-
3.2 Direct Method in the Ball
We consider the problem of existence of positive weak solutions for the equation
—Au = Na(z)u — b(z)g(|z|N2u) — ch(z), =€ B
(3.4)
u =0, r € 0B
in H}(B). Note that, considering (3.2) and (3.3) above, we have:
N-2 N-2
lim sup Mﬂas) < Clz| V=208 and  lim 9(2"""s) = 00 (3.5)
s—0 S 5—00 S

for all z € B\ {0}, where 0 < <1 is a fixed constant.
Other assumptions on the heterogeneous coefficients will be stated below. For reference, we
state below the following result (cf. [14, Lemma 7.1}, part (i)) concerning the existence of suitable

superharmonic functions in B:

Lemma 3.1 ([14, Lemma 7.1]). Let r > 0 and yo € B such that 1 — |yo| > 3r, and G be the
Green’s function for B (cf. Section 1.4). Then there exists a function 2 € C?(B), such that 0 < z in
B, z =0 on 0B, z is superharmonic in B and harmonic in B \ B, (yo). The function z(x) further

satisfies

céB(x, yo) < z(z) < CCNJB(x, yo) for B\ Ba.(yo) (3.6)
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for some constants ¢, C' > 0, and therefore

¢ - dist(z,0B) < z(z) < C - dist(z, dB) (3.7)

for some constants ¢, C > 0.

Our approach here is similar to the one taken in Chapter 2 to deal with equation (2.1) in the

exterior domain €2, and similarly involves the following steps:

1. First we consider an auxiliary equation using the same ideas as in Section 2.2, where now the
Aubin-Talenti instanton is replaced by the function z(z) given in Lemma 3.1 above. We then
prove the existence of positive solutions u, for the auxiliary equation for 0 < ¢ < ¢y (with

some ¢ > 0).

2. Now, arguing as in Section 2.4, using u, as sub solutions to (3.4), we obtain a solution to our
problem by minimizing the corresponding energy functional on the set M, = {u € H}(B) :

u, < wu a.e. in B}.
To start this process, we first state our assumptions:
(Ha) The function @ : B — R is positive and belongs to L>°(B).

We call
_ 2
= g
ueH(B\{0} [ au

(3.8)

Furthermore, as stated above, g(|z|¥ ~2u) satisfies (3.5).
The assumption on l;(x) is related to the construction of the auxiliary equation, whose positive

weak solutions will provide sub solutions to (3.4), as in Chapter 2. In fact, we need

b(x)g(|z|N2s) < Cf‘@)‘s(zéc))ﬁ

for all 0 < s sufficiently small and z as in Lemma 3.1. Considering (3.5), we now have

b(z)g(|z|N2s) < b(z)]x| NP5 . 68 for 0 < s sufficiently small.
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Thus, taking (3.6) and (3.7) into account, we are going to assume:

(HZ;) The measurable function b: B — R is nonnegative, not identically equal to zero, and satisfies

b(a) < Cra(x)(1 — |z|)~Fla|~ V2R, (3.9)

for some C; > 0. Note that (Hb) allows b(z) to blow up as |z| — 0 or as |z| — 17. Let
By={z € B: Z)(x) = 0}. We assume either By has measure zero of By = int By (closure in

By) with 0By Lipschitz.

In the former case we set 5\* = 400, and in the latter case

- Vul?
\, = inf f30|7|

) 3.10
weHY (int Bo)\{0} [, Qu? (3.10)

(HfL) The nonnegative and not identically equal to zero function h belongs to the space L*(B) for

some s > N.
(H)) The value X is such that A} < A < A,.
(Hc) The parameter ¢ is nonnegative.

Similar to Chapter 2, the auxiliary equation is given as

—Au = Na(2)u [1 - k(éz?x))] —ch(z), z€B (3.11)

u =0, T € 0B,

where, as mentioned before, we make use of the function z(x) as given in Lemma 3.1(i). Using
similar arguments as in Chapter 2, we get positive solutions z,. for 0 < ¢ < ¢;. These will be our
sub solutions to (3.4). Now, as in Section 2.4 and mentioned above, we consider M, = {u € H{(B) :
2. < u a.e. in B} and show that the corresponding functional to equation (3.4) is coercive on M,
and that it is differentiable in certain directions. Since this takes on a slightly different form than in

both [14] and Section 2.4, we provide a proof below. To this end, we let G(u) := [, g(s)ds and
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define the functional I.. : M, — R U {400} by

~ ~ T N72u ~
I.(u) = ;HUHQ;\/Bd(x)Ude+/Bb(x)G(||x||N2)dx+c/B h(z)udz, (3.12)

if fB G(|z|N2u)/|z|N "2 dz < oo and I.(u) = +oo otherwise. We then claim the following:

Lemma 3.2. The functional fc is coercive in Mc, uniformly in ¢ with 0 < ¢ < ¢y, i.e. for each

L > 0, there exists R > 0 such that for all 0 < ¢ < ¢; and u € M., if ||u|| > R, then I.(u) > L.

Proof. The argument is similar to the one in [11, proof of Theorem 6]. Suppose by contradiction

there exists ¢, € [0, co] and u,, € M., with |lu,|| — oo, such that I, (u,) < C. Then we would have

p2 = / a(z)u? dz — 400
B

since G is nonnegative and [5 h(z)u > 0 for all u € M,.. We define a sequence of functions, (v,),

with vn, = up/pn, so that [, a(z)vdz =1 and

1 (|2|N~2p,v C
ian”Q Py / || N— 2n ) +/ z)on dz < 2 (3.13)

n

Inequality (3.13) implies ||vy,]| is uniformly bounded in n. Up to a subsequence, v, — v in Hg(B)
and v, — v a.e. in B. The function v is nonnegative. From the assumption (3.2), we have that

lims_, 1 o0 G(5)/s? = +00. Taking the limit inferior of both sides of (3.13), and using Fatou’s lemma,

1HUHQ 2 + b(x) x (+oo)v?dz < 0.
2 2
{zeB:w(x)>0}

Therefore the function v must be zero almost everywhere on the set where the function b(x) is
positive, i.e. (aside from a set of measure zero) v must have support in By. We also obtain [|v]|? < \.
On the other hand, since [ a(z)v2 dz =1 and [, a(z)v dz — [, a(z)v? dz, the function v # 0 and
Jq a(@)v?dz = 1. If By has measure zero, then we are done. Otherwise, (Hb) implies v € H (int Bo)

and
~ 2
A < Hv” <A
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which contradicts A < 5\* The lemma is proved. O

Next, since 1:,; is coercive on the weakly closed set MC, for 0 < ¢ < ¢ it has a minimizer z.. As

in Section 2.4, we seek to prove differentiability of

N T N72’U1
J(u) == /Bb(:E)G(|L||N_2) dz, (3.14)

which requires the following result:
Lemma 3.3. The minimizer z. of I. on M, is in L>(B).

The proof follows the same structure as the proof of Lemma 2.9. With these results at hand, we

are then able to prove the following:

Lemma 3.4. Suppose v € H}(B) N L®(B), and let z. be the minimizer of the functional I, on the

set MC. Then fc is differentiable at z. in the direction v as

d [ b@)G(|zN (2 + tv))
dt Jp |z N2

dx

_ / b@)g(lz[N22.) da.
B

t=0

Proof. We show first that J(z. + tv) is defined for [t| < § with ¢ sufficiently small and v €
H}(B) N L*(B). We have:

G122 (20 + t0)) — Gl ?20) = 2V 2g((a¥ (2 + sto))to.
and
[ Bl e+ sto)lelde < [ a()(1 = lal)Plal- OBy (o2 e+ sto)) ol do
using (3.5) and (5.8). Now, since z.,v € L*(B), for |z| < ¢ = §(||z¢| () |Vl Lo (B)), Wwe have

g(ja] V2 (ze + stv)) < C(|2N )P
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So, using a(x) € L>(B) and recalling that |z| < 1, we have

/ b()g (|27 (zc + stv)) o] de < / a(2)(1 — o))~ |2|~ NP0 g (2| V 2 (2 + sto)) o] de
B B

v foQZ stv))|v —x75$
§01/|z|<5"+0(5)/ 912V 2 (20 + sto))o] (L - [2))* d

|z|>d
<c@)( Il +/’”'2d
= B Oy Gy P

But since we are assuming < 1, using the Hardy inequality for bounded domains (cf. Lemma 1.2)

implies

/de</|v‘2dx<c/\w12dx.
p(I—lz)® " = Jp(1—|z))2 " = " Jp

Therefore J(z.+tv) is well-defined for any |t| < ¢ for ¢ sufficiently small. Now, for the differentiability

of J at z. in the direction of v, we have

c B c . 1 7 — . 7 —
lim Iz 4 tv) = I(z) =lim - [ b(x)g(|z[V (2 + stv))tvde = lim | b(z)g(|z|¥ 2(z. + stv))v.
t—0 t t=0% Jp t—0 Jp

We need to show that b(x)g(|z|V2(z. + stv))v(z) < k(z) € L'(B). As shown above,
b(2)g(|2|N 2 (2e + stv))v(2) < CLx (e <530 (@) + Coxfapsayv(x) (1 — |2|) 77,

where C1 and Cy depend on 6, [|2¢|[z, and |[v]|Le(p). Again since § < 1, by the Hardy inequality
for bounded domains, we have that v(x)(1 — |z|)™® € L'(B). Therefore J is differentiable at z. in

the direction of v € H}(B) N L>=(B). O

Combining all of the above, we then have the following result (cf. [14, Theorem 7.3)):

Theorem 3.5. Under (Ha), (Hg), (Hb), (H)\) and (HA), there exists ¢; > 0 such that for all

0 < ¢ < ¢1, equation (3.4) has a positive weak solution 2. € H}(B) N Ch(B).

loc

3.3 Return to External Domain

Now that we have a positive solution z. to equation (3.4), we consider Z., the Kelvin transform of z,

which will provide a solution to (3.1) in the exterior domain €. From Theorem 1.11, we know that
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the Kelvin transform maps H{(B) to the space D%2(Q), and so 2. will be in D2(Q2). Throughout
this section, we use the variable y inside the ball B and x in the exterior domain ().
We first state the assumption in Theorem 3.5 in terms of the original data: a(z), b(x), and h(z).

Since by (Ha), a € L*°(B), we have

sup |a(y)| = sup
yeB yeB

1
y|4a(]yy|2)‘ < o0
Therefore we require:
(Ha)" The function a : Q — R is positive and belongs to L>(€2; |z|*).
Recall that

ull?

A =
! ueDlvl2r(lQ)\{0} Jo au?’

which, since by Theorem 1.11, ||u||§{01(B) = H@H%LQ(Q) and [, au? = [, ad?, satisfies \; = A;.

From (5.8), we have that

! b(i) <O 1 (L)(l —|y]) P y|m N2 +B)

—_— —a
[y N2 Nyl [yt \yl?
for some constant C7 > 0 and y € B. Again with z = % € 1, this becomes
Y
-8 _ -8 B(N-1)
_ x - |z -1 kd
b(z) < Cyla|P 2)a(:c)<1 Y i ) = Oy|z)PW 2)a(x)< > = Cra(z) 7
|z[? |z (|| = 1)7

In particular, since 3 > 0, taking noted of (Ha)' we observe that b(z) can be unbounded as |z| — 17

as well as |z| — oo (at least for N sufficiently large). We therefore require
(Hb)' The function b : Q — R is non-negative, not identically equal to zero, and satisfies

‘x,B(N—l)

b(x) < Cla(x)m

(3.15)

for some 0 < <1, Cy > 0 and all z € Q. Now, with Qy = {z € Q : b(z) = 0} C Q, we

require either )y has measure zero or 0y = int €2y (closure in ) with Q¢ Lipschitz. Note
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that 29 may now be unbounded as well.

In the former case we set A\, = 400, and in the latter case

Vul? vaf?
1 - i

~ A - 5\*
weDL2(int Q0)\ {0} fQo au? a€HY (int Bo)\{0} fBo an?

For the function h, we needed only that & € L*(B) for some s > N, meaning that

/B Iyli’“h<!yy|2>

Using the properties of the Kelvin transform (cf. Section 1.3), we have

/B !yVlV“h(Iyy!Q)

Therefore, we must have

S
dy < oco.

y 1 Y \S Na2 1
dy:/h dy:/x(+)shx5 dx < oo
et () = J e

(HR)" The non-negative and not identically equal to zero function h(x) belongs to the weighted L*

space L*(Q; |z|(N*+2)5=2N) for some s > N.
Finally, since Ay = A\; and A\, = \,, we still have:
(HX) The value A is such that A\; < A < A,
(Hc) The parameter ¢ is nonnegative.

We can now state:

Theorem 3.6. Under (Ha)', (Hb)', (Hg), (H)\) and (Hh)', there exists ¢; > 0 such that for all

0 < ¢ < c1, (3.1) has a positive weak solution 2, € D2(Q) N CL¥(Q).

loc

Remark 3.7. Since the solution described in Theorem 3.6 is the Kelvin transform of z. € H}(B) N

CL%(B), we observe that there exists Cs > 0 such that the solution 2, € DV2(Q) N C1% () satisfies

loc loc

lim Z.(z) |z|N 72 = Cs. (3.16)

|z|—o00
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Chapter 4

Comparison of Results and Stability

In this chapter, we first compare the assumptions on our coefficient functions from Chapters 2 and

3, and then seek to answer the following question: Do the solutions obtained for the equation

—Au = Aa(x)u — b(x)g(u) — ch(x), z€Q
(4.1)

u =0, x € 0f)

in Chapters 2 and 3 satisfy some uniqueness property? To answer this question, we will first show
that if the assumptions given in Chapters 2 and 3 are slightly strengthened in each case, then we
do in fact have uniqueness in a sense that will be made precise below. Additionally, under a new
set of assumptions on the data that satisfies both sets of hypotheses adopted in Chapters 2 and 3,
respectively, we will show that the solutions to (4.1) obtained through the two different approaches

are actually the same.

4.1 Comparison of Assumptions

We first compare the stated assumptions on the data for the two different approaches above.

In Chapter 3, we assumed that the positive function a :  — R belongs to the space L>(Q; |z|?),
whereas the direct method of Chapter 2 required a € LN/2(Q) N L=(%).

We observe that Kelvin transform approach requires a stronger assumptions on a(z). Indeed,

a € L>(Q; |z|1) implies that a € L>(Q), and furthermore,

C
N/2 3, <
/Q\a(x)\ dz < /Q PBA dz < oo.

As for the nonlinearity, in both approaches we assume the same hypothesis (Hg).

Next, we take up the assumptions on b(x). Under the Kelvin transform approach of Chapter 3,
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we required that the nonnegative and not identically zero function b : 2 — R satisfy

|| BN =1)

b(z) < Cla(@m,

x € (4.2)

for some constant C7 > 0.
On the other hand, in the direct method employed in Chapter 2, the above inequality is replaced
by
b(z) < Cha(z)(1 + |2/H)PN-2/2 2 e (4.3)

for some Cy > 0. Here we can see that (4.2) allows b(z) to become unbounded both as |z| — oo
and |z| — 11, whereas (4.3) provides the same relation between b(z) and a(z) as |z| — oo but will
only allow b(z) < Ca(z) as |z| — 1. This is the key difference in the approaches here.

The direct approach of Chapter 2 imposes a stronger hypothesis on b(x), and therefore assumption
(4.3) is needed to fulfill the restrictions needed for both approaches.

As shown in Section 3.3, the values A1 and )\, in the ball B are equal to the values A\ and A,,
defined as

lul®

A= inf 4.4
! ueDleQIEQ)\{O}falﬁ (4.4)

and A\, = 400 if Qp := {z € Q: b(x) = 0} has measure zero or

Jo IVl

Ay =
ueDLz’(liﬂmo)\{o} fﬂo au?

otherwise.

Finally, under the Kelvin transform approach of Chapter 3, we assumed that the non-negative and
not identically equal to zero function h(z) belongs to the weighted L® space V := L*(Q; |z|(N+2)s—2N)
for some s > N. In the direct approach of Chapter 2, we needed for h(x) € Z where Z :=
LY(Q) N L*(2) for some s > N, and additionally required the existence of a constant C3 > 0 such
that

RN/THhHLq(Q\BR(o)) <(C3 forall ReR* (4.6)
with % +1 = 1. We recall that (4.6) is satisfied, for example, if |h(z)| < C/|z|* for some o > N (cf.
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[6, 7]). We then make the following claim:

Lemma 4.1. If there exists C4 > 0 such that

for all z € Q and m > N +2, then h(z) € L(; |z|N+25=2Nyn L1(Q) N L3(Q) for some s > N, and

additionally satisfies (4.6).

Proof. For h(x) to be in the space L*(€; |z|(N+2)5=2N) with s > N, we must consider the integral

[ @) ol V22 4o < € o 72
‘$|2N+sm

For this integral to be finite, we need 2N + sm — s(N 4+ 2) > N, i.e.
N
s(m—N—-2)>-N <<= m>N+2—-—,
S
which is certainly satisfied for m > N + 2. Similarly, since m > N, we have that the integrals

/Q\h(a;)ydxg/ﬂﬁnd:n and /Q|h(m)|5

are both finite; therefore h(z) € LY(Q) N L(Q). Finally, since h < C/|z|™ and m > N + 2, it

satisfies the sufficient conditions to satisfy (4.6) as shown in [6, 7]. O

Under a set of assumptions on the data that satisfies what is required for both approaches
simultaneously, we then obtain two solutions — one via the direct approach of Chapter 2 and one

via the Kelvin transform approach of Chapter 3. Explicitly:
Theorem 4.2. Consider equation (4.1) with the following assumptions:

1. The function a : Q — R is positive and belongs to the space L>(;|z[*).
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. The function g : R — RJ is continuous, with g(s) = 0 for s < 0. Furthermore, it satisfies

. 9(s) o 96 _
hlzlj(l)lp 178 < oo and Slggo . =% (4.7)

where 0 < 8 < 1 is a fixed constant.

. The measurable function b : 2 — R is non-negative, not identically equal to zero, and satisfies
b(x) < Cra(z)(1 + |z|?)PN-2/2 (4.8)

for some C';1 > 0 and all z € Q.

. The value A is such that \; < A < A, where A\; and A, are defined above in (4.4) and (4.5),

respectively.

. There exists Cy > 0 such that the non-negative and not identically zero function h(z) satisfies
h(r) < S (4.9)

for all z € Q and m > N + 2, and

. The parameter c is nonnegative.

Then there exists ¢y > 0 such that for all 0 < ¢ < ¢y, we obtain two (possibly identical) positive

weak solutions to (4.1), namely u, 2. € DM2(Q) N Cl’a(ﬂ), from the direct approach of Chapter 2

loc

and the Kelvin transform approach of Chapter 3, respectively. Furthermore, there exists C5, Cg > 0

such that for all 0 < ¢ < ¢g, these weak solutions satisfy

uc(z) > PLE for large |z| and ‘xlgnoo Ze(z) |2V 72 = C.

4.2 Uniqueness of Stable Solution in the Ball

We now wish to show that the solution 2. € H{(B) obtained via Theorem 3.5 is the unique positive

and stable solution of (3.4). Let \;(¢, B) denote the i-th eigenvalue of —A + ¢ over the region B
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with Dirichlet boundary condition. We omit the potential ¢ and write \;(B) if ¢ = 0. Furthermore,
for a solution u of (3.4), let u;(u) denote the i-th eigenvalue of the linearization of (3.4) at u, that
is pui(u) = Ai(=Aa + b(z)|z|VN 24/ (|| ~2u), B). Following the classical terminology, u will be called

stable if p11(u) > 0, and unstable if pi(u) < 0. We also recall that

Ai(¢1, B) < Ni(p2,B)  if ¢1 > ¢ and ¢ # ¢o.

Note that A;(B) and A;(By) are the same as A\; and ), in Section 3.2. Based on the results in Du
& Ma (cf. [10, 11]), Ouyang (cf. [18]), and Shabani & Tehrani (cf. [19, 20]), for the case ¢ = 0, that

is, in the absence of harvesting, the equation

—Au = Na(z)u — b(z)g(|z|N2u), =€ B
(4.10)

u =0, x € 0B.
has a unique positive solution:
Theorem 4.3 ([20, Theorem 1.1]). Assume b(z) # 0 in B.
(i) If By =0, then for every A > \1(B), equation (4.10) has a unique positive solution wu).

(i) If By # 0, then for any A € (A1(B), \1(Bo)), equation (4.10) has a unique positive solution uy.

In addition, if A > A;(Byp), then (4.10) has no nonnegative solution except zero.

Furthermore, in either case the curve A — u) is continuous and increasing and the positive solution

uy is stable, i.e. pq(uy) > 0.

This result requires a classical comparison principle (see Du & Ma [11]), which we state below

in a version suitable for our purpose here:

Lemma 4.4 (Comparison Principle). Suppose that a(z),b(z) € L>°(B) and 0 < b(z) is not

identically zero. Let ui,us € C?(B) be positive in B and satisfy

Auy + Ma(x)up — b(z)g(|z|¥ "2u) <0 < Aug + Aa(z)ug — b(x)g(|z|N 2ug), z€B  (4.11)
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and limsup,_,55(u2 — u1) < 0, where g is continuous and such that g(s)/s is strictly increasing in

the range infp{uq, us} < u < supg{ui,us}. Then uy < wuy in B.

For Lemma 4.4 to hold as well as in the following proofs, we need some slightly stronger
assumptions on the nonlinearity ¢ and the function h, and so in addition to the hypothesis listed in

Section 3.3, we also assume:

(H) h(z) is positive in © and the function g : R — R{ belongs to C1(R) with g(s) = 0 for s < 0

and ¢'(s) strictly increasing for s > 0. Additionally, ¢ satisfies

/
lim sup J (/j) < 00 (4.12)
s—0t S

where 0 < 8 < 1 is a fixed constant.

One can easily see that ¢’ strictly increasing and g(0) = 0 implies that g(s)/s is strictly increasing

as well. We then claim the following:

Theorem 4.5. For 0 < ¢ < ¢; (with ¢; as in Theorem 3.5) the solution z. to problem (3.4) given

in Theorem 3.5 is stable, i.e. ui(z.) > 0.

Proof. As described above, f11(2.) is the first eigenvalue of the linearization of (3.4) at z, i.e.

)= dsIVel A C@)l % (o] ) — M)

4.13
wEHE(B),w#£0 fB w? ( )

Note that the solution z. is found by minimizing the functional

B 5 ZIN=2,, B
I.(u) :;/B]Vu\2dx—;\/Bd(x)u2dx+/ b(x)%dx—i—c/}gh(m)udx

B

on the set M, = {u € H}(B) : z. < u a.e. in B}, where G(u) = o 9(s)ds and z, is the solution to
the auxiliary problem (3.11). Thus we expect that (I”(z.)w,w) > 0 for any directions w where it is

defined. We have previously shown that I. is differentiable in the direction of w € H}(B) N L>°(B)
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(cf. Lemma 3.4), and for w € H(B) N L>(B), we have

fé(zc)w:/ VzC-deJ:)\/ d(m)zcwdx+/ I;(x)g(|az|N_22¢)wda:+/ h(z)wdz.
B B B B

From this, we would like to prove that

Euyw) = [ Vol dot [ F@ll¥ 2 (oY 220) - ale))u? ds
B B
for all w € HY(B) N L®(B). We first have to show that (I”(z.)w,w) is defined for all such w. It is

enough to consider twice-differentiability (at ¢ = 0) of

b(x)G (|| N2 (2 + tw))
|z[N-2

Ky(t) == J(zc +tw) = / dz.

B

By the same arguments as in the proofs of Lemmas 2.10 and 3.4, K,,(t) can be seen to be well-defined

and differentiable for |¢| sufficiently small, with
K0 = [ balgllal™ (e + tw)wds.
Now
9|2V 72 (ze +tw)) — g(|x¥ 220) = 2|V 2 (|2|V 72 (20 + stw)) (tw) for some s = s(t,z), 0 <5< 1,
and so we have to show that

K/ - K/ ~
limM =lim [ b(z)|z|Y2¢ (|z|V 72 (2e + stw))w? dz
t—0 t t—0 Jp

= /B b()|z| N "2g (|2 |V 22 w? da. (4.14)

We claim that this follows from (4.12) for 8 < 1. Indeed, by (4.12), for |z < 0 = 6(||zell oo (), 1wl ooty ),
we have

0 < ¢ (J2N 2 (2 + stw)) < C(|z|V2)P.
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Then from (5.8) and the fact that a(xz) € L*°(B), we have

(/)MmﬂxV“Qg%hﬂN‘%zc+sthu9dx
B
s<91//zux>u.—|xwﬁkm5‘N2hfaa+N2«%—+stw>ﬁu2dx
B

<C w? dx+C(5)/ g’(\x|N*2(zc+stw))w2(1— \x|)*ﬂ dx
|z|<d |z|>d

<m®@%wm+LuT@WM>

So, as in the proof of Lemma 3.4, the Hardy inequality for bounded domain implies (since 8 < 1):

wf? [ wf? [ rwut
— dz < —  _dz < (C Vwl|*dz.
Lu—mw S -l de=C ),V

Therefore (4.14) follows by Lebesgue’s Dominated Convergence Theorem. Thus (I”(ze)w, w) is

well-defined, and we have that
K!(0) = <fé’(zc)w,w> = / |Vw\2da; +/ (B(m)]x\N*QQ’(mN*zzc) — )\d(x))wz dz.
B B

Now recall that the weak solution z. € L®(B), a(z) € L>(B), b(z)g(|z|N22.) € LP for some
p > N (since 8 < 1), and h(z) € L™(B), so z. € C1*(B), and so by the strong maximum principle
(cf. Lemma 1.5) z. < z. in B. Therefore for wy € C§°(B) we have: z. + twy € M, for |t| small,
hence as z is the minimizer of I. on M., we have K, (0) = (I" (ze)wo, wo) > 0. Now by a density
argument we finally have that

K3(0) = (I (2e)w, w) > 0
for all w € HY(B) N L*®(B), i.e. p1(z.) > 0. O

Next note that if u; is a positive solution of (3.4) for ¢ = ¢y, then for ¢o < ¢1, we have that u; is
a sub solution of (3.4) for ¢ = cy. Also, u; < uy, where uy is the solution for ¢ = 0 (see Lemma 4.4
above). Thus u; and uy form an ordered sub/super solution pair of (3.4). Therefore there exists a

solution @ of (3.4) for ¢ = cg such that u; < @ < uy in B. Now considering u; — 4 and applying
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Hopf’s strong maximum principle (cf. Lemmas 1.4, 1.5), we have that ui(z) < u(z) on B, and in
particular @ > 0 in B.

In this way, for 0 < ¢ < ¢1, we get a new family of solutions, which we still denote by z., such
that z. > z.,. As ¢’ is strictly increasing we now have p1(2.) > 0 for 0 < ¢ < ¢1, and so the solution
Z. 18 stable.

Next, for ¢ > N, let X = {u € W24(B),u =0 on dB},Y = Li(B), and consider F' : Rx X — Y,
given by:

F(e,u) = Au+ Xa(z)u — b(z)g(|z|N ~2u) — ch(z).

The stability of z. for 0 < ¢ < ¢1 implies that for a fixed 0 < ¢* < ¢, the implicit function theorem
is applicable to F'(c,u) near the point (c*, z.+), and the solution set of (3.4) near (c*, z.) forms a
curve, which we denote by v(c), for |¢ — ¢*| small. So v(c) = zex +/(¢*)(c — ¢*) + o(|c — ¢*|), where
v (c*) = w* solves

—Aw* — [Xa(z)zer — l;(x)g(\x|N*2zc*)]w* = —h(x).

Since p1(ze+) > 0 we have w* < 0 in B which implies that vy(¢) > z~ for ¢ < ¢*. Therefore
p1(y(c)) > 0 for ¢ < ¢* and |c — ¢*| small, and hence v(c) can be continued for ¢ < ¢* all the way
to ¢ = 0. Now the uniqueness result of Theorem 4.3 above implies that v(0) = uy. Hence z. for

0 < ¢ < ¢* are on the curve v(c) and are the unique stable solutions of (3.4). See Figure 4.1 for a

Figure 4.1: An application of the implicit function theorem to show stability.
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visual representation of the ideas presented here. These considerations provide the sketch of the

proof of the following result, which was first given in [19] for a similar equation:

Theorem 4.6 ([19, Theorem 2.6]). Suppose \1(B) < A < A\1(By) as in (H)), b(x) # 0 and h(z) # 0.

Then there exists ¢) > 0 such that:

(i) If 0 < ¢ < éy, equation (3.4) has a positive solution z.. If ¢ > ¢, then no solution of (3.4)

stays positive in B.

(ii) The curve ¢ — z. is decreasing with respect to the parameter ¢ for ¢ € [0, ¢y) and z. is stable,

that is, p1(z.) > 0. Furthermore, 2. is the unique positive stable solution of (3.4).
We can now state:
Theorem 4.7. Consider equation (4.1).

(i) Under the hypotheses (Ha)’, (Hb)', (Hg), (H\) and (Hh)' presented in Chapter 3, there exists
¢1 > 0 such that for all 0 < ¢ < ¢1, (4.1) has a positive weak solution 2, € D2(Q) N CLY(Q).

loc

In addition, for each 0 < ¢ < ¢y, there exists L. > 0 such that

lim Z.(z) ||V 2 = L. (4.15)
|x|—o00
(ii) Furthermore, under the additional hypothesis (H), for 0 < ¢ < ¢1, 2., the Kelvin transform of

Zc, is the unique stable positive solution of the transformed equation (3.4) in the ball.

4.3 Stability through the Direct Approach

We now show that the positive weak solution u. obtained by the direct approach of Chapter 2 (cf.
Theorem 2.7) is stable in the sense that its Kelvin transform 4. is stable in the ball. We start by
adding the additional assumptions (H) mentioned in Section 4.2.

We first want to show that 4. is a weak solution to the equation

—Ad(y) = Na(y)ie — b(y)g(|y|N ) — ch(y), yeB
(4.16)

e = 0, y € 0B,
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; LY by = 1 (Y P = — 2 (Y) ag .
where a(y) = T <!y\2>’ bly) = \y|N+2b(|y\2)’ and h(y) = |y]N+2h<\y|2>’ as in Section 3.2. In

other words, with

~ ~ $N_2u ~
I(u) = ;HUHQ—;\/BEL(‘I’)uzdx—F/Bb(I)G(LHNQ)d:U-FC/B h(z)udz, (4.17)

we want to show that

Z/VﬂCVgode‘—)\/d( uc<pd$+/b )g(|z|N 24 )cpd:r—i—c/h )odz =0
B B

for all ¢ € H}(B). Using (1.19) and the properties of the Kelvin transform, we have that

" PN _ . 1 x 1 x
/BVuchodx—)\/Ba(x)ucgodx—/Vuchodx )\/B |x|4a<‘x|2>‘x|N_2uc(|x‘2)g0(a:)dm

:/VUCVgﬁdx—)\/a(x)uc@dx.
Q Q

We would like to say that this is equal to

- [ Mg de ¢ [ hapds

Q

as u. solves equation (4.1), but the integral [, b(x)g(uc)$ dz might not make sense. We have only

shown thus far (cf. Lemma 2.10) that the term

J(u):/Qb(x)G(u) dz (4.18)

is differentiable at w, in the direction of v € DY2(Q) N L>°(Q) with compact support. Since
p € H&(B)7 its Kelvin transform ¢ does not necessarily have compact support, and instead belongs

to the space DV2(Q) N L>®(Q; |#|V~2). See Figure 4.2 for an illustration.
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Figure 4.2: The support of the Kelvin transform of a function ¢ € H}(B).

We must introduce additional assumptions in order to prove differentiability of J(u) in the direction

of ¢:

Lemma 4.8. Suppose that ¢ € DL2(Q2) N L>(Q; |2|V~2), and let u,. be the solution of equation

(4.1) obtained through the direct method of Chapter 2. Assume that either
e B<ianda(z)e LN/ (N+2) ()

or
e < 1and a(x) € L” (Q), where p/ is the Holder conjugate of

=1 N e (4.19)

1= BN —2)
for some € > 0.
Then the functional

I.(u) = ;||u||2—;\/Qa(:v)Ude—i—/ﬂb(x)G(u)dx—i—c/Qh(x)uda:
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is twice-differentiable at w, in the direction of ¢ and we have

4 b(x)G(uc + tp) dx = / b(x)g(uc)p de. (4.20)
dt Q =0 Q
as well as
d2 N / ~2
/ b(z)G(uc +tp)de| = / b(x)g' (ue)p” de. (4.21)

Proof. We will first show that J(u. + t¢) is well-defined in either case. We know that u. € L>()
from Remark 2.1 and Lemma 2.9, and since L>°(9; |z|V=2) € L>(Q), we also know that ¢ € L>(1).

Thus by the same argument as in Lemma 2.10, we get that
G(ue +tp) — G(ue) = g(ue + stp)tp for some s = s(t,x), 0 < s < 1.
Assume first that 8 < 1 and a(z) € L2Y/(V+2)(Q). Then
| palatue+2)1glda < € [ at@)1+1a VD20 da (4.22)

Since ¢ € L*(;|z|¥~2) and by applying Hélder’s inequality, we then have

11 |2\ B(N=2)/2
[ boatuc+ elgldo < € [ a4
Q Q

< C</ la(z)|2N/(N+2) dm) (N+2)/2N</ (1 4 [=[*)N dx)(N_Q)/QN
- Q Q || 2N '

The first integral on the right hand side is finite since a € L*N/(N+2)(Q). As for the second integral,

since § < %, we have that

L+ )N 1

PBA N o for large |z|.

Therefore the right hand side of (4.22) is bounded, and so J(u. + t$) is well-defined for any |t| < §
for § sufficiently small.

Now assume that 8 < 1 and a(x) € LP (), with p as in (4.19). By (2.4) and (2.5) (and since
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a(z) € L>(Q)),
b(z) < Cra(z)(1 + |2]*)’N "D < Ca(a)|)"™7?, 2 e,

and so

[ pergtuc+ t)pde < [ a@lel ™ 2gtuc+ 1) < € [ al@)al Y g da
Q Q Q

_ a(z)
=C ), g 4

Now, since a € L¥' (Q),

(B—1)(N-2) / e 1 e
a(x)|xz|\"~ ““dx < /axpdas) </dx> < 00.
/Q (@)l (Q (=) q |o|Nte

and so J(u. + tp) is well-defined for any || < § for § sufficiently small.

In either case, as in the proof of Lemma 2.10, we then have

. J(uc+t¢)_<](uc)_ 1 A~ A~ T AN A
%E}% ; = %1_{1(1) ) b(x)g(uc + stp)tode = }g]% ; b(z)g(uc + stp)p da.

We can now apply Lebesgue’s Dominated Convergence Theorem to see that J is differentiable at u,
in the direction of ¢ € DY2(Q) N L>®(Q; |x|N~2) and (4.20) is proved.

We have shown that

I (ue)p = /QVUC -Vodr — )\/Qa(x)ucgé dz + /

Qb(:z)g(uc)@da:—f-/ h(z)¢dx,

Q

for all ¢ € DY2(Q) N L (Q; |x|V~2), and from this we would like to prove that

<mm¢@=AWW®%AQMMM—MMW%x
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As for the second derivative, we see that

/ A\ g2 (N+2)8 ~2 a(z)
/Qb(x)g (uc + sto)te”de < C’/Qa(x)\:d g de < C o Z[-2CR) dz

N/ 2/N 1 (N—2)/N
2
= (/Q'a@»’ dx) (JQIxVV@‘ﬁ)dx> =

using the facts that ¢ is bounded for bounded inputs, ¢ < 1, and ¢ < C/|z| 2. The final expression
being finite relies on the facts that a € LN/2(Q) and N(2 — ) > N for § < 1. Thus (I”(uc)@, @) is
well-defined for ¢ € DH2(Q) N L>(Q;|2|V~2), and (4.21) is proved. O

We have shown that under additional assumptions on the function a(x) and the number 3 that

/Vﬁchodx—)\/ d(m)ﬁccpdm—/VucV@d:c—)\/a(m)uccﬁdx
B B Q Q
= —/ b(x)g(uc)tﬁdzp—c/ h(z)¢dx
Q

Q
1 1
_ N+2 N-2 N+2 N-2 .
= — T b(z)g(uc)|x % dx—c/m h(z)|x %) dzx.
AII (z)g(uc)|| PEA QH ()] B

x
So, making the change of variables x +— W, we have that
x

1 z ‘x|N—2 T 1 X
AC d — b(*) 6(7) A <7> d
/BVu Vedz /B|=T’N+2 ]a;|2 9<‘$|N_2u |x\2 ‘x|N—290 |;1;’2 |m’2N x
1 x 1 T ’x‘QN
/Brx\w 2/ | [N=2 TN 22 PN

= — b(x 2|V 24 xr—c €T x
- /Bb< oV ic)p d /Bh< Jod

for all ¢ € H}(B). Therefore we do indeed see that (I’(i.), ¢) = 0 for all ¢ € H(B), and so i is a

weak solution to (4.16) under these strengthened assumptions. Then 1. satisfies

—Adie — Na(z)i. <0, z€B

Ge =0, x € 0B,

and so standard elliptic regularity results give that 4. € L*(B).
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We then make the following claim:

Theorem 4.9. Let u. be the positive solution to equation (4.1) obtained via the direct method in
QcC RN for N >3 and 0 < ¢ < c¢g. Under either set of assumptions on the coefficient functions a, b,
and h, the Kelvin transform 4. of u. is a positive and stable solution to the transformed equation

(4.16), i.e. pi(ac) > 0.

Proof. The solution u. € D?(Q) N Cllo’f (©) is the minimizer of the corresponding functional

A

I.(u) = ;HUHZ—2/Qa(:v)UZd:L‘—i-/Qb(x)G(u)dx—i-c/Qh(x)udx

on the set M. = {u € D'2(Q) : u, < u a.e. in Q}, where u, is given by Theorem 2.2. This means

that we have

(I’ (ue)w, w) = /Q |Vw|? dz + /Q(b(x)g’(uc) — da(z))w?dz >0 (4.23)

for all w € DY2(Q) N L>2(; x|V ~2), since we have shown (cf. Lemma 4.8) that I. is twice-
differentiable in the direction of all such functions w. Now, considering the transformed equation’s

corresponding functional I, we would like to show that

(T (1), v) = /B Vo2 dy + /B Byl 20 (9 2a0) — Aa(y)v dy > 0

for all v € H{(B) N L>(B). We first have to show that (I”(i.)v,v) is defined for all such v. The

only portion of concern is whether
(J (1 + tv),v) =: K(t)

is differentiable at ¢ = 0. The argument is similar to that in Theorem 4.5. We have

5B oIy 21 + 10) — g((1¥~24)] v dy

t—0 t =0 4

Now

g(ly|N 2 (e + tv) — g(JyIN " 2ac) = |y|V g (Jy|N 2 (ae + stv))(tv)
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and so we have to show that

lim [ b(y)|y[V g (ly[V > (de + stv)v? dy—/ b(y)lyl" g (Jy|V ) v? dy,
(=0 Jp B

which is true by (4.12) as shown in the proof of Theorem 4.5.
Now that we have that (I”(ii.)v,v) is well-defined, we replace a(y), b(y), and 4, (y) with their

explicit definitions:

= 5ot [ (o 9 (o)) - o)
- e () ()

in the second integral, we then have

By making the change of variables y +— iz |2

(I (i1)v, v) :/Bw2dy+/gyx|4(b(x)g’(uc)—Aa(x))#(';’“"'Q)leNdx
:/BVU]2dy+/Q(b(x)g’(uc))\a(x))|x|25\72)122(|x|2)dx

Then, using Theorem 1.11 and the definition of the Kelvin transform of v, we have that

(I (ac)v, v) =/Q\W\2dx+/g(b(%‘)9( ¢) = Aa(@))0* () dz = (I (uc)d, 0)

for all v € H}(B) N L>(B), or equivalently, for all ¥ € DV2(Q) N L=(€; |x|N~2).
Therefore

<I”(uc)@a ) = <1:é'(zlc)v, v) =0,
ie. pi(ac) > 0. -

Now, by the argument following Theorem 4.5 as well as Theorem 4.6, we can now state:
Theorem 4.10. Consider equation (4.1).

(i) Under the hypotheses (Ha), (Hb), (Hg), (H)\) and (Hh), presented in Chapter 2, there exists

co > 0 such that for all 0 < ¢ < ¢, (4.1) has a positive weak solution u. € DV2(Q) N CE%(Q).

loc
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In addition, there exists Cg > 0 such that for all 0 < ¢ < ¢g, u, satisfies

for large |z|.

(ii) Furthermore, under the additional hypothesis (H) and either set of assumptions presented
in Lemma 4.8, for 0 < ¢ < ¢g, ., the Kelvin transform of wu., is the unique stable positive

solution of the transformed equation (4.16) in the ball.

Theorem 4.2 stated that under a preliminary set of assumptions, we obtain two solutions to
(4.1), namely u. (obtained through the direct approach of Chapter 2) and 2. (obtained through the
Kelvin transform approach of Chapter 3). However, if we strengthen the assumptions to include
both (H) and either set of assumptions presented in Lemma 4.8, since we have shown uniqueness in

both cases, the solutions we obtain must be the same solution. Explicitly:
Theorem 4.11. Consider equation (4.1) with the following assumptions:
1. The function a : 2 — R is positive and belongs to the space L>(£;|x[*).

2. The function g : R — R belongs to C1(R), with g(s) = 0 for s < 0 and ¢'(s) increasing for
all s > 0. Furthermore, it satisfies
9(s)

S
lim sup gl( +; < oo and lim —= = oo,
50 S s500 S

where 0 < 8 < 1 is a fixed constant.
3. One of the following is true:

o 3 < 1anda(x) e LPN/WN+2(Q), or

e 8 < 1and a(x) € L (Q), where p/ is the Holder conjugate of p, defined in (4.19).

4. The measurable function b : 2 — R is non-negative, not identically equal to zero, and satisfies
b(z) < Cra(x)(1 + |z[*)PN—2)
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for some Cy > 0 and x € €.

5. The value A is such that A\; < A < A, where A; and A, are defined above in (4.4) and (4.5),

respectively.

6. h(x) is positive in €, and there exists Cy > 0 such that

h(z) < Ca

=™
for all z € Q and m > N + 2, and

7. The parameter c is nonnegative.

Then there exists cg > 0 such that for all 0 < ¢ < ¢, the two solutions u., 2. € DH2(2) N CIIO’S(Q),
obtained from the direct approach of Chapter 2 and the Kelvin transform approach of Chapter 3,
respectively, are in fact the same solution .. Furthermore, for 0 < ¢ < ¢g, there exists L. > 0 such

that

lim i, (z)|z|N 2 = L. (4.24)

|z| =00
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Chapter 5

Solution in ) C R?

In this chapter, we wish to discuss the existence and uniqueness of stable solutions for the problem

—Au = Aa(x)u — b(z)g(u) — ch(z), =€
(5.1)

u =0, x € 002 = 0B,

now in Q = R?\ B(0,1). We use some of the same techniques employed in Chapters 2 and 3, but
will require some slight differences along the way.

The solution space is again D%2(Q), the completion of C§°(£2) with respect to the norm
1/2
Jull = (/ Va2 dx> |
Q
In [4] and [21], this space is shown to coincide with the spaces
Y = {u € LIQOC(Q) :Vu e [LZ(Q)]Qau“x\:l = 0}
and
DY) = {u e LY*(Q) : w € L2(QN Bg), for all R > 1, and nu € H(Q) for any n € C°(R?)},
where Br = B(0, R) is the unit ball of radius R, and
LY2(Q) = {u € L, (Q) : Vu € [L*(Q)]*}.

In particular, the Kelvin transform is shown in [4] to be an isometric isomorphism between D2(€2)
and H}(B).

As before, we consider nonlinearities g satisfying:

66



(Hg) The function g : R — R{ is continuous, with g(s) = 0 for s < 0. Furthermore, it satisfies

lim M

: g(s)
hlzlj(l)lp ER: < oo and Jim =

= 00, (5.2)

where 0 < 8 < 1 is a fixed constant.

The following result, adapted from [14, Lemma 7.1] and Lemma 3.1 is essential in proving the

existence of a positive solution to (5.1) in the case of N = 2:

Lemma 5.1. Let U be a smooth domain in R?, r > 0, yo € U with dist(yg, OU) > 3r, and Gy be
the Green’s function for U. Then there exists a function d € C?(U), such that 0 < d in U, d = 0 on

OU, d is superharmonic in U and harmonic in U \ B,(yo), satisfying
cGu(z,y0) < d(z) < CGyl(z,yo) for x € U\ Bar(yo) (5.3)
for some constants ¢, C' > 0. If the domain U is bounded, we additionally have that
¢ - dist(z,0U) < d(z) < C - dist(z, dU) (5.4)

for some constants ¢ C > 0.

Proof. Since the proof of (5.3) depends on the fundamental solution of the Laplace equation in R?,

it is shown here for completion. The reader is referred to [14] for a proof of (5.4). Let
1
O(z) = ——In|z|.
2m

The function @ is uniformly continuous in R? \ B,.(0). This means for each ¢ > 0 there exists
0 < 6 < r such that yi,y2 € B-(0)° and |y; — y2| < 26 implies |®(y1) — P(y2)| < €. If y1,y2 € Bs(yo)

and |z —y1| > r, |z — y2| > 7, then |®(z — y1) — ®(x — y2)| < €. Hence,
y1,Y2 € Bs(yo) and 2 € U \ Brys(yo) = |[®(z—wy1)—P(z—)| <e

Note that the definition of the Green’s function for U, just as in Section 1.4, is éU(x,y) =
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O(z —y) — ¢y(x), where

~Ady(x) =0, z€U
dy(z) =®(x —y), xedl.

For y1,y2 € Bs(yo) and x € OU, we have |¢y, () — ¢y, (2)| < €, so by the maximum principle
y1,y2 € Bs(yo) and x € U\ Brys(yo) = |Gu(z, 1) — Gula,y)| < 2e.
One easily obtains = € 0B, 1s(yp) implies
~ 1
Gu(z,yo) = ~gr In|z — yo| + ¢y (x) =: ¢ > 0,

where the value ¢ depends only on r. Let

C= max G x,
2€0Br+5(yo) (= 30)
and choose € = ¢/4. We have
y € Bs(yo) and x € 0B,45(y0) — g < éU(x,y) <C+ g

So y € Bs(yo) and = € dB,1s(yo) implies

sesGuteam) < Guta) < (£ + 3 ) Gutow) (5.5)

By the maximum principle, the two inequalities of the last previous line also hold for x € U\ B, 5(yo)-

Let 7 € C§°(Bs(yo)), n > 0 and [, n = p > 0 and consider the function z € C§°(U) defined by

awzlémwww@. (5.6)
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Multiplying (5.5) by n(y) and integrating, for z € U \ B,4s(y0), we then have

c = c 1\ =
— < < — 4+ = .
pasGteaw) < 5(0) < p( S + 5 ) Gulam)
Obviously, —Az =7 in U and z = 0 on 9U. O

5.1 Direct Approach

When applying the direct approach to the case of N = 2, there are a few difficulties that arise,
specifically related to the behavior of the solution at infinity. In particular, functions v € DV2(Q) in
the case of N =2 do not belong to any LP space (see the definition of the space Y above), and so
many of the estimates used in Chapter 2 are not applicable in this case. Remark 2.1 does not hold
directly due to the LP estimates that are used, and the main result that establishes the behavior
of our solution at infinity, namely Lemma 2.6, also does not hold in the case of N = 2, since the
Green’s function for €2 takes a different form.

For these reasons, we do not consider the direct approach in this dissertation, and instead choose

to focus on the Kelvin transform approach.

5.2 Kelvin Transform Approach

The Kelvin transform approach in R? is nearly identical to that presented in Chapter 3, namely
we first transform the equation from the exterior domain to the unit ball B = B(0, 1) using the
Kelvin transform, and solve the equation there. The format of the proofs presented in Chapter 3
are largely unchanged.

By Lemma 1.10, if u is a weak D2(Q) solution of (5.1) if and only if its Kelvin transform 4 is a

weak H}(B) solution to the boundary value problem

—“AG = \y/\|4a<;|2)u(’yy‘2> - w1’46<’yy‘2>g<u(wy‘2>> — ﬁh(ﬁ), yeB

y € 0B,

>
Il
=
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or

—Ad = Na(y)i — b(z)g(d) — ch(z), z€B

(5.7)
=0, x € 0B,
where a(y) = |y|*a (ﬁ) b(y) = |y|~ 4b(‘ |2) and h(y) = |y|~ 4h(|y|2) Notice the slight difference
between (5.7) and (3.3) due to N = 2. We then can state the assumptions on our data:

(Ha) The function a : B — R is positive and belongs to L*>(B).

(HZN)) The measurable function b: B — R is nonnegative, not identically equal to zero, and satisfies
b(z) < Cra(x)(1 — |z|)~* (5.8)

for some C > 0 and all x € B.

(Hl~z) The nonnegative and not identically equal to zero function h belongs to the space L*(B) for

some s > 2.
(H)) The value X is such that A < A < \,, where A; and \, are defined as in (3.8) and (3.10).

(Hc) The parameter ¢ is nonnegative.

Now that we have transformed our equation, we can continue the proof of existence using Kelvin

transform approach given in Chapter 3:

1. First we consider the auxiliary equation

—Au = \a(z) [1 . k:<€d?x)>] —ch(z), z€B
u=0, x € 0B,

(5.9)

where now the function d(z) is given by Lemma 5.1 and k(s) = s” for s > 0, k(s) = 0 for
s < 0. We then prove the existence of positive solutions u, for the auxiliary equation for
0 < ¢ < ¢ (for some ¢y > 0) by the same process as in Section 2.3. Some small differences

arise in the proof of Lemma 2.3, as we have h € L!(B) (as opposed to L*N/(N*+2)(B) in [14]).
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Additionally, we are not using Lemma 2.6 since we are in a bounded domain, but the sketch
of the proof immediately following Lemma 2.6 holds, using the Green’s function for the ball

éB instead of ég

2. Now, arguing as in Section 2.4 and using u, as sub solutions to (5.7), we obtain a solution to

our problem by minimizing the corresponding energy functional on the set
M, = {u € H}(B) : u, <u a.e. in B}.

The energy functional is now given as

1 A = =
I(u) = =||lul|® - / a(x)u? dz + / b(x)G(u)dz + c/ h(z)udz,
2 2 /B B B
where G(u) = [ g(s) ds (as the |z|V~2 terms in (3.12) are gone). The minimizer we obtain,
Ue, 18 in L*°(B) by Lemma 2.9, since the proof there does not depend on N. Both Lemma 3.4
and the final proof of existence (cf. [14, Theorem 7.3]) also do not depend on N, and so the

existence of a positive weak solution u, € H}(B) N Cﬁ)’ca (B) to (5.7) follows just as in Section

3.2.

Lastly, just as in Section 3.3, we transform the assumptions needed on the data in the ball back in

terms of the external domain 2 now with N = 2 fixed:
(Ha)" The function a : Q — R is positive and belongs to L>(€2; |z|*).

(Hb)' The function b : Q — R is non-negative, not identically equal to zero, and satisfies

x B
b(x) < Cla(:v)<‘x; _’ 1) (5.10)

for some 0 < <1, Cy > 0 and all x € Q. Now, with Qp = {z € Q : b(z) = 0} € Q, we

require either )y has measure zero or ¢ = int 2y (closure in Q) with 9 Lipschitz.

(HA)" The non-negative and not identically equal to zero function h(x) belongs to the weighted L*

space L*(€; |z|*¢—1) for some s > 2.
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(HX) The value A is such that \; < A < A, where A\; and A, are defined as in (3.8) and (3.10)
(since A =)\ and \, = As)-

(Hc) The parameter ¢ is nonnegative.

We can therefore state:

Theorem 5.2. Under (Ha)’, (Hb)', (Hg), (H)\) and (Hh)', there exists ¢; > 0 such that for all
0 < ¢ <1, (3.1) has a positive weak solution 4. € D12(Q) N Cﬁ)?(ﬁ) Furthermore, there exists a
positive constant C'», such that

lim G.(x) = lim u.(z) = Cx > 0. (5.11)

|z|—o0 z—0

5.3 Uniqueness of Stable Solution

As in Section 4.2, we now wish to show that the solution u. € H}(B) N Cllo’g (B) obtained above is
the unique positive and stable solution of (5.7). Following the definitions given in Section 4.2, we

must show that

pa(ue) = inf S |Vwl? + (b(z)g' (ue) — Aa(z))w?

> 0.
weH{ (B),w#£0 fB w?

We will also assume the additional hypothesis (H), listed here for convenience:

(H) h(x) is positive in Q and g € C?(R) is strictly convex, i.e. g”(s) > 0. Additionally, g satisfies

lim sup < 0. (5.12)

s—07F

The procedure to prove ug(u.) > 0 is nearly identical to that presented in Section 4.2, summarized

briefly here:

1. Based on the results in Du & Ma (cf. [10, 11]), Ouyang (cf. [18]), and Shabani & Tehrani (cf.
[19, 20]), obtain the unique positive solution uy for (5.7) for the case ¢ = 0, that is, in the
absence of harvesting (similar to Theorem 4.3). This result requires the comparison principle

given in Lemma 4.4, now with N = 2.
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2. Show directly that the function I. is twice-differentiable at u,. in the direction of v € H}(B) N
L°°(B). This proof again makes use of the Hardy inequality for bounded domains (cf.
Lemma 1.2) and Lebesgue’s Dominated Convergence Theorem, similar to Theorem 4.5. Since
(I (uc)v,v) is the same as the numerator of p;(u.) and u, was obtained through minimization,

we obtain that pj(u.) > 0.

3. Finally, using the solution to the equation with no harvesting term u) and the implicit function
theorem, follow the argument given following the proof of Theorem 4.5 and [19] to obtain that

pi(ue) > 0, ie. u. is in fact the unique positive stable solution to (5.7).
We can then state our final result, analogous to Theorem 4.7:
Theorem 5.3. Consider equation (5.1).

(i) Under the hypotheses (Ha)', (Hb), (Hg), (HX) and (Hh)’, there exists c¢3 > 0 such that for
all 0 < ¢ < c3, (5.1) has a positive weak solution @, € DH2(2) N Cllo’?(ﬁ), satisfying, for some
Coo >0,

lim 4.(r) = Cu. (5.13)

|z| =00

(ii) Furthermore, under the additional hypothesis (H), for 0 < ¢ < ¢s, u,, the Kelvin transform of

. is the unique stable positive solution of the transformed equation (5.7) in the ball.

73



Chapter 6

Conclusion

In this thesis, we have shown the existence of positive weak solutions to equation (1.1) in the exterior
domain € in both R? and RV, N > 3. For N > 3, we have been able prove the existence of a
positive weak solution to (1.1) using both the direct approach shown in Chapter 2 as well as the
Kelvin transform approach shown in Chapter 3, under some slight different assumptions on the
coefficient functions. Additionally, under some slightly stronger assumptions, we have shown that
the solutions obtained through each method are the unique stable solutions for the transformed
equation in the ball. In this way, if we have a set of assumptions satisfying both requirements of
the direct approach as well as the Kelvin transform approach simultaneously, then the solutions
obtained through the two approaches are in fact the same. Finally, we have shown that the Kelvin
transform approach can be employed in the case of R? and that we obtain existence and uniqueness
results for a positive solution in this case as well.

The key contributions of this work are as follows:

1. We extend the results of [4] related to the Kelvin transform to the case of N > 3, specifically

Theorem 1.11.

2. We show that the method presented in [14] to solve equation (1.1) in the whole space RY
can be adapted to the exterior domain ), summarized in Theorem 2.7. Additionally, it is
shown that the differentiability of the corresponding energy functional of problem (1.1) can
be proven directly, rather than using polynomial approximations, as in [14, Lemma 5.4] (cf.

Lemma 2.10).

3. We apply the Kelvin transform to equation (1.1), and making use of the corresponding results
for bounded domains in [14], show the existence of a positive solution to (1.1) in the exterior

domain through the use of Lemma 1.10.

4. We relate the notion of stability to equation (1.1) and show that the solutions obtained via

both methods are in fact stable (cf. Theorems 4.5, 4.9), and therefore are the same.
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5. Finally, we show that [14, Lemma 7.1] also holds in the case of N = 2 and that the same
ideas presented for the Kelvin transform approach in Chapter 3 can also be applied to show

existence and uniqueness of positive solutions to (1.1) in this case (cf. Theorem 5.3).
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